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Abstract. In this paper, we study the reflexive-nilpotents-
property (briefly, RNP) for skew PBW extensions. With this aim,
we introduce the Σ-skew CN and Σ-skew reflexive (RNP) rings.
Under conditions of compatibility, we investigate the transfer of the
reflexive-nilpotents-property from a ring of coefficients to a skew
PBW extension. We also consider this property for localizations on
these families of noncommutative rings. Our results extend those
corresponding presented by Bhattacharjee [9].

1. Introduction

Throughout the paper, N and Z denote the sets of natural numbers in-
cluding zero and the ring of integers, respectively. The symbol k denotes
a field, and k∗ := k \ {0}. Every ring is associative with identity unless
otherwise stated. For a ring R, N(R) denotes its set of nilpotent ele-
ments, N∗(R) is its prime radical, and N∗(R) is its upper nilradical (i.e.
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H. Suárez, S. Higuera, A. Reyes 135

the sum of all nil ideals). It is well-known that N∗(R) ⊆ N(R), and if the
equalityN∗(R) = N(R) holds, then R is called NI [49]. Note that by defi-
nition, R is NI if and only if N(R) forms an ideal if and only if R/N∗(R)
is reduced, that is, R/N∗(R) has no non-zero nilpotent elements. Hong
and Kwak [29, Corollary 13], showed that a ring R is NI if and only if eve-
ry minimal strongly prime ideal of R is completely prime. If the equa-
lity N∗(R) = N(R) holds, then R is called 2-primal [10]; equivalently,
N∗(R) is a completely semiprime ideal of R. 2-primal rings are clearly
NI. The converse of this implication need not hold, but if R is an NI ring
of bounded index nilpotency, then R is 2-primal [31, Proposition 1.4].

Following Cohn [14], R is said to be reversible if ab = 0 implies
ba = 0, for a, b ∈ R. Commutative rings and reduced rings are clearly
reversible. Reversible rings were studied under the name zero commuta-
tive by Habeb [20]. As a matter of fact, the class of NI rings contains
nil rings and reversible rings. Lambek [42] called a ring R symmetric
provided abc = 0 implies acb = 0, for a, b, c ∈ R. Of course, commutative
rings are symmetric, and symmetric rings are reversible, but the con-
verses do not hold [2, Examples I.5 and II.5], and [50, Examples 5 and 7].
We know that every reduced ring is symmetric [65, Lemma 1.1], but the
converse does not hold [2, Example II.5]. Bell [7] used the term Insertion-
of-Factors-Property (IFP) for a ring R if ab = 0 implies aRb = 0, for
a, b ∈ R (Narbonne [53] and Habeb [20] used the terms semicommutative
and zero insertive, respectively). Some results about IFP rings are due
to Shin [65]. Note that every reversible ring is IFP, but the converse
need not hold [37, Lemma 1.4 and Example 1.5]. Reversible rings are re-
flexive, and there exists a reflexive and IFP ring which is not symmetric
[50, Examples 5 and 7]. In fact, a ring R is reflexive and IFP if and only
if R is reversible [40, Proposition 2.2]. It is easy to see that IFP rings are
2-primal. Note that IFP rings are Abelian (every idempotent is central).

Mason [51] introduced the reflexive property for right ideals by defi-
ning a right ideal I of a ring R as reflexive if for a, b ∈ R, aRb ⊆ I
implies bRa ⊆ I, and a ring R is called reflexive if the zero ideal of R
is reflexive (i.e. aRb = 0 implies bRa = 0, for a, b ∈ R). Equivalently,
R is reflexive if and only if IJ = 0 implies JI = 0, for ideals I, J of R
[40, Lemma 2.1]. By a direct computation one can check that semiprime
rings and reversible rings are reflexive, and every ideal of a fully idem-
potent ring R (i.e. I2 = I, for every ideal of R) is reflexive [15]. From
[40, Example 2.3], we know that the IFP and the reflexive ring properties
do not imply each other. Kwak and Lee [40] characterized the aspects of
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the reflexive and one-sided idempotent reflexive properties. They estab-
lished a method by which a reflexive ring, which is not semiprime, can
always be constructed from any semiprime ring, and showed that the
reflexive property is Morita invariant. In the literature, different genera-
lizations of reflexive rings have been formulated. Let us recall them.

Kim [34] introduced the notion of idempotent reflexive ring as a gene-
ralization of reflexive ring. For a one-sided ideal I of a ring R, I is
called right idempotent reflexive if aRe ⊆ I implies eRa ⊆ I, for any
a, e2 = e ∈ R, and the ring R is called right idempotent reflexive if the
zero ideal is a right idempotent reflexive ideal. Left idempotent reflexive
ideals and left idempotent reflexive rings are defined similarly. If a ring R
is both left and right idempotent reflexive, then R is called an idempotent
reflexive ring (for more details, see [35]). As one can check, reflexive rings
and Abelian rings are idempotent reflexive. By [40, Example 2.3(1)],
there exists an idempotent reflexive ring which is not reflexive. Similar
to the case of reflexive rings, R is right idempotent reflexive if and only
if IJ = 0 implies JI = 0, for all right ideals I, J of R where J is a right
ideal generated by a subset of idempotents in R, if and only if IJ = 0
implies JI = 0, for all ideals I, J of R where J is an ideal generated by
a subset of idempotents in R [40, Lemma 3.4].

Kheradmand et al. [32] introduced a generalization of reflexive rings.
A ring R is called RNP (reflexive-nilpotents-property) if for a, b ∈ N(R),
aRb = 0 implies bRa = 0. Of course, reflexive rings are RNP but the
converse need not hold [33, Example 1.2(1)]. In the same year, Kher-
admand et al. [33] defined a more general class than reflexive and RNP
rings by considering nil ideals, and called a ring R nil-reflexive if IJ = 0
implies JI = 0, for nil ideals I, J of R. Reflexive rings are RNP and RNP
rings are nil-reflexive, but the converse need not hold [33, Example 1.2].
They also showed that R is a nil-reflexive ring if and only if aRb = 0
implies bRa = 0, for elements a, b ∈ N∗(R) [33, Proposition 2.1]. Notice
that the concepts of (nil)reflexive rings and NI rings are independent of
each other [33, Examples 1.5 and 2.9]. Nevertheless, if R is an NI ring,
then the following assertions are equivalent: R is nil-reflexive; aRb = 0,
for a, b ∈ N(R), implies bRa = 0; IJ = 0 implies JI = 0, for all nil right
(or, left) ideals I, J of R [33, Proposition 1.6].

In addition to the reduced rings and its generalizations described
above, all of them have been extended by ring endomorphisms. Accor-
ding to Krempa [38], an endomorphism σ of a ring R is called rigid
if aσ(a) = 0 implies a = 0, where a ∈ R, and R is called σ-rigid if
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there exists a rigid endomorphism σ of R. Any rigid endomorphism of a
ring R is a monomorphism and σ-rigid rings are reduced rings [27, Pro-
position 5]. Following Başer et al. [6] an endomorphism σ of a ring R is
called right skew reversible if whenever ab = 0, for a, b ∈ R, bσ(a) = 0,
and the ring R is called right σ-skew reversible if there exists a right skew
reversible endomorphism σ of R. Similarly, left σ-skew reversible rings
are defined. A ring R is said to be σ-skew reversible if it is both right
and left σ-reversible. It is important to say that R is a σ-rigid ring if and
only if R is semiprime and right σ-skew reversible for a monomorphism
σ of R [6, Proposition 2.5 (iii)].

Kwak et al. [41] extended the reflexive property to the skewed refle–
xive property by ring endomorphisms. An endomorphism σ of a ring
R is called right (resp., left) skew reflexive if for a, b ∈ R, aRb = 0
implies bRσ(a) = 0 (resp., σ(b)Ra = 0), and R is called right (resp.,
left) σ-skew reflexive if there exists a right (resp., left) skew reflexive
endomorphism σ of R. R is said to be σ-skew reflexive if it is both right
and left σ-skew reflexive. It is clear that σ-rigid rings are right σ-skew
reflexive. More precisely, a ring R is reduced and right σ-skew reflexive
for a monomorphism σ of R if and only if R is σ-rigid [41, Theorem 2.6].
Bhattacharjee [9] extend the notion of RNP rings to ring endomorphisms
σ and introduced the notion of σ-skew RNP rings as a generalization of
σ-skew reflexive rings. An endomorphism σ of a ring R is called right
(resp., left) skew RNP if for a, b ∈ N(R), aRb = 0 implies bRσ(a) = 0
(resp., σ(b)Ra = 0). A ring R is called right (resp., left) σ-skew RNP
if there exists a right (resp., left) skew RNP endomorphism σ of R. R
is said to be σ-skew RNP if it is both right and left σ-skew RNP. From
[9, Remark 1.2], we know that reduced rings are σ-skew RNP for any
endomorphism σ, and every right (resp., left) σ-skew reflexive ring is
right (resp., left) σ-skew RNP. By [9, Example 1.3], we have that the
notion of σ-skew RNP ring is not left-right symmetric. However, if R is
an RNP ring with an endomorphism σ, then R is right σ-skew RNP if
and only if R is left σ-skew RNP.

Taking into account our interest in noncommutative rings defined by
endomorphisms, in this paper we will focus our attention on the study of
ring-theoretical notions above for the skew polynomial rings (also known
as Ore extensions) defined by Ore [57], and the skew PBW extensions in-
troduced by Gallego and Lezama [17]. As is well-known, skew polynomial
rings are one of the most important families of noncommutative rings of
polynomial type related with the study of quantum groups, differential
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operators, noncommutative algebraic geometry and noncommutative dif-
ferential geometry (e.g. [12], [19], [52]), and a lot of papers have been
published with the aim of studying different theoretical properties of
these objects. Now, regarding skew PBW extensions, their importance
is that these objects generalize PBW extensions defined by Bell and
Goodearl [8], families of differential operator rings, Ore extensions of
injective type, several algebras appearing in noncommutative algebraic
geometry, examples of quantum groups, and other families of noncommu-
tative rings having PBW bases. Since its introduction, ring-theoretical
and homological properties of skew PBW extensions have been studied by
some people (e.g. [5], [21], [22], [23], [44], [47], [70], [25], [56], [61], [66],
[68], [69]). As a matter of fact, a book that includes several of the works
carried out for these extensions has been published (Fajardo et al. [16]).

The paper is organized as follows. In Section 2, we recall some defi-
nitions and preliminaries about skew PBW extensions. In Section 3, we
define the Σ-skew reflexive rings and study different properties for this
new family of rings. In Section 4, we introduced the Σ-skew RNP rings as
a generalization of the σ-skew RNP rings considered by Bhattacharjee [9].
We investigate some properties of these rings and their relationships with
different kind of rings widely studied in the literature. Finally, we study
the behavior of the Σ-skew RNP property for Ore localization by regu-
lar elements. In particular, we present a theorem that characterizes this
property for the localization of skew PBW extensions.

2. Preliminaries

Definition 1 ([17, Definition 1]). Let R and A be a rings. We say that
A is a skew PBW extension over R (the ring of coefficients), denoted
A = σ(R)⟨x1, . . . , xn⟩, if the following conditions hold:

(i) R is a subring of A sharing the same identity element.

(ii) There exist finitely many elements x1, . . . , xn ∈ A such that A is a
left free R-module, with basis the set of standard monomials

Mon(A) := {xα := xα1
1 · · ·xαn

n | α = (α1, . . . , αn) ∈ Nn}.

Moreover, x01 · · ·x0n := 1 ∈ Mon(A).

(iii) For every 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists ci,r ∈ R \ {0}
such that xir − ci,rxi ∈ R.
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(iv) For 1 ≤ i, j ≤ n, there exists di,j ∈ R \ {0} such that

xjxi − di,jxixj ∈ R+Rx1 + · · ·+Rxn,

i.e. there exist elements r
(i,j)
0 , r

(i,j)
1 , . . . , r

(i,j)
n ∈ R with

xjxi − di,jxixj = r
(i,j)
0 +

n∑
k=1

r
(i,j)
k xk.

Since Mon(A) is a left R-basis of A, the elements ci,r and di,j are
unique. Thus, every non-zero element f ∈ A can be uniquely expressed

as f =
m∑
i=0

aiXi, with ai ∈ R, X0 = 1, and Xi ∈ Mon(A), for 0 ≤ i ≤ m

[17, Remark 2].

Proposition 1 ([17, Proposition 3]). If A is a skew PBW extension,
then there exist an injective endomorphism σi of R and a σi-derivation
δi of R such that xir = σi(r)xi + δi(r), for each 1 ≤ i ≤ n, where r ∈ R.

We use the notation Σ := {σ1, . . . , σn} and ∆ := {δ1, . . . , δn} for the
families of injective endomorphisms and σi-derivations of Proposition 1,
respectively. The pair (Σ,∆) is called a system of endomorphisms and
Σ-derivations of R with respect to A.

Definition 2. Let A be a skew PBW extension over R.

(i) ([17, Definition 4]) A is called quasi-commutative if the conditions
(iii) and (iv) presented above are replaced by the following:

(iii’) For every 1 ≤ i ≤ n and r ∈ R\{0}, there exists ci,r ∈ R\{0}
such that xir = ci,rxi.

(iv’) For every 1 ≤ i, j ≤ n, there exists di,j ∈ R \ {0} such that

xjxi = di,jxixj .

(ii) ([17, Definition 4]) A is called bijective if σi is bijective for each
1 ≤ i ≤ n, and di,j is invertible for any 1 ≤ i < j ≤ n.

(iii) ([45, Definition 2.3]) If σi is the identity homomorphism of R for
each 1 ≤ i ≤ n, (we write σi = idR), we say that A is a skew PBW
extension of derivation type. Similarly, if δi ∈ ∆ is zero, for every
i, then A is called a skew PBW extension of endomorphism type.
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Remark 1. Some relationships between skew polynomial rings and skew
PBW extensions are the following:

(i) If A is a quasi-commutative skew PBW extension over R, then A is
isomorphic to an iterated skew polynomial ring of endomorphism
type [48, Theorem 2.3].

(ii) In general, skew polynomial rings of injective type are strictly con-
tained in skew PBW extensions [48, Example 5(3)]. This fact is
not possible for PBW extensions. For instance, the quantum plane
k{x, y}/⟨xy − qyx | q ∈ k∗⟩ is a skew polynomial ring of injective
type given by k[y][x;σ], where σ(y) = qy, but cannot be expressed
as a PBW extension.

(iii) Skew PBW extensions of endomorphism type are more general
than iterated skew polynomial rings of endomorphism type [67, Re-
mark 2.4 (ii)].

Example 1. A great variety of algebras can be expressed as skew PBW
extensions. Enveloping algebras of finite dimensional Lie algebras, some
families of differential operators rings, Weyl algebras, skew polynomial
rings of injective type, some types of Auslander-Gorenstein rings, some
skew Calabi-Yau algebras, Artin-Schelter regular algebras, examples of
quantum polynomials, some quantum universal enveloping algebras, and
many other algebras of great interest in noncommutative algebraic geo-
metry and noncommutative differential geometry illustrate the generality
of skew PBW extensions (see [16,18,66]).

Definition 3 ([17, Section 3]). If A is a skew PBW extension, then:

(i) Throughout the paper, for any element α = (α1, . . . , αn) ∈ Nn, we
will write σα := σα1

1 ◦ · · · ◦σαn
n , δα = δα1

1 ◦ · · · ◦δαn
n , where ◦ denotes

the usual composition of functions.

(ii) Let⪰ be a total order on Mon(A). If xα ⪰ xβ but xα ̸= xβ, we write
xα ≻ xβ. If f is a non-zero element of A, then we use expressions
as f = a1x

α1+· · ·+akx
αk , with ai ∈ R, and xαk ≻ · · · ≻ xα1 . With

this notation, we define lm(f) := xαk , the leading monomial of f ;
lc(f) := ak, the leading coefficient of f ; lt(f) := akx

αk , the leading
term of f . Note that deg(f) := max{deg(xαi)}ki=1. If f = 0,
lm(0) := 0, lc(0) := 0, lt(0) := 0.

The next proposition is very useful when one needs to make some
computations with elements of skew PBW extensions.
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Proposition 2 ([17, Theorem 7]). If A is a polynomial ring with coeffi-
cients in R with respect to the set of indeterminates {x1, . . . , xn}, then A
is a skew PBW extension over R if and only if the following conditions
hold:

(1) For each xα ∈ Mon(A) and every 0 ̸= r ∈ R, there exist unique
elements rα := σα(r) ∈ R \ {0}, pα,r ∈ A, such that xαr = rαx

α +
pα,r, where pα,r = 0, or deg(pα,r) < |α| if pα,r ̸= 0. If r is left
invertible, so is rα.

(2) For each xα, xβ ∈ Mon(A), there exist unique elements dα,β ∈ R
and pα,β ∈ A such that xαxβ = dα,βx

α+β + pα,β, where dα,β is left
invertible, pα,β = 0, or deg(pα,β) < |α+ β| if pα,β ̸= 0.

We need to establish a criterion which allows us to extend the family
Σ of injective endomorphisms and the family of Σ-derivations ∆ of the
ring R, to any skew PBW extension A over R (c.f. Artamonov [5] and
Venegas [71] who presented a study of derivations and automorphisms of
skew PBW extensions, respectively). With this aim, we consider (Σ,∆)
the system of endomorphisms and Σ-derivations of R with respect to A.

Proposition 3 ([59, Theorem 5.1]). Let A be a skew PBW extension over

R. Suppose that σiδj = δjσi, δiδj = δjδi, and δk(di,j) = δk(r
(i,j)
l ) = 0, for

1 ≤ i, j, k, l ≤ n, where di,j and r
(i,j)
l are the elements of Definition 1.

Let f = a1x
α1 + · · · + amxαm ∈ A. If σk : A → A and δk : A → A

are the functions given by σk(f) := σk(a1)x
α1 + · · · + σk(am)xαm and

δk(f) := δk(a1)x
α1 + · · · + δk(am)xαm, respectively, and σk(r) := σk(r),

for every 1 ≤ k ≤ n and r ∈ R, then σk is an injective endomorphism of
A and δk is a σk-derivation of A, for each k.

According to Krempa [38], if R is a ring and Σ is a finite family of
endomorphisms of R, then Σ is called a rigid endomorphisms family if
aσα(a) = 0 implies a = 0, where a ∈ R and α ∈ Nn. If there exists a
rigid endomorphisms family Σ of R, then R is called Σ-rigid [59, Defi-
nition 3.1]. Following Annin [3] or Hashemi and Moussavi [24], if R is
a ring, σ is an endomorphism of R, and δ is a σ-derivation of R, then
R is said to be σ-compatible if for each a, b ∈ R, ab = 0 if and only
if aσ(b) = 0; R is called δ-compatible if for each a, b ∈ R, ab = 0 im-
plies aδ(b) = 0. If R is both σ-compatible and δ-compatible, R is called
(σ, δ)-compatible. The corresponding notion of compatibility have been
formulated for skew PBW extensions as the following definition shows.
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Definition 4. Let R be a ring, Σ be a finite family of endomorphism of
R, and ∆ be a finite family of Σ-derivations of R.

(1) ([22, Definition 3.1]; [60, Definition 3.2]) R is called Σ-compatible
if for each a, b ∈ R, we have aσα(b) = 0 if and only if ab = 0, for
all α ∈ Nn; R is said to be ∆-compatible if for each a, b ∈ R, ab = 0
implies aδβ(b) = 0, for all β ∈ Nn; if R is both Σ-compatible and
∆-compatible, then R is called (Σ,∆)-compatible.

(2) ([62, Definition 4.1]) R is said to be weak Σ-compatible if for each
a, b ∈ R, we have aσα(b) ∈ N(R) if and only if ab ∈ N(R), for all
α ∈ Nn; R is said to be weak ∆-compatible if for each a, b ∈ R,
ab ∈ N(R) implies aδβ(b) ∈ N(R), for all β ∈ Nn; if R is both
weak Σ-compatible and weak ∆-compatible, then R is called weak
(Σ,∆)-compatible.

Remark 2. It is straightforward to prove that if Σ is a finite family of
endomorphisms of a ring R, then R is Σ-compatible if and only if R is
σi-compatible, for every 1 ≤ i ≤ n.

Lemma 1 ([60, Proposition 3.8]). Let R be a (Σ,∆)-compatible ring.
For every a, b ∈ R, we have the following:

(1) If ab = 0, then aσθ(b) = σθ(a)b = 0, where θ ∈ Nn.

(2) If σβ(a)b = 0, for some β ∈ Nn, then ab = 0.

(3) If ab = 0, then σθ(a)δβ(b) = δβ(a)σθ(b) = 0, where θ, β ∈ Nn.

Some examples of skew PBW extensions over (Σ,∆)-compatible rings
include PBW extensions, some operator algebras, the class of diffusion
algebras, quantizations of Weyl algebras, the family of 3-dimensional
skew polynomial algebras, and other families of noncommutative algebras
having PBW bases (see [61,63,64]). We present a new example of a skew
PBW extension over a Σ-compatible ring.

Example 2. Let F4 =
{
0, 1, a, a2

}
be the finite field of four elements.

Consider the ring of polynomials F4[z] and let R = F4[z]
⟨z2⟩ . For simplicity,

we identify the elements of F4[z] with their images inR. Let Σ = {σi,j} be
the family of endomorphisms of R defined by σi,j(a) = ai and σi,j(z) =
ajz with 1 ≤ i ≤ 2 and 0 ≤ j ≤ 2. Let us consider the skew PBW exten-
sion defined as A = σ(R) ⟨x1,0, x1,1, x1,2, x2,0, x2,1, x2,2⟩, under the follo-
wing commutation relations: xi,jxi′,j′ = xi′,j′xi,j , for all 1 ≤ i, i′ ≤ 2 and
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0 ≤ j, j′ ≤ 2. On the other hand, for arz ∈ R, xi,ja
rz = σi,j(a

rz)xi,j =
(ar)iajzxi,j = ari+jzxi,j , where ari+j ∈ F4, 1 ≤ i ≤ 2 and 1 ≤ r, j ≤ 2.
This example can be extended to any finite field Fpn with p a prime
number. Additionally, it is not difficult to see that R is Σ-compatible,
where Σ := {σi,j} with 1 ≤ i ≤ 2 and 0 ≤ j ≤ 2.

If R is a ring, Σ is a finite family of endomorphims of R, and ∆ is a
finite family of Σ-derivations of R, then an ideal I of R is called Σ-ideal,
if σα(I) ⊆ I, for each α ∈ Nn; I is ∆-ideal, if δα(I) ⊆ I, for each α ∈ Nn;
if I is both Σ and ∆-ideal, then I is a (Σ,∆)-ideal [23, Definition 3.1].
For instance, if N(R) is an ideal of R, we have N(R) is Σ-ideal. Indeed,
if r ∈ N(R) then rm = 0, for some m ≥ 1. So, σα(r) ∈ σα(N(R)) implies
that σα(rn) = (σα(r))n = 0, whence σα(r) ∈ N(R).

Lemma 2. If R is a Σ-compatible ring, a, b ∈ R and α, β ∈ Nn, then
the following assertions are equivalent:

(1) ab ∈ N(R).

(2) aσα(b) ∈ N(R).

(3) σα(b)a ∈ N(R).

(4) σα(a)b ∈ N(R).

(5) bσα(a) ∈ N(R).

(6) σα(a)σβ(b) ∈ N(R).

Proof. (1)⇔ (2) By definition, ab ∈ N(R) ⇔ (ab)k = 0, for some positive
integer k. If k = 1, ab = 0 if and only if aσα(b). If k = 2, 0 = abab ⇔
0 = aσα(bab) = aσα(b)σα(ab) ⇔ aσα(b)ab = 0 ⇔ 0 = aσα(b)aσα(b) =
(aσα(b))2, where all equivalences are due to the Σ-compatibility of R.
Continuing with this process, (ab)k = 0 ⇔ (aσα(b))k = 0 Thus, ab ∈
N(R) if and only if aσα(b) ∈ N(R).

(2) ⇔ (3) It is clear.
(1) ⇔ (4) Again, since ab ∈ N(R) ⇔ (ab)k = 0, for some positive

integer k, if k = 1, Lemma 1 implies that ab = 0 ⇔ σα(a)b = 0. If
k = 2, 0 = abab ⇔ 0 = σα(a)bab ⇔ σα(a)bσα(ab) = σα(a)bσα(a)σα(b)
⇔ σα(a)bσα(a)b = 0 ⇔ (σα(a)b)2 = 0, where the first equivalence is due
to Lemma 1, and the others equivalences are due to the Σ-compatibility
of R. Continuing in this way, we can see that (ab)k = 0 ⇔ (σα(a)b)k = 0.
Hence ab ∈ N(R) ⇔ σα(a)b ∈ N(R).
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(4) ⇔ (5) It is immediate.
(5) ⇔ (6) It follows from (1) ⇔ (2) by replacing a by σα(a) and σα(b)

by σβ(b).

3. Σ−skew reflexive rings

In this section, we introduce the Σ-skew reflexive rings and present some
of the original results of the paper. We start with the following definition
which establishes the generalizations of skew reflexive endomorphism and
σ-skew reflexive ring.

Definition 5. Let R be a ring and Σ = {σ1, . . . , σn} be a finite family
of endomorphisms of R. Σ is said to be right (resp., left) skew reflexive
if for a, b ∈ R, aRb = 0 implies bRσα(a) = 0 (resp., σα(b)Ra = 0), for
all α ∈ Nn; R is called right (resp., left) Σ-skew reflexive if there exists a
right (resp., left) skew reflexive family of endomorphisms Σ of R; if R is
both right and left Σ-skew reflexive, then R is called Σ-skew reflexive.

Reflexive rings are Σ-skew reflexive. Reduced and reversible rings are
reflexive, so both are Σ-skew reflexive. Right (resp., left) σ-skew reflexive
rings are right (resp., left) Σ-skew reflexive.

We present an example of a right Σ-skew reflexive ring.

Example 3. Let R be a ring and M be any right and left R-module.
The trivial extension of R by M is the ring T (R,M) := R ⊕ M with
the usual addition of R⊕M and the multiplication is defined as follows:
(r1,m1)(r2,m2) := (r1r2, r1m2 +m1r2), for r1, r2 ∈ R and m1,m2 ∈ M .
The ring T (R,M) is isomorphic to the matrix ring (with the usual matrix
operations) of the form

(
r m
0 r

)
, where r ∈ R and m ∈ M . In particular,

we denote S2(Z) the ring of matrices isomorphic to T (Z,Z)

S2(Z) =
{(

a b
0 a

)
| a, b ∈ Z

}
.

Let σ2, σ3 be two endomorphisms of S2(Z) defined by:

σ2

((
a b
0 a

))
=

(
a −b
0 a

)
, σ3

((
a b
0 a

))
=

(
a 0
0 a

)
.

Consider ARB = 0, for all R ∈ S2(Z), where

A =

(
a a′

0 a

)
, B =

(
b b′

0 b

)
and R =

(
r r′

0 r

)
.



H. Suárez, S. Higuera, A. Reyes 145

We have arb = 0 and arb′ + ar′b + bra′ = 0, for every r ∈ Z, whence
a = 0 or b = 0. If a = 0, then bra′ = 0, for every r ∈ Z, hence b = 0 or
a′ = 0. If b = 0, then arb′ = 0, for each r ∈ Z, hence a = 0 or b′ = 0.
First, we consider the case BRσ1(A) = BRA:

BRσ1(A) =

(
bra bra′ + br′a+ b′ra
0 bra

)
.

From the previous observation, it follows that BRσ1(A) = 0. Now,
consider the case BRσ2(A). A calculation shows us that

BRσ2(A) =

(
bra −bra′ + br′a+ b′ra
0 bra

)
.

Making use of the initial observation, we can see that BRσ2(A) = 0.
S2(Z) is right σ2-skew reflexive [41, Proposition 2.11]. Finally, we present
the case BRσ3(A):

BRσ3(A) =

(
bra br′a+ b′ra
0 bra

)
.

We obtain that bra = 0, since BRA = 0. If a = 0, then br′a+b′ra = 0, for
every r, r′ ∈ Z. If b = 0, it follows that b′ra+br′a+bra′ = br′a+b′ra = 0,
for each r, r′ ∈ Z. This implies that BRσ3(A) = 0. We can also observe
that σ2 ◦ σ3 = σ3 ◦ σ2 = σ3, which implies that S2(Z) is right Σ-skew
reflexive with Σ = {σ1, σ2, σ3} where σ1 = idS2(Z) is the identity endo-
morphism of S2(Z).

It is not difficult to see that S2(Z) is a reflexive ring. In addition,
notice that S2(Z) is not σ3-compatible. Consider the following matrices:

A =

(
1 1
0 1

)
and B =

(
0 1
0 0

)
.

Some computations show that Aσ3(B) = 0, but AB =

(
0 1
0 0

)
̸= 0.

According to Remark 2, S2(Z) is not Σ-compatible.

Under conditions of Σ-compatibility, Proposition 4 characterizes the
right Σ-skew reflexive rings and shows that the composition of right skew
reflexive endomorphisms is a right skew reflexive endomorphism.

Proposition 4. Let R be a ring and Σ = {σ1, . . . , σn} be a finite family
of endomorphisms of R. If R is Σ-compatible, then R is right Σ-skew
reflexive if and only if σi is right skew reflexive for each 1 ≤ i ≤ n.
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Proof. Assume thatR is Σ-compatible ring and σi is a right skew reflexive
endomorphism for all 1 ≤ i ≤ n. Is is enough to show that if σi and σj
are right skew reflexive endomorphism of R for 1 ≤ i, j ≤ n, then σi ◦ σj
is also a right skew reflexive endomorphism of R. Let a, b ∈ R such that
aRb = 0, that is, arb = 0, for all r ∈ R. If σi and σj are right skew
reflexive endomorphisms of R for all 1 ≤ i, j ≤ n, then arb = 0 implies
brσi(a) = brσj(a) = 0, whence σi(brσj(a)) = σi(br)σi(σj(a)) = 0. Since
R is a Σ-compatible ring, σi(br)σi(σi(a)) = 0 implies brσi(σj(a)) = 0,
and thus σi ◦σj is a right skew reflexive endomorphism of R. This proves
that the composition of right skew reflexive endomorphisms is again a
right skew reflexive endomorphism, and so R is a right Σ-skew reflexive
ring. Now assume that R is right Σ-skew reflexive. If aRb = 0 for all
a, b ∈ R, then bRσα(a) = 0 for all α ∈ Nn by the right Σ-skew reflexivity
of R. In particular, for α = (α1, . . . , αn) ∈ Nn with αi = 1 and αj = 0
for i ̸= j, we have bRσα(a) = bRσi(a) = 0, and hence σi is a right skew
reflexive endomorphism of R for all 1 ≤ i ≤ n.

Following Rege and Chhawchharia [58], a ring R is called Armendariz
if for elements f(x) = a0 + · · · + amxm, g(x) = b0 + · · · + blx

l ∈ R[x]
(where R[x] is the commutative polynomial ring with an indeterminate
x over R), f(x)g(x) = 0 implies aibj = 0, for all i, j. The importance
of this notion lies in its natural and useful role in understanding the
relation between the annihilators of the ring R and the annihilators of the
polynomial ring R[x]. The Armendariz rings over skew polynomial rings
has been widely studied by several authors (see [1, 4, 28, 30, 36, 43, 58]).
Hirano [26] generalized the Armendariz rings in the following way: a ring
R is said to be quasi-Armendariz if for f(x) = a0 + · · ·+ amxm, g(x) =
b0 + · · · + blx

l ∈ R[x], we have f(x)R[x]g(x) = 0 implies aiRbj = 0,
for all i, j. It is well known that reduced rings are Armendariz, and
Armendariz rings are quasi-Armendariz, but the converse are not true in
general [13, Proposition 2.1].

Following Hashemi et al. [24], it is said that R satisfies the (SQA1)
condition if f(x)R[x;σ, δ]g(x) = 0 implies aiRbj = 0 for each i, j and
f(x) = a0 + · · · + amxm, g(x) = b0 + · · · + blx

l ∈ R[x;σ, δ]. Reyes and
Suárez [60] introduced this condition for skew PBW extensions. Briefly,
if A is a skew PBW extension over R, it is said that R satisfies the
(SQA1) condition if fAg = 0 implies aiRbj = 0, for every i, j and for
every f = a1x

α1+ · · ·+amxαm , g = b1x
β1+ · · ·+btx

βt ∈ A. Relationships
between the notions of compatibility, (SQA1) condition, and Armendariz
rings in the context of skew PBW extensions have been studied by Reyes
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and Suárez [59,60,63].
Proposition 5 shows when a quasi-commutative skew PBW extension

over a Σ-skew reflexive ring is a reflexive ring.

Proposition 5. Let A be a quasi-commutative skew PBW extension over
a right Σ-skew reflexive ring R. If R satisfies the (SQA1) condition, then
A is reflexive.

Proof. Let f = a1x
α1 + · · ·+ amxαm and g = b1x

β1 + · · ·+ btx
βt be two

elements of A. If fAg = 0, then aiRbj = 0 for each i, j by the (SQA1)
condition of R. Since R is Σ-skew reflexive, bjRσα(ai) = σα(bj)Rai = 0,
for all α ∈ Nn, and each i, j. If A is quasi-commutative, then for every
xα ∈ Mon(A) and 0 ̸= r ∈ R, there exists an element σα(r) ∈ R \ {0}
such that xαr = σα(r)xα, and for every xα, xβ ∈ Mon(A), there exists
an element dα,β ∈ R such that xαxβ = dα,βx

α+β, where dα,β is left
invertible by Proposition 2. Thus, applying these commutation rules to
the product ghf , where h = c1x

γ1 + · · · + clx
γl is an arbitrary element

of A, and taking into account that bjRσα(ai) = σα(bj)Rai = 0, for all
α ∈ Nn, and every i, j, then gAf = 0, that is, A is reflexive.

We recall the notion of semiprime ideal and semiprime ring which
arise as generalizations of prime ideal and prime ring. An ideal I of R
is called semiprime if I is an intersection of prime ideals of R. A ring R
is called semiprime if {0} is a semiprime ideal of R [19, p. 51]. It is not
difficult to see that R is semiprime if (aRa)2 = 0 implies aRa = 0, for
all a ∈ R. Proposition 6 shows that every Σ-compatible semiprime ring
is a Σ-skew reflexive ring.

Proposition 6. Let R be a ring and Σ = {σ1, . . . , σn} be a finite family
of endomorphims of R. If R is Σ-compatible semiprime, then R is Σ-skew
reflexive.

Proof. Let a, b ∈ R such that aRb = 0. By the Σ-compatibility of R,
aRσα(b) = 0 for every α ∈ Nn, whence σα(b)RaRσα(b)Ra = 0. If R is a
semiprime ring, then σα(b)Ra = 0, and thusR is left Σ-skew reflexive. By
Remark 2, aRb = 0 implies σα(a)Rb = 0, and so bRσα(a)RbRσα(a) = 0.
The semiprimeness of R implies bRσα(a) = 0, whence R is right Σ-skew
reflexive. This proves that R is a Σ-skew reflexive ring.

As a consequence, if A is a quasi-commutative skew PBW extension
over a Σ-compatible semiprime ring that satisfies the (SQA1) condition,
then A is reflexive by Propositions 5 and 6.
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Following Birkenmeier et al. [11], a ring R is called right principally
quasi-Baer (or simply, right p.q.-Baer) ring if the right annihilator of a
principal right ideal of R is generated by an idempotent. Thinking about
the reflexive property and the Baer properties studied in the setting of
skew PBW extensions [59,60], it is not difficult to see that if A is a skew
PBW extension and a right p.q.-Baer ring, then A is a semiprime ring if
and only if A is a reflexive ring by [40, Proposition 3.15].

4. Skew PBW extension over Σ−skew RNP rings

In this section, we introduce the Σ-skew RNP rings and investigate some
relationships of these rings with the skew PBW extensions. The following
definition generalizes the skew RNP endomorphisms and the σ-skew RNP
rings defined by Bhattacharjee [9].

Definition 6. Let R be a ring and Σ = {σ1, . . . , σn} be a finite family
of endomorphisms of R. Σ is called a right (resp., left) skew RNP family
if for a, b ∈ N(R), aRb = 0 implies bRσα(a) = 0 (resp., σα(b)Ra = 0),
for every α ∈ Nn; R is said to be right (resp., left) Σ-skew RNP if there
exists a right (resp., left) skew RNP family of endomorphism Σ of R. If
R is both right and left Σ-skew RNP, then R is called Σ-skew RNP.

It is straightforward to show that right (resp., left) Σ-skew reflexive
rings are right (resp., left) Σ-skew RNP, reduced rings are Σ-skew RNP,
for any finite family of endomorphisms Σ of R, and RNP rings are Σ-skew
RNP.

Example 4. We present some examples of right Σ-skew RNP.

(1) Consider Example 2. Let us show that R is a Σ-skew RNP ring.
Note first that σ1,0 is the identity homomorphism over R and Σ is
closed under composition, that is, σα

i,j ∈ Σ, for all α ∈ N6. Notice
that the set of nilpotent elements of R is the ideal generated by z,
that is, N(R) = ⟨z⟩. Let f, g ∈ N(R) such that fRg = 0. Notice
that f = arz and g = asz, for some 0 ≤ r, s ≤ 2. Furthermore,
σα
i,j(f) = akz, for all α ∈ N6 and some 0 ≤ k ≤ 2. Hence, we have

gRσα
i,j(f) = 0, for all α ∈ N6 with 1 ≤ i ≤ 2 and 0 ≤ j ≤ 2. In this

way, R is a Σ-skew RNP ring.

(2) Consider Example 3. It is not difficult to see that S2(Z) is a right
Σ-skew RNP ring where Σ = {σ1, σ2, σ3}. Additionally, notice that

N(S2(Z)) =
{(

0 b
0 0

)
| b ∈ Z

}
.
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Under conditions of Σ-compatibility, Proposition 7 characterizes the
right Σ-skew RNP rings and shows that the composition of right skew
RNP endomorphisms is a right skew RNP endomorphism.

Proposition 7. Let R be a ring and Σ = {σ1, . . . , σn} be a finite family
of endomorphisms of R. If R is a Σ-compatible ring, then R is right
Σ-skew RNP if and only if R is right σi-skew RNP for each 1 ≤ i ≤ n.

Proof. The proof is similar to that of Proposition 4 and Lemma 2.

Proposition 8 characterizes the right and left Σ-skew RNP rings over
Σ-compatible rings.

Proposition 8. If R is a Σ-compatible ring, then the following assertions
are equivalent:

(1) R is RNP.

(2) R is right Σ-skew RNP.

(3) R is left Σ-skew RNP.

Proof. (1) ⇒ (2) Suppose that R is RNP and let a, b ∈ N(R) such that
aRb = 0, that is, arb = 0 for all r ∈ R. By the Σ-compatibility of R,
σα(a)rb = 0, and thus σα(a)Rb = 0. If a ∈ N(R), then σα(a) ∈ N(R) by
Lemma 2, and since R is RNP, σα(a)Rb = 0 implies that bRσα(a) = 0,
whence R is right Σ-skew RNP.

(2) ⇒ (1) Assume that R is right Σ-skew RNP and let a, b ∈ N(R)
such that aRb = 0, i.e., arb = 0 for any r ∈ R. Since R is Σ-compatible,
arσα(b) = 0, for every α ∈ Nn. If b ∈ N(R), then σα(b) ∈ N(R) by
Lemma 2, and if R is right Σ-skew RNP, then σα(b)Rσα(a) = 0. So, for
each r ∈ R, σα(bra) = σα(b)σα(r)σα(a) = 0. Finally, σα is injective for
all α ∈ Nn which implies that bra = 0 proving that R is RNP.

(1) ⇔ (3) The proof is similar to (1) ⇔ (2).

Corollary 1 ([9, Proposition 1.7]). If R is a σ-compatible ring, then the
following are equivalent: (1) R is RNP, (2) R is right σ-skew RNP, and
(3) R is left σ-skew RNP.

Proposition 9 characterizes the right and left Σ-skew reflexive rings.

Proposition 9. If R is a Σ-compatible ring, then the following assertions
are equivalent:
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(1) R is reflexive.

(2) R is right Σ-skew reflexive.

(3) R is left Σ-skew reflexive.

Proof. Since every Σ-skew reflexive ring is a Σ-skew RNP ring, the result
follows from Proposition 8.

It is not difficult to see that nil-reversible rings are RNP. Proposi-
tion 10 relates nil-reversible and Σ-compatible rings with Σ-skew RNP
rings.

Proposition 10. Let R be a ring and Σ = {σ1, . . . , σn} be a finite family
of endomorphisms of R. If R is nil-reversible and Σ-compatible, then R
is Σ-skew RNP.

Proof. Since nil-reversible rings are RNP, if aRb = 0, for a, b ∈ N(R),
then bRa = 0, and thus bRσα(a) = 0 for all α ∈ Nn, by Σ-compatibility
of R. Hence, R is right Σ-skew RNP. From Lemma 1, we have bRa = 0
implies σα(b)Ra = 0, and so R is left Σ-skew RNP.

If A is a skew PBW extension over a domain R, then A is a domain
[16, Proposition 3.2.1], and so N(A) = 0. If A also satisfies the conditions
established in Proposition 3, then A is Σ-skew RNP for Σ = {σ1, . . . , σn},
where σk is as in Proposition 3.

Proposition 11. If A is skew PBW extension over a Σ-rigid ring R,
then the following assertions hold:

(1) Both R and A are reflexive.

(2) R is Σ-skew RNP.

(3) If the conditions established in Proposition 3 hold, then A is Σ-skew
RNP.

Proof. (1) By [59, Theorem 4.4], we have that both R and A is reduced.
Since reduced rings are reflexive, then R and A are reflexive.

(2) If R is Σ-rigid, then R is reduced by [59, Theorem 4.4], whence
R is Σ-skew RNP for any finite family of endomorphisms Σ.

(3) Since A is reduced by [59, Theorem 4.4], then A is a Σ-skew RNP
ring for any finite family of endomorphisms. In particular, A is Σ-skew
RNP for Σ = {σ1, . . . , σn}, where σk is as in Proposition 3.
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Following Kwak and Lee [39], R is called CN if N(R[x]) ⊆ N(R)[x].
Both NI rings and Armendariz rings are CN but not conversely. The
classes of quasi-Armendariz and CN rings are independent of each other
[32, Examples 3.15(1) and (2)]. Bhattacharjee [9] showed that if a ring
R is CN and quasi-Armendariz, then there is an equivalence of the RNP
property between the ring R and its ring of polynomials with coefficients
in R.

We introduce the following definition with the aim of study the RNP
property on skew polynomial rings and skew PBW extensions. Let (Σ,∆)
be the system of endomorphisms and Σ-derivations of R with respect to
a skew PBW extension A built on R (see Proposition 1).

Definition 7. Let A be a skew PBW extension over R. We say that R
is Σ-skew CN if N(A) ⊆ N(R)A.

Hashemi et al. [23], investigated the connections of the prime radicals
and the upper nil radicals of a ring R and a skew PBW extension A over
R. For instance, some results establish sufficient conditions to guarantee
that N∗(A) ⊆ N∗(R)A, where A is bijective skew PBW extension over
a (Σ,∆)-compatible ring [23, Theorem 3.15]. In this way, if A is NI, it
follows that R is Σ-skew CN. Other important result states that if A is
a PBW extension over a Σ-compatible ring R and N(R) is a ∆-ideal,
then N(A) ⊆ N(R)A [23, Proposition 4.1], that is, R is a Σ-skew CN.
From [23, Corollary 4.12], it follows that if R is a 2-primal Σ-compatible
ring, then R is Σ-skew CN. Reyes and Suárez [62] proved that if A
is a skew PBW extension over a weak (Σ,∆)-compatible NI ring R,
then f = a1x

α1 + · · · + atx
αt ∈ N(A) if and only if ai ∈ N(R), for

0 ≤ i ≤ t [62, Theorem 4.6]. Thus, if f ∈ N(A), then ai ∈ N(R) whence
f ∈ N(R)A, and so R is Σ-skew CN.

Example 5. We present some examples of Σ-skew CN rings.

(1) If R is a σ-compatible ring and N(R) is a δ-ideal of R, it follows
that N(R[x;σ, δ]) ⊆ N(R)[x;σ, δ] by [54, Proposition 2.2], and thus
R is Σ-skew CN. If R[x;σ, δ] is NI and N(R) is a σ-rigid ideal (an
ideal I of R is called σ-rigid if rσ(r) ∈ I implies r ∈ I, for all
r ∈ R), then N(R[x;σ, δ]) = N(R)[x;σ, δ] by [55, Theorem 3.1],
and so R is a Σ-skew CN ring.

(2) If R is commutative, then the universal enveloping algebra U(g) of
a finite dimensional Lie algebra g over R is a PBW extension over
R. The set of nilpotent elements of the enveloping algebra satisfies
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N(U(g)) ∼= N(R ⟨x1, . . . , xn⟩) ⊆ N(R)A by [62, Theorem 4.6], and
thus R is a Σ-skew CN ring.

(3) Consider the skew PBW extension A from Example 2. Following
the same ideas of the proof of [62, Theorem 4.6], it is not difficult
to prove that N(A) = N(σ(R)) ⟨x1,0, x1,1, x1,2, x2,0, x2,1, x2,2⟩, and
thus R is a Σ-skew CN ring.

Under compatibility conditions and the (SQA1) condition, Theorem 1
characterizes the skew PBW extensions over Σ-skew CN rings that are
Σ-skew RNP for Σ = {σ1, . . . , σn}, where σk is as in Proposition 3.

Theorem 1. Let A be a skew PBW extension over a (Σ,∆)-compatible
and Σ-skew CN ring R that satisfies the (SQA1) condition. If the con-
ditions established in Proposition 3 hold, then R is right Σ-skew RNP if
and only if A is right Σ-skew RNP.

Proof. Let R be a right Σ-skew RNP ring and f = a1x
α1 + · · ·+ amxαm ,

g = b1x
β1 + · · ·+btx

βt be two nilpotent elements of A such that fAg = 0.
Since R satisfies (SQA1) condition, then aiRbj = 0, for all i, j. On the
other hand, R is Σ-skew CN, that is, f, g ∈ N(R)A, which implies that
ai, bj ∈ N(R) for all i, j. Since R is Σ-skew RNP, we have bjRσα(ai) = 0,
for all i, j and α ∈ Nn. Consider an element h ∈ A. We can note that each
coefficient of ghσα(f) are products of the coefficient bj with elements of R
and several evaluations of ai in σ’s and δ’s depending of the coordinates
of αi, βj . From the previous statement and bjRσα(ai) = 0, it follows that
ghσα(f) = 0 for all α ∈ Nn, by the (Σ,∆)-compatibility of R. Since h
is an arbitrary element of A, we have gAσα(f) = 0. Hence, A is right
Σ-skew RNP.

Conversely, suppose that A is right Σ-skew RNP and let a, b ∈ N(R)
such that aRb = 0. Since R is (Σ,∆)-compatible, we have aAb = 0. This
means that bAσα(a) = 0, for all α ∈ Nn entailing bRσα(a) = 0, by RNP
property of A and σα(a) ∈ N(R). Hence, R is right Σ-skew RNP.

Corollary 2. Let R be a ring.

(1) ([9, Corollary 2.13]) If R is Armendariz and σ is an endomorphism
of R, then, R is right σ-skew RNP if and only if R[x] is right
σ-skew RNP.

(2) ([9, Proposition 2.12]) Let R be a quasi-Armendariz and CN ring,
and σ be an endomorphism of R. Then R is right σ-skew RNP if
and only if R[x] is right σ-skew RNP.
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Proposition 12 characterizes the skew PBW extensions over NI rings
that are RNP rings.

Proposition 12. If A is a skew PBW extension over a (Σ,∆)-compatible
NI ring R, then A is nil-reflexive if and only if A is RNP.

Proof. If R is (Σ,∆)-compatible, then R is a weak (Σ,∆)-compatible
ring. In this way, if R is NI, then A is NI by [67, Theorem 3.3], whence
N∗(A) = N(A). By [33, Proposition 2.1], we have A is nil-reflexive if and
only if fAg = 0 implies gAf = 0, for all f, g ∈ N∗(A). Hence, fAg = 0
implies gAf = 0, for elements f, g ∈ N(A). Therefore, A is nil-reflexive
if and only if A is RNP.

Corollary 3. Let A be a skew PBW extension over an NI ring R. If A
is (Σ,∆)-compatible and the conditions established in Proposition 3 hold,
then A is nil-reflexive if and only if A is Σ-skew RNP.

Proof. The assertion follows from Propositions 8 and 12.

We recall the following result which describes the Ore localization by
regular elements of the ring R over a skew PBW extension.

Proposition 13 ([46, Lemma 2.6]). Let A be a skew PBW extension
over R and S be the set of regular elements of R such that σi(S) = S,
for every 1 ≤ i ≤ n, where σi is defined by Proposition 1.

(1) If S−1R exists, then S−1A exists and it is a bijective skew PBW
extension over S−1R with S−1A = σ(S−1R) ⟨x′1, . . . , x′n⟩, where

x′i :=
xi
1 and the system of constants of S−1R is given by d′i,j :=

di,j
1 ,

c′i, r
s
:= σi(r)

σi(s)
, for all 1 ≤ i, j ≤ n.

(2) If RS−1 exists, then AS−1 exists and it is a bijective skew PBW
extension over RS−1 with AS−1 = σ(RS−1) ⟨x′1, . . . , x′n⟩, where
x′′i := xi

1 and the system of constants of S−1R is given by d′′i,j :=
di,j
1 , c′′i, r

s
:= σi(r)

σi(s)
, for all 1 ≤ i, j ≤ n.

Related with Proposition 13, if S is a multiplicatively closed subset of
a ring R consisting of central regular elements, and σ is an automorphism
of R such that σ(S) ⊆ S, then the mapping σ : S−1R → S−1R defined by
σ(u−1a) = σ(u)−1σ(a) for u ∈ S and a ∈ R, induces an endomorphism
of S−1R. If Σ is a set of automorphisms over R, we denote ΣS the set of
automorphisms over S−1R, induced by Σ.
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Theorem 2. Let R be a ring, Σ be a finite family of automorphism of R,
and S a multiplicatively closed subset of R consisting of central regular
elements such that σα(S) ⊆ S, for every α ∈ Nn. Then R is right Σ-skew
RNP if and only if S−1R is right ΣS-skew RNP.

Proof. Assume that R is right Σ-skew RNP. Let s−1
1 a, s−1

2 b ∈ N(S−1R)
such that (s−1

1 a)S−1R(s−1
2 b) = 0. Since N(S−1R) = S−1N(R), we have

a, b ∈ N(R). In addition, (s1ss2)
−1(arb) = (s−1

1 a)s−1r(s−1
2 b) = 0 for all

s−1r ∈ S−1R. By definition of S−1R, there exists c ∈ S such that c is a
central element of R and 0 = (arb)c = a(rc)b. Since R is right Σ-skew
RNP, it follows that b(rc)σα(a) = 0, for all α ∈ Nn. Therefore,

(s−1
2 b)(s−1r)σα(s−1

1 a) = (s−1
2 b)(s−1r)σα(s1)

−1σα(a)

= (s2sσ
α(s1))

−1(brσα(a))

= 0,

since b(r)σα(a)c = 0, for all α ∈ Nn, whence S−1R is right ΣS-skew RNP.
For the other implication, let a, b ∈ N(R) such that aRb = 0. We have

(1−1)(arb) = (1−1a)(1−1r)(1−1b) = 0. If S−1R is right ΣS-skew RNP,
(1−1b)(1−1r)σα(1−1a) = (1−1b)(1−1r)σα(1)−1σα(a) = (1−1)(brσα(a))
whence brσα(a) = 0 since (1−1b)(1−1r)σα(1−1a) = 0. Hence, R is right
Σ-skew RNP.

Theorem 3. Let A be a bijective skew PBW extension over a (Σ,∆)-
compatible ring R, S be a multiplicatively closed subset of R consisting
of central regular elements such that σα(S) ⊆ S and S−1R is a ΣS-skew
CN which satisfies the (SQA1) condition. If the conditions established in
Proposition 3 hold, then A is right Σ-skew RNP if and only if S−1A is
right ΣS-skew RNP.

Proof. Suppose that A is right Σ-skew RNP. Since S−1R is a ΣS-skew
CN ring, then R is Σ-skew CN. Similarly, the condition (SQA1) also
transfers from S−1R to R. Thus, we have that R is right Σ-skew RNP,
by using Theorem 1. By hypothesis, S is a multiplicatively closed subset
of R consisting of central regular elements, which means that S−1R is
right ΣS-skew RNP, by Theorem 2. In addition, by Proposition 13, we
have that S−1A is a bijective skew PBW extension over S−1R. Since R is
(Σ,∆)-compatible, then S−1R is (Σ,∆)-compatible [60, Theorem 4.20].
Notice that S−1A is a bijective skew PBW extension over S−1R, where
S−1R is a (Σ,∆)-compatible ΣS-skew CN ring which satisfies the (SQA1)
condition. In this way, if S−1R is right Σ-skew RNP, then S−1A is right
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ΣS-skew RNP, by Theorem 1. For the other implication, if S−1A is right
ΣS-skew RNP, then S−1R is a right ΣS-skew RNP ring, because S−1R
is (Σ,∆)-compatible ΣS-skew CN and satisfies the condition (SQA1).
The above statement follows from Theorem 1. Since S−1R is ΣS-skew
RNP, then R is Σ-skew RNP. Finally, R is a (Σ,∆)-compatible ring and
inherits the Σ-skew CN property and the condition (SQA1) from the ring
S−1R, which implies that A is right Σ-skew RNP, by Theorem 1.
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