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ABSTRACT. We consider lattice Party, of partitions of a count-
able set M, ordered by inclusion. It forms a semigroup with respect
to the operation A mapping two elements to their greatest lower
bound. We obtain necessary and sufficient conditions for isomor-
phism of two variants of Party,.

Introduction

Let S be a semigroup and a € S be fixed. For arbitrary z,y € S we
define = %, y = zay. This binary operation %, on S is associative, which
is clearly, is called a sandwich-operation, and semigroup (S, *,) is called
a variant of the semigroup S or a sandwich-semigroup of the semigroup
S with the sandwich-element a.

The study of variants was initiated in the acclaimed Lyapin’s mono-
graph [1]. Although Lyapin formulated this notion for transformation
semigroups, later on various authors studied variants of other classes of
semigroups (see, for example, [2], [3], [4], [5], chapter 13 of monograph
[6], and references therein).

In this paper we consider variants of an ordered by inclusion lattice
Party; of partitions of a countable set M, which is a semigroup under
the operation A of taking the greatest lower bound of two elements.

Note that for partitions p and 7 the relation p < 7 holds if and only
ifpAT=0p.

2001 Mathematics Subject Classification: 20M10, 20M14, 06B35.
Key words and phrases: variant, sandwich-semigroup, lattice of partitions.



2 VARIANTS OF A LATTICE OF PARTITIONS OF A COUNTABLE SET

The main result of the paper is Theorem 2, which gives an isomor-
phism criterion for variants of a lattice Party;.

1. Auxiliary results

Recall that the height of a partially ordered set L is defined as the least
upper bound of lengths of chains of L. In a partially ordered set with
zero 0 the height of interval [0, a] is called a rank rank (a) of element a.
An element b is called an atom if rank (b) = 1. For the partition p €
Party; the number of atoms in the interval [0, p] will be denoted by a(p).
By Part; we denote a lattice of partition of a set of cardinality k.

The partition p € Partys has the type (la, ..., Ik, ..., lx) if it contains
lo blocks of cardinality 2, ..., I blocks of cardinality k, ..., [, blocks of
countable cardinality; the number of blocks of cardinality 1 is irrelevant.
The partition, where one block has cardinality £ > 1 and the remaining
blocks are one-element, has the type (...,0,1,0,...,0). Thus, atoms of
the lattice Party; have the type (12,0,...,0).

The partition o is a covering partition of p if ¢ > p and there exists
no partition x such that ¢ > x > p.

The following Lemma is obvious.

Lemma 1. Let p be a partition of the set M such that M = |J M;.
el
Then an interval [0, p] of the lattice Partys is isomorphic to the Cartesian
product || Partys, of lattices of partitions of blocks M;, i € 1.
i€l

The next lemma follows straightforwardly from Lemma 1 and the fact
that for any natural number k, the height of the lattice Party is equal to
k—1.

Lemma 2. Let p be a partition of n-element set A. Then the height of
the interval [0, p| of lattice Part 4 is equal to n —m, where m is a number
of blocks in partition p.

Lemma 3. Let p be a partition of rank k — 1, which contains more than
one block of cardinality greater than 1. Then the interval [0, p] and the
lattice Party have different number of atoms. In particular, the interval
0, p] and the lattice Party, are non-isomorphic.

Proof. Let My, Ms, ..., M, be all non-singleton blocks of a partition p,
of cardinalities my, ms, ..., m, respectively. Then by Lemma 2

mi+mo -+ +my=n+k—1 (1)
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Assume that the number of atoms of the interval [0, p] and the lattice
Party, is the same. Then

()« () (2)-6) o

Using equation (1), we can rewrite equation (2) as follows:
n n
Zm?:kQ—k+Zmi:k2+n—1. (3)
i=1 i=1

On the other hand, squaring both sides of (1), we get

n
Zm?%—meg:n2+k2+1—|—2n/~c—2n—2k. (4)
i=1 i#j

It follows from (3) and (4) that

Zmimj:n2—|—2nk:—3n—2k:+2. (5)
i#]

Assume that m; = 1 + a;. Then

n
Zmimj :Z(l—l—ai)(l—i-aj) :nQ—n—i-Q(n—l)Zai—i-Zaiaj =
i] i] =1 i
:n2—n+2(n—1)(k—l)+2aiaj.
i7#]

Hence, considering (5) we obtain:

Zaiaj =?+2nk—3n—-2k+2)—(n*—n+2n-1)(k-1)) =0.
i#]
However, the sum ) a;a; must be positive by assumption. This contra-
1#]
diction proves the lemma. ]
Lemma 4. Let partitions p and o be covering partitions of a partition p,
which has the type (...,0,1x,0,...,0). If u and o have different types,

then intervals [0, u] and [0,0] contain different number of partitions of
rank k.

Proof. The type of a covering partition of p is either (..., 0, 1x41,0,...,0)
or (12,0,...,0,1%,0,...,0). Without loss of generality we may assume
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that u is a partition of the first type and o is a partition of the second
type.

The partition p has a unique non-singleton block A of cardinality
k+2.

Every partition of the interval [0, u] of rank k can be obtained by
partitioning the block A into two smaller blocks. Obviously, this can be
done in 28! — 1 ways.

Partition o has two non-singleton blocks, namely a two-element block
B and a block C of cardinality k + 1. Partition of rank k of the interval
[0, o] can be obtained by partitioning one of these blocks into two smaller
blocks. The block B can be partitioned uniquely, and the block C' can
be partitioned in 2¥ — 1 ways. Hence, in this case we get 2F partitions of
rank k.

Since for every natural number k the inequality 2¥+1 — 1 > 2* holds,
the lemma is proved. O

Lemma 5. Let partitions p and o be the partitions of types (l2, 13, . . ., loo)
and (ta, t3, ..., o) respectively. If the intervals [0, ] and [0, 0] are iso-
morphic, then Iy, =t for each k € N,

Proof. Let the partition u have the form M = |J A;, and the partition
i€l
o, the form M = |J Bj. Let ¢ : [0, u] — [0, 0] be an isomorphism.
jeJ

Note that ¢ maps atoms to atoms, a covering of partition 7 € [0, ]
to a covering of partition (7). Also ¢ preserves ranks of elements.

For each k-element block A; of the partition p, there is a partition
pa,; € [0, u) of the type (...,0,15-1,0,...,0); its blocks are A; and single-
tons. Similarly, we define partitions op; for blocks of partition o. Note
that all covering partitions for u 4, have the type (12,0, ...,0,15_1,0, ..., 0).

By Lemma 3, the partition ¢(u4,) has the type (...,0,15-1,0,...,0);
by Lemma 4, all covering partitions for ¢(u4,) have the type (12,0,...,0,
1x-1,0,...,0). Hence the image p(u4,) of partition p4, is a partition o,
for some block B; of cardinality k.

Since the inverse mapping ¢! is an isomorphism, there is a one-to-
one between k-element blocks of partition p and those of partition o.

O

Lemma 6. A partition u contains an infinite block if and only if the
interval [0, p] is an infinite increasing chain

0<7’1<72<73<--', (6)

where for every k the partition T, has rank k and the interval [0, 7] con-
tains (k;rl) atoms.
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Proof. Let A be an infinite block of partition p. We consider an infinite
increasing chain

{ap, a1} C {ao,a1,a2} C {ag,a1,a2,a3} C

of subsets Ay = {ap, a1, as,...,ax} of the set A. For each subset Aj, con-
sider a partition p4, € [0, ] such that its blocks are Ay and singletons.
Then the chain of partitions

0<pa, <pa, <pag <--

is as required.

Conversely, let the interval [0, ] be an infinite increasing chain (6)
satisfying the statement of lemma. By Lemma 3, every partition 7 has
only one non-singleton block Aj. Since the partition 75 is a chain, then

the blocks Ay form a chain by inclusion. Hence the set A = |J Ag is an
k>1
infinite block of partition u. O

Lemma 7. Let the types of partitions p and o be (la,ls, ..., l) and
(ta,t3, ..., teo) Tespectively. If the intervals [0, ] and [0, 0] are isomor-
phic, then loo = tso.

Proof. 1t follows from Lemma 3 that the partial order relation in the
lattice Party, is sufficient to identify the partitions of finite rank, which
have unique non-singleton block. Hence it is enough to show that I, =
k € N if and only if in [0, ] there are k chains Ly, ..., L such that

(i) every chain L; satisfies the conditions of Lemma 6;

(ii) if partitions 7/ # 0 and 7”7 # 0 belong to different chains and v > 7/,
v > 7", then v contains at least two non-singleton blocks;

but there is no k + 1 chains satisfying these conditions.

Let loo = k and Ny, ..., Ni be all infinite blocks of partition pu.
According to the proof of Lemma 6, for every infinite block N; we can
construct a chain L; in [0, u| satisfying the conditions of Lemma 6. More-
over, the chains corresponding to different blocks satisfy condition (ii).
Therefore, if lo, = k, then in [0, ] there exist k chains satisfying condi-
tions (i) and (ii).

Suppose that in [0, p] there exist k + 1 chains Ly, ..., Lgy1, which
satisfy conditions (i) and (ii). The proof of Lemma 6 implies that every
chain of this kind

0<Tf<7§<7§<--'
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is formed by partitions of finite rank having only one non-singleton block,
and all the non-singleton blocks are subsets of some infinite block. Since
there are only k infinite blocks and there are k + 1 chains, then there
exist two chains which correspond to the same infinite block. Without
loss of generality we assume that chains L; and Lo correspond to the
same block Ni. We can choose arbitrary non-zero elements Tl-l € Ly and
Tj2 € Lo.

Let C7 and C5 be non-singleton blocks of partitions Til and TjQ re-
spectively. Since C1 C Nj and Co C Ny, then Cy U Cy C Ny. Hence the
interval [0, p] contains the partition v with only one non-singleton block
C1UCy. But v > 7} and v > Tj2, which contradicts to (ii). O

Let a be a fixed element of a commutative band S with zero. Let
Siap =1z € S|lr-a = a, b-x = z}. For every element x € S, ;) we define
the set Q(z) = {y € S|a-y = x}, and the weight w(z) of the element x
by w(z) = [Q(z)|.

Theorem 1 ([7]). Two variants (S,*,) and (S,*) of a commutative
band S with zero are isomorphic if and only if there exists a weight-
preserving isomorphism of intervals Sj ) and Sjo -

2. Main result

Proposition 1. Intervals [0, p] and [0, 0] of a lattice Partys of partitions
of a countable set M are isomorphic if and only if partitions p and o have
the same type.

Proof. 1t follows from Lemmas 5, 7 and 1. O

Lemma 8. If partitions p and T have the same type and the same number
of one-element blocks, then there exists an isomorphism of intervals [0, u]
and [0, 0] induced by the permutation of the set M.

Proof. Let partitions p and 7 be of the same type and have the same
number of one-element blocks. In this case blocks of both partitions can
be indexed by the same set of indexes I ((A;)ier for partition p and
(B;)icr for partition 7). Moreover, for every i € I blocks A; and B;
have the same cardinality. Let ; be a bijection from A; to B;. Since
M = ;e Ai = Ujer Bis then ¢ = (J,c; @i is a permutation of the set
M, which maps the blocks of partition u to the blocks of partition 7.
Since by Lemma 1 intervals [0, ] and [0, 7] are isomorphic to the Carte-

sian products [[ Parts, and [[ Partp, respectively, then permutation ¢
i€l i€l
induces an isomorphism of this intervals. ]
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Note that semigroup Party; is a commutative band with zero. Thus,
we can consider the weight w(x) of the element y € [0, p]. By definition
it equals the cardinality of the set Q(x) = {§ € Partys | p A& = x}.

Proposition 2 (On the weight of partitions). a) If the partition p con-
tains an infinite number of blocks, then the weight w(x) of every element
X € [0, p] is continuum.

b) If the partition p contains a finite number n of blocks, then in the
interval [0, p] the weight w(p) of the element p is equal to the n-th Bell
number B,.

Proof. a) Let partition p of the set M be of the form M = |J M;,
i€l
where I is infinite, and partition x from the interval [0, p] be of the form
M = |J U Nij, where M; = |J Njj; is a partition of the block M;.
il jeJ; j€J;

Consider a partition £ such that its blocks have the form of union of
blocks N;; and none block of a partition £ contains two blocks N;; with
the same first index. Since the set I is countable, the number of such
partitions is continuum. On the other hand, the intersection of a block
of partition £ and a block of partition p is either empty or a block of the
form Njj, i.e. it is a block of a partition x. Hence pA{ = x. Thus, the set
Q(x) contains continuum elements, hence the weight w(y) is continuum.
b) In this case the set Q(p) is a set of £ € Partys such that the
condition p A £ = p holds, in other words, of such & which belongs to the
interval [p, 1]. Since the partition p consists of n blocks, then the interval
[p, 1] is isomorphic to the lattice Part,, and its cardinality is equal to B,,.
O

We get an immediate corollary from the Proposition 1 and 2.

Corollary 1. Let intervals [0, u] and [0,0] be isomorphic. If partitions
w and o have the same weight, then one of the following two statements
holds:

(1) both partitions p and o have countable number of blocks;

(2) partitions p and o have the same finite number of blocks and the

same type. In particular, they have the same number of one-element
blocks.

Theorem 2 (Isomorphism criterion for variants of the lattice of par-
titions). Let Partys be the lattice of partitions of a countable set M.
Variants (Partar,*,) and (Party,*,) of Party are isomorphic if and
only if partitions p and o have the same type and the same number of

blocks.
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Proof. By Theorem 1, variants (Partys, x,) and (Partar, *5) are isomor-
phic if and only if there exists a weight-preserving isomorphism between
[0, ] and [0,0]. Since partitions 4 and o are the greatest elements in
intervals [0, u] and [0, o] respectively, then the isomorphism maps u to
o. In particular, 4 and o have the same weight.

By Proposition 2, the variants (Partys,*,) and (Partas, *,) are iso-
morphic if both partitions p and o have either a countable number of
blocks or the same finite number of blocks. Consider each of these cases.

(1) Partitions p and o have the countable number of blocks. By
Proposition 1, the intervals [0, ] and [0, 0] are isomorphic if and only
if partition p and o have the same type. Furthermore, by Proposition
2, all elements in this intervals have continual weights. Hence any iso-
morphism from [0, u] on [0, 0] is weight-preserving. Consequently, the
variants (Partys, *,) and (Partys, *,) are isomorphic if and only if parti-
tions 1 and o have the same type.

(2) Partitions p and o have the same finite number of blocks. Since
these partitions have the same type, they have the same number of one-
element blocks. Hence, by Lemma 8, there exists an isomorphism be-
tween the intervals [0, x| and [0, 0], induced by a permutation of the set
M. Obviously, this isomorphism is weight-preserving. Therefore, the
variants (Partys, *,) and (Partys, *,) are isomorphic if and only if parti-
tions i and o have the same type and the same number of blocks. O
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