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ABSTRACT. For the cocycle bicrossed product construction
applied to a locally compact group and its two subgroups, we give
a simple description of the group of the corresponding extensions
in terms of the second cohomology group of a certain complex of
continuous functions on the group. Using this description, we find
pairs of continuous cocycles for two subgroups of the Heisenberg

group.

Introduction

A method for constructing nontrivial examples of finite ring groups, now
known as finite Kac algebras, was proposed in [1]. It consists in using
two subgroups of a group satisfying certain conditions for constructing a
commutative algebra of functions on one subgroup and then extending it
to a nontrivial Kac algebra, via a pair of cocycles, with the group algebra
of the other subgroup. This method is now called the bicrossed prod-
uct construction and was generalized to bialgebras in [2| and to locally
compact quantum groups in [3].

For fixed subgroups, the set of extensions forms a group whose ele-
ments are determined by equivalence classes of pairs of cocycles. This
group formed by equivalence classes of pairs of measurable functions is
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described in [4] for a locally compact group in terms of the second coho-
mology group of a certain complex constructed from a bicomplex.

The purpose of this paper is to consider the case where the exten-
sions are obtained using continuous cocycles and to give a simple direct
construction of a complex such that its second cohomology group is iso-
morphic to the group of such extensions. This is done in Section 1 after
first making necessary definitions. In Section 2 we use this result and
the ideas from [5] to construct pairs of cocycles for two subgroups of the
Heisenberg group.

1. Definitions and the main result

Definition 1 ([6]). Let K be a locally compact group, G, H subgroups
of K satisfying the conditions

G-H=K and GNH = {e}.
Then (G, H) is called a matched pair of locally compact groups.
Remark 1. For a more general definition of a matched pair of locally
compact groups, see [3].

In what follows, g, h, k with, possibly, subscripts denote elements of
the groups G, H, K, respectively.

Let (G,H) be a matched pair of locally compact groups. It is
known [3] that there are right and left actions, < : H x G — H and
>: H x G — G, given by

heg=(h>g)-(hag)
and satisfying
(hihg) <g = (hy < (ha > g))(h2 <),
he(g192) = (h>g1)((h<ag1) > g2).
Denote T = {z € C: |z| = 1} and let T be the Abelian group R/27Z.

Definition 2 ([3]). Let (G, H) be a matched pair of locally compact
groups. A pair of continuous maps (u,v), u : H x G x G — T, v :
H x H x G — T is called a pair of cocycles for the pair (G, H) if the
following identities hold:

(1)

u(h 291,92, 93)ulh, 91, 9293) = u(h, g1, g2)u(h, 9192, 93), (2)
v(hy, ha, hy > g)v(hiha, hs, g) = v(h1, hohs, g)v(he, hs, g), (3)
v(h1, ha, g192)u(hihe, g1, 92) = v(h1, h2, g1)u(h2, g1, g2)
~v(hy < (ha>g1), ha<g1,92)
~u(hi,ha> g1, (ha<gr)>g2).  (4)
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Two pairs of cocycles (u1,v1) and (ug,va) for (G, H) are called equiv-
alent if there exists a continuous function r : H x G — T such that

ur(h, g1, g2)uz(h, g1, 92) ™' = r(h, g1)r(h <2 g1, g2)r(h, g1g2) ",

v1(h1, h2, g)va(hi, ha, g) ™t = r(hiha, g)r(h, ha > g) " 'r(ha, g) 7t

We will denote the equivalence class of a pair (u,v) by [u,v]. It
is known [3] that the set of equivalence classes [u,v] forms a group
with respect to the operations [u1,v1] - [uz2, ve] = [uiug, vive], [u,v]™! =
[u=!,v71], and the identity element [1,1]. We will consider the subgroup
of this group formed by the classes [u,v] such that w(hi,92,93) = 1 if
at least one of the elements hi, g9, g3 is the identity of the correspond-
ing group and the same holds for v. This subgroup will be denoted by
HZ(m.p.,T).

Let (G, H) be a matched pair of locally compact groups. Denote by
SCHE™T), or simply by C;(K), n =0, 1,..., the set of continuous
functions ¢”: K"*! — T such that

C”(gkl, k‘Q, ey k‘n, k‘n+1h) = Cn(kil, k‘z, ey ]{In, k?n+1), (6)
(k1o ki1, ek, kit oo k) =0 (7)

forall g e G, he€ H, kj € K, j =1,...,n+ 1. Here ex denotes the
identity element in K. ,C;; is an Abelian group with respect to the
pointwise addition. As usual |7], define

(dncn)(lﬁ, ey kn+2) = Cn<k2, ooy k}n_|_2)
n+1 )
+) (=17, kikga, ko)
j=1

+ (_1)n+26n(k1’ R k;nJrl) (8>
and thus obtain the following complex:

a3

dt d?
CalK) — ..., (9)

- L CHE) L

GCS(K) - GC;(K)

where, as easily seen, ;C2(K) can be identified with the group that has

the only element 0 and ,C(K) with the group of all continuous functions
¢! on K satisfying ¢! [g= ¢! [g= 0.

Theorem. Let HZ(K) = Kerd?/Imd' denote the second cohomology
group of complex (9). Then the map §: HZ(m.p.,T) — JHA(K) defined
by

1 1
O([u,v])(k1, k2, k3) = glnu(hlaQ%hQ > g3) + 7 Inv(hi < g2, ha, g3), (10)
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s a group isomorphism. Here In: T — iT is the principle branch of the
logarithm, k; = gjh;, 7 =1,2,3, and i = +/—1.

The proof of the theorem will be divided into several lemmas. But
before, let us denote @ = %lnu, v = %ln v, and 7 = %lnr. With these
notations, the map (10) becomes

O([u, v]) (K1, ko, k3) = a(h, g2, ha > g3) + (h1 < g2, ha, g3), (11)
the defining relations (2), (3), (4) will read

fL(h 491792593) - a(hagngagL’)) + ﬂ(h791,9293) - a(h7gla.92) == 07 (12)
0(ha, h, g) — 0(h1he, ks, g) + 0(h1, hehs, g) — 9(h1, ha, hs>g) = 0, (13)

0(h1, ha, g192)+u(h1ha, g1, g2) = O(h1, he, g1)+0(h1<(h2>g1), ha<gi, g2)
+ a(h2, g1, 92) + @(h1, he > g1, (ha < g1) > g2), (14)

and the equivalence relations (5) are

1 (h, g1, 92) — t2(h, g1, 92) = 7(h, g1) + 7(h < g1, g2) — 7(h, g192), (15)
01(h1, h2,g) — V2(h1, ho, g) = F(h1h2,g) — 7(h1, ha > g) — 7(ha, g).
Lemma 1. Let a pair (4,v) satisfy (12), (13), (14), and
f(k1, k2, k3) = @(hy, g2, ha > g3) + 0(h1 < g2, ha, g3), (16)

ki = gjhj, 7 =1,2,3. Then f is a 2-cocycle for the complex (9).
Proof. Indeed, by the definition of f, for k; = g;h;, j = 1,...,4, we have

(d®f) (K1, k2, ks, ka)

= f(ka, ks, ka) — f(kika, ks, kq) + f(k1, kaks, kq)
— f(k1, k2, kska) + f (K1, ko, k3)

= [(g2h2, g3hs, gaha) — f(g1(h1 > g2)(h1 < g2)h2, gshs, gaha)
+ flg1hi, g2(h2 > g3)(ha2 < g3)hs, gaha)
— f(g1h1, g2ha, g3(h3 > ga)(hs < ga)ha) + f(g1h1, g2ha, g3hs)

= u(ha, g3, h3> ga) + 0(ha < g3, h3, g4) — u((h1 < g2)h2, g3, h3 > g4)
= 0(((h1 < g2)h2) < g3, ks, ga) + @(h1, ga(ho > g3), ((ho < g3)h3) > ga)
+ 0(h1 < (g2(ha > g3)), (h2 < g3)hs, g1) — @(h1, g2, ha > (g3(hs > g4)))
— 0(h1 < g2, ha, g3(h3 > ga)) + (h1, g2, ha > g3) + 0(h1 < g2, ha, g3).
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Replacing hi, g1, and g9 in (14) with hy < g2, g3, and h3> g4, respectively,
we get that

((h1 < g2)ha, g3, ha> gq) + 0(h1 <4 g2, ha, g3(hs > g4))
= U(ha, g3, h3 > ga) + @(h1 < g2, ha > g3, (hg < g3) > (h3 > g4))
+ 0((h1 <g2) < (ha>g3), ha < g3, ha > ga) + 0(h1 < g2, ha, g3).

Use the above to replace the sum of the 3rd and 8th terms in the previous
expression, collect the terms with @ and o, and apply (12) and (13) to
get 0. 0

Lemma 2. Let a pair (a1,01) satisfy (15) with ag = v9 = 0. Then fi
defined by (16) for (u1,01) is a 1-coboundary.

Proof. With the notations as before, we have

J1(k1, k2, k3) = @1 (h1, g2, ha > g3) + 01(h1 < g2, he, g3)
=7(h1, 92) + 7(h1 < g2, ha > g3) = 7(h1, g2(h2 > g3))
+ 7((h1 9 g2)h2, g3) — 7(h1 < g2, ha > g3) — 7(h2, g3)-

On the other hand, extending 7 from H x G — Tto K xK — T by
setting 7(g1h1, goha) = 7#(h1, g2), we have

(A7) (1, k2, k3) = 7(ka, k) — 7(k1ka, k) + 7(k1, kaks) — 7(k1, k2)
= 7(h2,93) — 7((h1 9 g2)h2,93) + 7(h1, g2(ha > g3)) — 7(h1, g2).
Comparing the above, we see that f; =d!(—r). O
Corollary 1. The map 0 is well-defined.

Lemma 3. Let f € GHI?. Then f satisfies the following:

f(k1, k2, k3) = f(hi,92, ha> g3) + f(h1 < g2, ha, g3).

Proof. Since f is a 2-cocycle,

0= (d*f)(h1,92, h2, g3) = f(g2, h2, g3) — f(h1g2, h2,g3) + f(h1, g2ha, g3)
— f(h1, g2, hags) + f(h1, g2, ha).

But f(g2,h2,93) = f(ek,ha,g93) = 0, f(hige, h2,g3) = f(h1 < g2, h2,g3),

f(h1,92,h293) = f(h1,92,h2 > g3), and f(hi,92,h2) = f(h1,92,eKx) =

0. ]

Corollary 2. The map 0 is a surjection.



Yu. A. CHAPOVSKY, A. A. KALYUZHNYI, G. B. PODKOLZIN 17

Proof. For f € GHj, define a(hi, g2, g3) = f(hi, g, g3) and D(hy, ha, g3) =
f(h1,h2,g3). Then @ and o satisfy (12), (13), and (14). O

Lemma 4. The map 0 is an injection.
Proof. Indeed, let 0([u,v])(k1, ko, k3) = (d'7)(k1, ko, k3), that is,

@(h1, g2, ha > g3) + 0(h1 < g2, ha, g3)
= 7(ko, k‘3) — 7(k1ke, k3) + 7(k1, kaks) — 7(ky, ko)
= 7(h2,93) — 7((h1 < g2)h2, g3) + 7(h1, g2(ha > g3)) — 7(h1, g2).

By setting ho = ey and then go = eq, we obtain

@(h1, g2, 93) = —7(h1 < g2, 93) + T(h1, g2g3) — 7(h1, g2)
o(h1, ha, g3) = 7(h2, g3) — T(h1h2,g3) + 7(h1, ha > g3),

that is [u,v] = [1,1]. O

Now, Corollaries 1, 2 and Lemma 4 prove the theorem.

2. An example for the Heisenberg group

As follows from (16), to find the functions @, 0, we need to construct a
2-cocycle f of the complex (9). Note that f is, actually, a 3-cocycle of
the group K |[7| satisfying the additional relations (6), (7).

Thus we construct a 3-cocycle F' for the corresponding matched pair of
the Lie algebras, (g, ), by using Proposition 1 in [5], find nonequivalent 3-
cocycles in terms of Proposition 2 in [5], and consider the corresponding
left-invariant form wg on K. Following the procedure of finding a 3-
cocycle on a Lie group from a 3-cocycle on the Lie algebra [7], we consider
the 3-simplex o given by

o(h1, g2ha, g3) = <h1 > (g2 - (ha v 953))}72)

. ((hl a (g2(ha > g8%)))P* (ha < g§3)q2)ql, (17)

where p;, gj : Az — R are some differentiable functions on the standard
3-simplex A3z = {(tl,tg,t3> € R3: t1,to,t3 >0, t1 +to+ 13 < 1}. Then
the 2-cocycle f can be found in the form

f(h1, 92h2,g3) = / WF- (18)

o(h1,92h2,93)
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Using the above procedure, we now construct pairs of continuous co-
cycles (u,v) for the matched pair of Lie groups (G, H) associated with
the Heisenberg group. Denote

61‘ =1

0 T
g(@) = al., h(z,y) = 1,
1 0!

—

l
O O =
3
O Oy =
— oI

where @, 7 € R", y € R, ! is the transpose of Z, and 1,, denotes the unit
matrix on R"™. The groups G = {¢(@) : @ € R"} and H = {h(Z,y) : ¥ €
R™ y € R} form a matched pair of Abelian Lie groups with the mutual
actions

h(Z,y)>g(@) = g(@),  h(Z,y)<g(a@)=h(Ty+a- i),

where @ - Z is the scalar product of @, Z € R™.
Thus the group K = GH is the Heisenberg group, that is, the group

of matrices of the form .

o =
— 8y
Q=

n

0 0t 1

l

Consider the corresponding matched pair of the Abelian Lie algebras
(g,b). The Lie algebras g and b consist of the matrices

respectively. Let A; € g, j = 1,...,n, denote the matrix with @ having
1 at the jth place and the rest 0. The matrices X; and Y are defined
similarly. Then A;, X;, Y form a basis in the Lie algebra £ of the Lie
group K. The mutual actions are given by

XjQAk:(;jkY» YdAj:XjDAk:YDAkZO,

where 03 denotes Kronecker’s symbol.
Using Propositions 1, 2 in [5] we find that the functionals ‘Fjlkl and
F ijl’ defined on the basis of the Lie algebra ¢ by

Fia(XjXp &) =1, 1<j<k<n, l=1,...n, (19)

and zero on other basis elements, and

FJQkI(X]7Ak7Al):17 ]:1,,71, 1§k<lSn7 ]%ka 3#17 (20)
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and zero otherwise, make a basis in the space of equivalence classes of
3-cocycles for the matched pair of Lie algebras (g, h). Thus the dimension
of the corresponding cohomology group of the matched pair of the Lie
algebras is n(n — 1)2.

The left-invariant 3-forms on K that correspond to Fjlkl and Fijl are

wjl-kl = da? A dz® A dd, W]Zkl = da? A daF A dd,
where 27 denotes the j-th coordinates of & € R™.
Using (16), (17) and (18), we obtain the corresponding pairs of cocy-

cles 4, v for the matched pair (G, H),

a}kl (h(f) y)ag(al)vg(ag)) = O,

i . . 3 ¥ (21)
Ujl'kl (h(xlv y1)7 h(xg,yg),g(a)) =al .CC]i .CCZ )
1 2
where j < k,l=1,...,n, and
k k
.| a a
~9 - = - . 1 2
u'kl(h(xvy)vg(al)vg(a’Z)) =T 3
! ay db (22)

ﬁjzkl (h(fh y1)7 h(.ﬁl_ﬁ”g, y2)7g(('_i)) - 07

forj<k,j#k, j#I.
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