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Abstract. The collections (A1, ..., Ak) and (B1, ..., Bk) of

matrices over an adequate ring are called generalized equivalent if

Ai = UBiVi for some invertible matrices U and Vi, i = 1, ..., k.

Some conditions are established under which the finite collection

consisting of the matrix and its the divisors is generalized equivalent

to the collection of the matrices of the triangular and diagonal

forms. By using these forms the common divisors of matrices is

described.

1. Introduction

Let R be a commutative ring with 1 6= 0. We denote by M(m, n, R) and
M(n, R) the set of m× n matrices and the ring of n× n matrices over R

respectively. The collections of matrices

(A1, ..., Ak), (B1, ..., Bk), Ai, Bi ∈ M(m, n, R), i = 1, . . . , k

are called equivalent if

Ai = UBiV, i = 1, ..., k

for some invertible matrices U ∈ GL(m, R) and V ∈ GL(n, R).

Definition 1. The collections of matrices

(A1, ..., Ak), (B1, ..., Bk), Ai, Bi ∈ M(m, ni, R), i = 1, . . . , k
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are called generalized equivalent if

Ai = UBiVi, i = 1, ..., k

for some matrices U ∈ GL(m, R) and Vi ∈ GL(ni, R).

It is known that the problem of equivalence of the collections of ma-
trices is solved at most for pairs of matrices over the fields. This problem
is wild even for pairs of matrices over the rings [1]. The reducibility
of the finite collections of matrices over polynomial rings and pairs of
matrices over the principal ideal rings and other rings by means of gen-
eralized equivalent transformations to the triangular and diagonal forms
and their applications is considered in [2-7]. V.Dlab and C.M.Ringel
[8] have established the canonical form of the pairs of complex matri-
ces (A1, A2) with respect to the transformation (A1, A2)(Q, P1, P2) =
(QA1P

−1

1
, QA2P

−1

2
), where Q is a complex invertible matrix P1 and P2

are real invertible matrices. A standard form of pairs of matrices over
a principal ideal ring and an adequate ring with respect to generalized
equivalence is established in [9,10]. In this paper we give conditions under
which a finite collection consisting of the matrix and its divisors over an
adequate ring is generalized equivalent to the collection of the matrices
of the triangular and diagonal forms. By using these forms we describe
the common divisors of matrices.

2. Generalized equivalence of collections of matrices

From now on R will denote an adequate ring, i.e. R be domain of integrity
in which every finitely generated ideal is principal and for every a, b ∈
R with a 6= 0, a can be represented as a = cd, where (c, b) = 1 and
(di, b) 6= 1 for any non-unit factor di of d [11]. Notice that more general
concept of the adequate rings was introduced in [12,13]. We shall denote
by DA the canonical diagonal form (Smith normal form) of the matrix
A ∈ M(m, n, R), i.e

DA = UAV = diag(µ1, . . . , µr, 0, . . . , 0), µr 6= 0, µ1|µ2| · · · |µr

for some matrices U ∈ GL(m, R) and V ∈ GL(n, R).

Let the matrix Ci ∈ M(m, R) with the canonical diagonal form DCi =
Φ is a left divisor of the matrix A ∈ M(m, n, R), m ≤ n, i.e

A = CiAi, Ai ∈ M(m, n, R). (1)
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Then to the factorization (1) of the matrix A there corresponds a factor-
ization of its canonical diagonal form DA

DA = ΦΨ = diag(ϕ1, . . . , ϕs, 0, . . . , 0)diag(ψ1, . . . , ψt, 0, . . . , 0),

ϕ1|ϕ2| · · · |ϕr, D
Ci = Φ.

Theorem 1. Let A ∈ M(m, n, R), m ≤ n. Suppose that the matrices
Ci ∈ M(m, R), i = 1, 2, . . . with canonical diagonal forms DCi = Φ are
the left divisors of the matrix A. Then every finite collection of matrices
(A, C1, ..., Ck) is generalized equivalent to the collection of the diagonal
matrices (DA, DC1 , . . . , DCk) if and only if the matrices Ai in (1) are
equivalent to Ψ in (2) for every i = 1, . . . , k.

Proof. Let the collection of matrices (A, C1, ..., Ck) is such that the ma-
trices Ai in (1) are equivalent to Ψ in (2) for every i = 1, . . . , k. The proof
is by induction with respect to k.

For k = 1 the proof follows from Theorem 2 in [7]. We assume that
Theorem 1 is valid for k − 1 and prove it for an arbitrary k.

According to the induction assumption the collection of the matrices
(A, C1, ..., Ck−1) is generalized equivalent to the collection of the diagonal
matrices (DA, DC1 , . . . , DCk−1), i.e. UAV = DA, UCiVi = DCi for some
matrices U, Vi ∈ GL(m, R), i = 1, . . . , k − 1 and V ∈ GL(n, R). Then
the collection of the matrices (A, C1, ..., Ck−1, Ck) is generalized equiv-
alent to the collection of the matrices (DA, DC1 , . . . , DCk−1 , C̃k), where
C̃k = UCk. Since A = CkAk then DA = C̃kÃk, where DA = UAV.

Therefore the pair of matrices (DA, C̃k) is generalized equivalent to the
pair (DA, DCk), i.e. ŨDAṼ = DA, Ũ C̃kṼk = DCk , where Ũ , Ṽk ∈
GL(m, R), Ṽ ∈ GL(n, R). The matrix Ũ has the form Ũ = ‖uij‖

m
1

, where

uij =

{

µi

µj
u′

ij , if i, j = 1, . . . , r, i > j,

0, if i = r + 1, . . . , m, j = 1, . . . , r.

Therefore ŨΦ = ΦS for some matrix S ∈ GL(m, R). From this we
obtain that the collection of the matrices (DA, DC1 , . . . , DCk−1 , C̃k) is
generalized equivalent to the collection (DA, DC1 , . . . , DCk−1 , DCk) of the
diagonal matrices.

Now suppose that the collection of matrices (A, C1, ..., Ck) is gener-
alized equivalent to the collection (DA, DC1 , . . . , DCk) of the diagonal
matrices. Then it is easy verified that the matrices Ai in (1) are equiva-
lent to Ψ in (2) for every i = 1, . . . , k. This completes the proof.

Corollary 1. Suppose that the canonical diagonal form DA of the matrix
A ∈ M(m, n, R), m ≤ n, can be represented as

DA = ΦΨ = diag(ϕ1, . . . , ϕm)diag(ψ1, . . . , ψm), ϕ1|ϕ2| · · · |ϕm,
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Φ ∈ M(m, R), Ψ ∈ M(m, n, R). If

(

ϕi

ϕj
, (ψi, ψj)

)

= 1, i, j = 1, . . . , m, i > j,

then every finite collection (A, C1, ..., Ck) consisting of the matrix A and
its the divisors Ci with canonical diagonal forms DCi = Φ, i = 1, . . . , k

is generalized equivalent to the collection (DA, DC1 , . . . , DCk) of the di-
agonal matrices.

Theorem 2. Let A ∈ M(m, n1, R), B ∈ M(m, n2, R), m ≤ n1, n2, and
C ∈ M(m, R), DC = Φ = diag(ϕ1, . . . , ϕs, 0, . . . , 0). Suppose that the
matrix C is a common left divisor of the matrices A and B, i.e.

A = CA1, B = CB1, (2)

and thus

DA = ΦΨ, DB = ΦΛ, (3)

where

Ψ = diag(ψ1, . . . , ψt, 0, . . . , 0), Λ = diag(λ1, . . . , λq, 0, . . . , 0).

If the matrix A1 is equivalent to Ψ then the three of matrices (A, B, C)
is generalized equivalent to the three (DA, ΦT, DC), where T is lower
triangular matrix.

Proof. By Theorem 1 the pair of matrices (A, C) is generalized equivalent
to the pair of the diagonal matrices (DA, Φ), i.e. UAV = DA, UCW =
DC = Φ for some matrices U, W ∈ GL(m, R) and V ∈ GL(n, R). Then
the three of matrices (A, B, C) is generalized equivalent to the three ma-
trix (DA, B̃ = ΦB̃1, Φ), where B̃ = UB, B̃1 = W−1B1. By Lemma 1 in
[9,10] there exist an upper unitriangular matrix U1 ∈ GL(m, R) and an
invertible matrix S ∈ GL(n, R) such that U1B̃S = TB , where TB is the
lower triangular matrix with the principal diagonal DB. Since U1Φ = ΦŨ1

for some matrix Ũ1 ∈ GL(m, R) then TB = ΦT , where T is the lower
triangular matrix. Then U1D

AV1 = DA, U1ΦW1 = Φ for some matrices
U1, W1 ∈ GL(m, R) and V1 ∈ GL(n1, R). This proves the theorem.

Remark 1. If the matrix B1 in (3) is equivalent to Λ in (4) then the three
of matrices (A, B, C) is generalized equivalent to the three (ΦT̃ , DB, DC),
where T̃ is lower triangular matrix.
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3. Common divisors of matrices

Let A ∈ M(m, n1, R), B ∈ M(m, n2, R), m ≤ n1, n2. Then the pair of
matrices (A, B) is generalized equivalent to the pair (DA, TB = TDB),
i.e.

UAV1 = DA, UBV2 = TB, (4)

where U ∈ GL(m, R), V1 ∈ GL(n1, R), V2 ∈ GL(n2, R), and T is the
lower triangular matrix [10].

Theorem 3. Let A ∈ M(m, n1, R), B ∈ M(m, n2, R), m ≤ n1, n2, and
DA = diag(µ1, . . . , µr, 0, . . . , 0). Suppose that d-matrix

Φ = diag(ϕ1, . . . , ϕs, 0, . . . , 0),

ϕ1|ϕ2| · · · |ϕs, Φ ∈ M(m, R) is common divisor of the canonical diagonal
forms DA and DB of matrices A and B, i.e.

DA = ΦΨ, DB = ΦΛ. (5)

Then there exists a common left divisor C with the canonical diagonal
form DC = Φ of matrices A and B, i.e.

A = CA1, B = CB1, (6)

where the matrix A1 is equivalent to Ψ if and only if Φ is the common
left divisor of matrices DA and TB. All common left divisors Ci with the
canonical diagonal form DCi = Φ of matrices A and B up to associates
have the form Ci = U−1

i Φ, where matrices Ui are given by (5).

Proof. Let a matrix C ∈ M(m, R) is the common left divisor of the
matrices A and B, i.e. the relation (7) holds. By Theorem 2 the pair of
matrices (A, B) is generalized equivalent to the pair (DA, T̃B = ΦT̃ ), i.e.

ŨAṼ1 = DA, ŨBṼ2 = T̃B (7)

for some matrices Ũ ∈ GL(m, R), Ṽ1 ∈ GL(n1, R), Ṽ2 ∈ GL(n2, R).
We now must show that the matrix Φ is the left divisor of the matrix
TB = UBV2 in (5). For the matrices U in (5) and Ũ in (8) we have
U = HŨ1, where matrix H has the form

H = ‖hij‖
m
1 , hij =

{

µi

µj
h′

ij , if i, j = 1, . . . , r, i > j,

0, if i = r + 1, . . . , m, j = 1, . . . , r.

Then TB = HT̃BV3, where V3 = Ṽ −1

2
V2. Since DA = ΦΨ, then HΦ =

ΦH̃ for some matrix H̃ ∈ GL(m, R). Thus TB = ΦT.
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Now let Φ is the common left divisor of the matrices DA and TB

in (5). Then every matrix U−1

i Φ = Ci, where Ui is given by (5), is the
common left divisor of the matrices A and B.

If the matrix C ∈ M(m, R) is the common left divisor of the matrices
A and B, i.e. the relation (7) holds, then by Theorem 2 there exist the
matrices U, V3 ∈ GL(m, R), and V1 ∈ GL(n1, R), V2 ∈ GL(n2, R) such
that UAV1 = DA, UBV2 = TB, UCV3 = Φ. Therefore C = U−1Φ. This
completes the proof of the theorem.

Remark 2. If in (7) the matrix B1 is equivalent to Λ in (6) then there
exists a common left divisor C with the canonical diagonal form DC = Φ
of matrices A and B if and only if Φ is the common left divisor of matrices
TA and DB, where TA = UAV1, DB = UBV2 for some matrices U ∈
GL(m, R), V1 ∈ GL(n1, R) and V2 ∈ GL(n2, R).

Corollary 2. Suppose that the canonical diagonal forms DA and DB of
the matrices A ∈ M(m, n1, R) and B ∈ M(m, n2, R), m ≤ n1, n2, can
be represented as

DA = diag(ϕ1, . . . , ϕm)diag(ψ1, . . . , ψm),

DB = diag(ϕ1, . . . , ϕm)diag(λ1, . . . , λm), ϕ1|ϕ2| · · · |ϕm.

If
(

ϕi

ϕj
, (ψi, ψj)

)

= 1, i, j = 1, . . . , m, i > j,

or
(

ϕi

ϕj
, (λi, λj)

)

= 1, i, j = 1, . . . , m, i > j

then there exists common left divisor C with the canonical diagonal form
DC = Φ = diag(ϕ1, . . . , ϕm) of matrices A and B if and only if Φ is
common left divisor of matrices DA and TB or TA and DB.

Corollary 3. Let a pair (A, B) of matrices A ∈ M(m, R), det A 6=
0 and B ∈ M(m, n, R) is generalized equivalent to the pair (DA, DB)
of the diagonal matrices, i.e. the matrix (adjA)B is equivalent to the
matrix (adjDA)DB [10]. Then there exists common left divisor C with
the canonical diagonal form DC = Φ of matrices A and B if and only if Φ
is common divisor the canonical diagonal forms DA and DB of matrices
A and B.

Let A, B ∈ M(m, R). The matrices A and B are called left relatively
prime if every factorization

A = CiAi, B = CiBi, Ci ∈ M(m, R)

of the matrices A and B yields Ci ∈ GL(m, R).
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Theorem 4. Let A, B ∈ M(m, R) and DA = diag(1, . . . , 1, ϕm), DB =
diag(ψ1, . . . , ψm). Then the matrices A and B are left relatively prime if
and only if the pair of matrices (A, B) is generalized equivalent to the pair
(DA, TB), where

TB =

∥

∥

∥

∥

∥

∥

∥

∥

ψ1 0 · · · 0 0
0 ψ2 · · · 0 0
· · · · · · · · · · · · · · ·
tψ1 0 . . . 0 ψm

∥

∥

∥

∥

∥

∥

∥

∥

(8)

and

t =

{

0, if (ϕm, ψm) = 1,

1, otherwise.

Proof. Suppose that the matrices A and B are left relatively prime. By
Theorem 1 in [10] the pair of matrices (A, B) is generalized equivalent to
the pair (DA, TB

1
), where

TB
1 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

ψ1 0 · · · 0 0
0 ψ2 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · ψm−1 0

t1ψ1 t2ψ2 . . . tm−1ψm−1 ψm

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

.

Then the matrices DA and TB
1

are left relatively prime. Therefore

(ϕm, (t1ψ1, t2ψ2, . . . , tm−1ψm−1, ψm)) = 1.

By Theorem 3 in [10] the pair of matrices (DA, TB
1

) is generalized equiv-
alent to the pair (DA, TB), where the matrix TB has the form (9).

Now let the pair of matrices (A, B) is generalized equivalent to the
pair (DA, TB), where the matrix TB has the form (9). Then [14] the
common left divisors Ci, i = 1, 2 . . . of matrices DA and TB up to right
associates have the form Ci = diag(1, . . . , 1, ϕi), where ϕi are the divisors
of ϕm. Taking into account the form of the matrices DA and TB we have
that ϕi = 1. Therefore the matrices DA and TB are left relatively prime
and thus the matrices A and B are left relatively prime. This proves the
theorem.
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