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defined co—finite automorphisms of integers

O. Bezushchak

Communicated by V. I. Sushchanskii

ABSTRACT. The inverse semigroup of partially defined co—
finite automorphisms of integers is considered. This semigroup is
presented by generators and defining relations and its growth func-
tion is described.

1. Introduction

One of the main trends in the theory of semigroups is the study of ob-
jects by means of certain semigroups connected with the different kind
of mathematical objects. For a graph, these special objects may be,
e.g., automorphisms, endomorphisms, extensive transformations, etc. For
the proposes of classifying and finding some characteristics of graphs
were studied partial endomorphism semigroups of graphs (L.M.Gluskin,
Yu.M.Vazenin, A.Solomon, B.M.Schein, A.Vernitskii and others, see [13],
[16]). If the set of endomorphisms of a graph is extended by including
partial endomorphisms, we arrive at a more informative semigroup (in the
papers of L.M.Popova, A.M.Kalmanovi¢, C.J.Maxson, V.A.Mol¢anov,
V.H.Fernandes and others, see [3], [7], [9], [10], [11]).

Recently in modern combinatorial algebra has been observed the in-
creasing of interest in growth functions, particulary for groups (see [5],
[6], [15] and references therein), especially concerned with its relation-
ships with various properties of algebraic objects ([1], [2], [4], [8], [14]).
Also for many groups the growth function can be determined by calcu-
lated the growth function of some special monoid being an extension of
given group ([2], [12]).
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The object of this paper is to introduce a semigroup of co—finite par-
tial transformations (i.e. partial transformations with finite codomain)
defined on a poset and to investigate the structure and properties of this
semigroup. We consider the inverse semigroup I D, of partially defined
automorphisms of integers Z with a finite codomain, defined by the auto-
morphism group of poset Z. In Theorem 1 we describe semigroup D,
by generators and defining relations:

Theorem 1. The semigroup 1Dy, is an inverse monoid, and has the
following generators and defining relations:

IDy =< a,b, f|
=1, =b"1b=1,aba=0b"", f?> = f,af = fa; (1)
oY =b b f,r € N> (2)

Such definition of I D, makes it possible to compute its length func-
tion and therefore its growth function explicitly. We obtain that this
semigroup has the exponential growth in contrary the polynomiallity of
growth of the automorphism group of poset Z. Theorem 2 is devoted the
investigation of the growth function:

Theorem 2. The inverse monoid I Dy has the exponential growth.

2. Preliminaries

Let M be a semigroup generated by a finite set S. Then we may consider
elements of M as words over the alphabet S and let h be a word in S.
We denote the element of M corresponding to h as h, and we define the
length of h, l,,(h), as the word length of h with respect to S. Recall that
the length I(m) of an element m € M (with respect to S) is the least
number of factors in all representations of m as a product of elements
of S, so I(m) = min{l,(h) : h = m}. Obviously for any m € M the
length [(m) is great than 0, let’s put I(1) = 0 when the semigroup M is
a monoid. The function

vm,s : N = N (N is the set of all natural numbers)

defined by
,s(n) = {w e M : l(w) < nj

(where |E| means the cardinality of set E) is called the growth function
of M with respect to the set of generators S.



O. BEZUSHCHAK 47

We say that a function f : N — R is dominated by a function g : N —
R, denote by f = g, if there are constants C,Cs, Ny € N such that

f(n) < C1g(C2n)

for all n > Ny. Two functions f, g : N — R are called equivalent, denoted
by f ~ g, if f < gand g X f. It is well known that for any two
finite sets of generators S1, So of semigroup M the corresponding two
growth functions y,s, (n) and var,s,(n) are equivalent, that is to say a
semigroup growth is independent of the choice of generators. For this
reason let denote the growth function of M by ~as(n) or briefly v(n).
Note also that if |[S| = k, then y(n) < k™.

A growth of semigroup M is called exponential if y(n) ~ e™. A
growth of semigroup M is called polynomial if v(n) ~ n® for some ¢ > 0.
A growth of semigroup M is called intermediate if M hasn’t neither an
exponential nor a polynomial growth.

3. General construction of the inverse monoid /G

For convenience, regarding the purpose of this paper, in what follows we
will always consider a monoid rather than a semigroup.

Let X be a nonempty poset. An order preserving partial automor-
phism of set X is a bijection g : Dom g — Ran g between subsets Dom g
and Ran g of set X, that is to say, g is a partial permutation of set X,
which preserves order on the set X. The set Dom g is the domain of the
automorphism g and Ran ¢ is the range. The automorphism g is defined
in a point x € X if and only if x € Dom g. The set X\Dom g is the
codomain of g (let’s denote its by Codom g).

The composition of two partial automorphisms g; and gs is the partial
automorphism g1 g2 with the domain Dom g1g2 = g; 1(Dom g2 Ran g1)
and defined on the domain by the condition gig2(z) = g2(g1(z)) (here
the composition acts from the left to the right). For the partial automor-
phism ¢ of set X its inverse is the automorphism ¢~ with the domain
Dom g~!' = Ran g and the range Ran g~' = Dom g such that the prod-
uct gg~! is the identical map id|gan 4 of set Ran g (or, equivalently, g~ tg
is the identical map of set Dom g).

Let IS(X) be a set of all partial automorphisms of poset X. Then
I15(X) is closed with respect to the composition of automorphisms and
IS(X) is the inverse partial automorphism monoid action on the set X.

Let’s now G be an infinite group of automorphisms over a poset X,
acting transitively on X. For a subset Y C X and an automorphism g €
G let’s denote by gy the partial automorphism with Dom gy = X\ Y and
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Codom gy =Y such that gy|pom gy = 9|Dom gy (here the symbol f|4
is used to denote the restriction of f onto the set A). We put separately
gp = g. The set IG of all such defined partial automorphisms gy with
a finite codomain Y forms the monoid under the composition. And it is
clear that any partial automorphism of IG is also a partial automorphism
of I5(X), i.e. the monoid IS(X) contains IG.

Definition 1. The inverse monoid IG are called an inverse monoid of
partially defined automorphisms of X with a finite codomain, defined by
the group G of partial order preserving automorphisms of poset X, acting
transitively on X.

For some fixed point zg € X by e,, we denote a partial automorphism
with Codom ez, = {0}, which acts identically on Dom ey, = X\ {zo}.
The partial automorphism e, is an idempotent of /G and

Proposition 1. Let S be a set of generators of G. Then the monoid IG
is generated by S| J{ex, }-

Proof. Let gy, where ¢ € G, Y = {y1,...,yx} C X, be an arbi-
trary element. The group G acts transitively on X, so that there
exists hi,...,hy € G such that yi“ = xz9, ..., yllzk = x9. Then
h = hiegohi " ... hpes,hy ' € IG, Codom h =Y, hlx\y = id|x\y and
gy = hg. Therefore, IG C< S, ey, > .

The inclusion IG O< S, e,, > is obvious. O

From Proposition 1 it is easy to obtain
Corollary 1. Every g € 1Dy can be expressed in the form

g = WiepW2egy - - - Wi—1Eg0Wt,

where wa, ..., wi—1 € G\{1}, wi,w; € G, t € N.
Corollary 2. 1. An idempotent of IG has the following form
Wiy - - - €xoWi, Where wa, ..., wi—1 € G\{1}, wi,wy € G, t € N,
such that (wy ... wy)|y =idly forY ={yi,...,y—1} and y\"* = o,
c YT = .

2. All idempotents of IG form a lower semilattice.

Proof. 1. Let g € IG be an idempotent, that is g = wiey, ... ez w,
where wo, ..., w1 € G\{1}, wi,w; € G, t € N, and g> = g. Then

w wi...Wt—1
Codom g = {y1,...,y—1}, where ;"' = zo, ..., ¥, = xq,

W1 .. WEWT

and Codom ¢*> = {y1,..,Yt—1, U1,---, %1}, where g
CWT .. WEWT ... Wi 1

D yt_l = Xg. ThllS {@1, ey gt—l} g {y17 ey yt—l} and
(wl...wt)|Domg:(wl...wt)2|pomg. O
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Remark 1. We would like to make a notice that it is possible to de-
fine such construction for any relative algebra X with transitive action of
Aut X on X.

4. Presentation for the inverse monoid 1D

Let G = D4 be the automorphism group of integers Z, that is to say
Dy =< a,bla® = 1,aba = b~ >. And let’s denote by 1D, the semi-
group of partially defined automorphisms of Z with a finite codomain
defined by Dy,. Then from Proposition 1 we obtain that ID., is gen-
erated by following partial automorphisms a, b, f, where for all z € Z
a:x — —x,b:ax — x+1, Codom f = {0} and for all z € Z\{0}
f 1z — x. Hence we can identify elements of semigroup ID., with cor-
respond semigroup words over the alphabet S = {a,b, f}.

Proposition 2. Fvery g € I Dy, admits an unique representation as a
word of the form

hy...hih, where hy = b~% fb% forie {1,...,t},h=bka®  (3)
a1,...,qp €7 such that ag < ... < ay,t € NU{0} k € Z,e € {0,1}.

Proof. Since a®? = 1, aba = b~! and also clearly that f2 = f, af = fa,
it follows that every g € I Dy admits a representation as a word of such
form g = bk fbk2 . bFs—1 foFsa, where ki, ...,ks € Z, e € {0,1}. Then
g = bk fok phithe f o fpRi ke phitdRs g Bug elements bF foF
and b fb=! are commuted because of Corollary 2 they are idempotents.
Moreover, b* fb=*b* fb=% = bE fb=F and this proves the existence of the
representation (3). Now let’s prove an unique of (3). Let g = hy ... hh =
hy...hsh be two representations of the form (3), where h; = b~ fbi,
i€ {1,...,t}, h=bFa, hy = b Bl 5 € {1,...,s}, h = bF2a=.
Then Codom g = Codom (hy ... ht) = Codom (hy ... hs) and by virtue of
Corollary 2 (hy...h¢)|pom ¢ = (l~11 . ﬁs)|D0m g = id|pom ¢ We conclude
that h|pom ¢ = Mpom g and hence h = h. Moreover,

Codom (hy...h) ={aq,...,au}, Codom (ﬁl . BS) ={bf1,...,0s}

and a1 < ... <, B1 <...< Bs. Therefore we can see easily that ¢t = s
and ay = b1, ..., ar = [t O

Definition 2. Let g € 1Dy be an arbitrary element. The canonical
form of this element is a representation as a word of the form (3) (let’s
denote the representation (3) of an element g by [g]). Also, the number
re{l,...,t}, such that a1 < ... < ap <0< apy1 < ... < oy, is called
the crossing index and is denoted by i([g]).
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5. Proof of Theorem 1

Proof. Tt is easy to check that the relations (1) and (2) hold. Moreover,
from the proof of Proposition 2 we also can obtain the following commut-
ing of idempotents from D, :

bR o = bR e pY Lk e Z, 1A (4)

where k = r+ 1. And by using relations (1) and (4) each elements can be
ambiguously reduced to the canonical form (3). If semigroup elements
g1 = b= fb b~ fp bRt and gy = bR fBP L bTPs fbPeblat de-
fine the same partial automorphism over Z, then we can easily conclude
that t = s, a1 = B1, ..., ¢ = (B¢, €1 = €2 and k = [ in a way analo-
gous to that used in the proof of Proposition 2. Therefore, semigroup
elements, which are written in different canonical forms, define different
partial automorphisms. The theorem is completely proved. O

Remark 2. The infinite system of relations (1) and (2) is independent,
1.e., none of these relations can be derived from the rest.

6. Length function

We have already been discussed that every element g of semigroup I Dy
is identified with a semigroup word over the alphabet S = {a,b, f} in the
canonical form (3). Then the length l,,([g]) of semigroup word [g] is equal
toly([g]) = lai|+1+|an —ao|+14+.. .+ |1 — | + 1+ |ap + k| +e =
||+ ar—aq +|og + k| +t+¢, as a1 < ... < oy. Denote by g, the word
hry .- hg@h for some permutation m € S;. Likewise, the length of g
is equal to l,(gr) =

|l [+ 1+ ) = an) [H 1+ - A a1y = [+ 1+ |+ +e,  (5)
and

Proposition 3. For any arbitrary element g € 1D
I(g) = min{ly(gx)}, (6)
TES:

where g = hi ... hih is the canonical form of element g.

Proof. Let m be a permutation in Sy such that l,,(gr) = mingegs, {lw(gr)}-
The inequality {(g) < l,(gr) is obviously. Let d = dids...d; be a semi-
group word such that I(g) = l,(d) = j < ly(gr). Suppose that for
some i € {1,...,j — 1} d; = a. Then d;y; # a. If diy1 = f it fol-
lows from (1) that d = d; ...d;—1di4+1didi2 ... d;, and hence dito # a,
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diy2 # f because in another way l,(d1 ...di—1dip1didito...dj) = j— 1
and l(g) < j If di+1 == b, then similarly d= dl . -difldi+1didi+2 .. .dj
and hence d;jy2 # a. So, we may further rewrite d so that it has the
form d = b1 f6%2 f ... fb%at, where 65 # 0,...,0,-1 # 0, o € {0,1} and
01|+ .. +[0¢] +(¢g—1)+p = j. Our aim now to show that {,,(d) = l,,(gr)
for some permutation w € S;. Since d = g, by Proposition 2 we have that
h = b61+...+6qau and

pOr fp 0o to2 ppo1—=0a | pditeA0gon fp=0i=e =0 — oy,

are idempotents. From [(g) = l,,(d) it follows that all 1,01 + d2,...,01+
...+ 04—1 are different. Now the required equality follows from the com-
parison of codomains {ay,...,a:} and {01,601 +0d2,...,01+...+04-1} of
idempotents under the consideration and Corollary 2. O

We can compute the length function I(g) explicitly.

Proposition 4. Let g be an arbitrary element of I Do, [g] is its canonical
form (3) and r = i([g]) is its crossing index. Then for k >0

200 — a1 + lag+ k| +t+e, if r#0,t,

l(g) = 200 + k+t+e, if 7=0,
—o1 + |+ k| +t + ¢, if r=t
and for k <0
—20q +ap+ oy + k| +t+¢e, if r#0,t,
l(g) = oy Aoy + K|+t + e, if 7=0,
—2a1 —k+t+e, if r=t.

Proof. Tt follows from (5) and (6) that for £ > 0 the length of word g,
will be the least when

T)=r+1, ..., 7t —7)=t, 7t—r+1)=r, ..., w(t) =1, (7)

that is I(g) = ly(gr) = lw(hyy1 ... hehy .. hih). For k < 0 the length will
be the least when
m(1)=1, ..., n(t) =t, (8)

and we have I(g) = l,(h1 ... hyhyi1 ... heh). It remains to count by using
(5) the length 1, (gx) in all cases which have been indicated above. [

Definition 3. Let g be an arbitrary element of I Do, [g] is its canonical
form (3) and r = i([g]) is its crossing index. An amplification canonical
form of element g (let’s denote it by [glamp) is the representation g as a
word gr, were T € Sy is a permutation of the form (7) for k > 0 and the
form (8) for k <O0.
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7. Growth function for /D

From now let y(n) be the growth function of I Dy, that is y(n) is the
number of all irreducible elements in the semigroup I D, of a length not
more that n. We can to compute the growth function v(n) explicitly in
the following way.

Let g € IDoo and hy(1) - .. hryh, where h = b*a?, be the amplification
canonical form [g]amp of element g. Denote by k(g) the index k, by e(g)
the index € in h, and will be denote by t(g) the number ¢ in [g]gmp-

Now let’s fix some m € N and find the number of all g from I Dy
such that i(g) = m, k(g) =0, i([g]) = 0, e(g) = 0 (denote this number by
Q@1(m)). By Proposition 4 and relation (5) for all such elements we have
l(g)=m=2+t=01+(a—a1)+...4+ (s —as—1)+;+t. Count the

number pi ., of decompositions of oy = T_ into ¢t terms k1 = a1 > 0,

ko =02 —a1 >0,..., k =a;—a;_1 > 0. So, p1m, is equal to ((mtjl)ﬂ)
when m —t is even, and is equal to O when m — ¢ is odd. The parameter ¢

varies from 1 to [Z42] (here [2] is the integer part of number ), because

of ay = -t > ¢ — 1. Hence Q1(m) = L(n}H)/g] Plmit-

Find the number of all g from Dy, such that I(g) = m, k(g) = 0,
i([g]) # 0,t, e(g) = 0 (denote this number by Q2(m)). Then we have
llg)=m=2(q—a1)+t=—a1+ (a2 —a)+...+ (vt —ay—1) + oy + t.
Count the number ps,, : of decompositions of a; — a; = m—t intot—1
terms k1 = as —a; >0, ..., ki1 =ar — a1 > 0. So, p27m7t is equal
to ((m_t)/2_1) when m — t is even, and is equal to 0 when m — t is odd.

The number g2, + of decompositions of ™= t into terms s; = ay > 0 and

sg = —ap > 0 is equal to mTt when m — t is even, and is equal to 0

when m — t is odd. The parameter ¢ varies from 1 to [_mg-z]’ because of
_ +2)/3

o — o) = mTt >t — 1. Hence Q2(m) = 1[5(:”1 )/ ]p27m7tq27m7t.

Next find the number of all g from I Dy, such that I(g) = m, k(g) > 0,
i([g]) = 0, e(g) = 0 (denote this number by Qsz(m)). Then we have
llg)=m=2+t+k=a1+(ac—a1)+ ...+ (vt —4—1) + s +t+k.
Count the number p3,,; of decompositions of i = a4 into ¢ terms k1 =
ar > 0,k = ag —ar >0, ..., kg = ¢ —og—1 > 0. So, p3m; is
equal to (t_il). The parameter ¢ varies from 1 to [mT“] as before, and
(=]

the parameter ¢ varies from t — 1 to because of i = ;. Hence

Qs(m) = S IS gy

Now let s ﬁnd the number of all g from IDy such that I(g) = m,
k(g) > 0, r :=i([g]) # 0,t, e(g) = 0 (denote this number by Q4(m)).
Then we have I(g) = m = 2a; —ag +|ag + k| +t = api1+ (ppo —ry1) +
vt (g —am)+H(w—ap) + (r —ap_1) +. ..+ (a2 —an) + o + k| + ¢t
Count the number py4 ,, ¢ of decompositions of i = a; — o into t terms



O. BEZUSHCHAK 53

ki = Qri1 > 0, ky = Opyo—Qpg1 > 0,....k r=at—az_1 >0, kt_7‘_|_1 =
—ay >0, ki =, —ar_1 >0, ..., kt = az — a1 > 0. S0, pymy is
equal to ( tjl). The parameter ¢ varies from 1 to %] and the parameter

i varies from ¢ to m — t as before. Hence Q4(m) = Z[m/Q] S g

Finitely, find the number of all g from ID., such that I(g) = m,
k(g) < 0, i([g]) # 0,t, e(g) = 0 (denote this number by Q5(m)). Then
we have [(g) =m = —20q +ay + g + k| +t=—a1 + (g —aq) + ... +
(ar — oy—1) + |y + k| + t. Count the number ps,; of decompositions of
i=ap—apintot—1terms ki =g —a1 >0, ..., k1 =ap —ay_1 > 0.
S0, p5.m.¢ is equal to (;:;) The number gs ,, ¢ of decompositions of m — 2t
into terms $1 = —a; > 0, s9 = —a; —t > 0and s3 = |ag + k| >0
is equal to (m_%)(+_2t+l) The parameter ¢ varies from 1 to [254] and
the parameter 7 varies from ¢ to m — ¢ — 1 as before. Hence Q5(m) =
Z[ b Zm - 1P5,m,tQ5,m,t-

In the same way we can consider the another cases of Proposition 4

and count Qg(m), ..., Qig(m), but its will be omitted.

Proposition 5. The growth function y(n) of I D is equal to the follow-

mg sum
n

ST (@Qu(m) + ...+ Qus(m)) .

m=1

8. Proof of Theorem 2

Now let’s prove Theorem 2.

Proof. Let us separately consider the sum
n
=2 Qilm
m=1

Denote by ¢(s,t) the binomial coefficient ( t) Then we have

Q1(m) = Z q(m,t).

m— t is even

Let N = [§]. Then ¢(2N +1), ¢(2N +2,2), ..., ¢(3N,N) € {q(s,t),t €
{1,...;m—t},m € {1,...,n},m—t is even}, that is such binomial coeffi-
cients are different components of sum ¥(n) because of SN+1 = 3[5] < n
So, ¥(n) > 25! and hence I D, has the exponential growth.

The theorem is completely proved. O



54

ON GROWTH OF THE INVERSE SEMIGROUP...

Acknowledgments

We are grateful to Vitalii Sushchanskii for introduction to the subject,

for encouragement and helpful conversations.

This paper was written during the visit of the author to Uppsala Uni-

versity, which was supported by The Swedish Institute. The financial
support of The Swedish Institute and the hospitality of Uppsala Univer-
sity are gratefully acknowledged.

(1]
2]
3l
(4]
5]

(6]
(7]
18]
9
(10]

[11]

[12]

(13]
[14]

[15]

References

V.V.Belyaev, N.F.Sesekin, and V.I.Trofimov, Growth functions of semigroups and
loops, Zapiski Ural. Gos. Univ., 10 (1977) no.3 3-8.

M.Brazil, Growth functions for some one—relator monoids, Communications in
Algebra, 21(9) (1993), 3135-3146.

V.H.Fernandes, The monoid of all injective order preserving partial transforma-
tions on a finite chain, Semigroup Forum 62 (2001), 178-204.

R.I.Grigorchuk, On the cancellation semigroups with polynomial growth, Matem.
Zametki 43 (1988), 305-319. [in Russian]

R.I.Grigorchuk, V.V.Nekrashevich, and V.I.Sushchanskii Automata, dynamical
systems, and groups, Trudy Math. Inst. Steklov [Proc. Steklov Inst. Math.|, 231
(2000), 134-214.

M.Gromov, Groups of polynomial growth and expandihg maps, Inst. Hautes
Etudes Sci. Publ. Math. 53 (1981), 53-73.

A.M.Kalmanovi¢, Partial endomorphism semigroups of graphs, Dopovidi Acad.
Nauk URSR, 2 (1965), 147-150. [in Russian]

J.Lau, Degree of growth of some inverse semigroups, Journal of Algebra 204
(1998), 426-439.

C.J.Maxson, Semigroups of order—preserving partial endomorphisms on trees, I,
Colloquim Mathematicum, XXXII (1974), 25-37.

V.A.Molganov, Semigroups of mappings on graphs, Semigroup Forum 27 (1983),
155-199.

L.M.Popova, Generation relations of partial endomorphism semigroup of a finite
linearly ordered set, Ut. Zap. Leningrad. Gos. Ped. Inst., 238 (1962), 78-88. in
Russian

L.LI.LReznicov and V.I.Sushchanskii, Two-state Mealy automata of intermediate
growth over a two-letter alphabet, Mathematical Notes, vol. 72, no. 1 (2002),
90-104.

B.M.Schein, Endomorphisms of finite symmetric inverse semigroups Journal of
Algebra 198 (1997), 300-310.

V.I.Trofimov, The growth functions of finitely generated semigroups, Semigroup
Forum 21 (1980), 351-360.

V.A.Ufnarovskii, Combinatorial and asymptotic methods in algebra, in: Current
Problems in Mathematics. Fundamental Directions [in Russian|, vol. 20, VINITI,
Moscow, 1988, vol. 57, VINITI, Moscow, 1990, pp. 5-177.



O. BEZUSHCHAK 55

[16] A.Vernitskii, Semigroups of order—decreasing graph endomorphisms, Semigroup
Forum 58 (1999), 222-240.

CONTACT INFORMATION

O. Bezushchak Department of Mechanics and Mathemat-
ics, Kyiv Taras Shevchenko University, 64,
Volodymyrska st., 01033, Kyiv, UKRAINE
E-Mail: bezusch@univ.kiev.ua

Received by the editors: 29.03.2004.



