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ABSTRACT.  One says that the Tits alternative holds for a
finitely generated group I' if I' contains either a non abelian free
subgroup or a solvable subgroup of finite index. Rosenberger states
the conjecture that the Tits alternative holds for generalized tri-
angle groups T'(k,l,m, R) = (a,b;a* = b! = R™(a,b) = 1). In the
paper Rosenberger’s conjecture is proved for groups T'(2,1,2, R)
with [ = 6,12, 30,60 and some special groups T'(3,4,2, R).

Introduction

J. Tits [15] proved that if G is a finitely generated linear group then G
contains either a non abelian free subgroup or a solvable subgroup of
finite index. Let I' be an arbitrary finitely generated group. One says
that the Tits alternative holds for I if I' satisfies one of these conditions.

An one-relator free product of a family of groups {G;}, i € I, is called
the group G = (xG;)/N(S), where S is a cyclically reduced word in the
free product *G;, N(S) is its normal closure. S is called the relator.
One-relator free products share many properties with one-relator groups
[7]. We consider the case when G;’s are cyclic groups.

Definition 1. A group I' having a presentation

F=<a,...,an;d = ... =al" = R™(ay,...,a,) = 1>, (1)
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wheren >2, m>1,1; =0 orl; > 2 for alli, R(ay,...,a,) is a cyclically
reduced word in the free group on a1, ...,a, which is not a proper power,
1s called an one-relator product of n cyclic groups.

One relator products of cyclic groups provide a natural algebraic gen-
eralization of Fuchsian groups which are one relator products of cyclics
relative to the standard Poincare presentation (see [6])

F={ai,...,ap,b1,...,bs,c1,d1,...,cq,dg;

a;ni =ai.. .apb1 .. -bt[clvdl] A/ [Cg,dg] = 1>

If n =2 and m > 2 then we have so-called generalized triangle groups
T(k,l,m,R) = (a,b;a* = b' = R™(a,b) = 1).

If R(a,b) = ab then we obtain an ordinary triangle group.

Let I" be a group of the form (1) and m > 2. If either n > 4 or n = 3
and (l1,12,13) # (2,2,2) then I" contains a free subgroup of rank 2 [5]. If
n =3 and (l1,l2,l3) = (2,2,2) then T either contains a free subgroup of
rank 2 or a free abelian subgroup of rank 2 and index 2.

The case when I' is a generalized triangle group is much more difficult.
Rosenberger stated the following conjecture.

Conjecture 1 ([13]). The Tits alternative holds for generalized triangle
groups.

Fine, Levin, and Rosenberger proved this conjecture in the following
cases: 1) [ =0 or k = 0; 2) m >3 [5]. Now suppose that k,I,m > 2.
Let s(I') = 1/k+ 1/l + 1/m. If s(I') < 1 then Baumslag, Morgan and
Shalen [1] proved that the group I' contains a non abelian free subgroup.
Using some new methods, Howie [8] proved Conjecture 1 in the case
s(I') = 1 and up to equivalence R # ab. If s(I') =1 and R = ab then I
is an ordinary triangle group. The classical result says that I" contains Z
as a subgroup of finite index.

Now consider groups of the form

' =T(2,1,2,R) = (a,b;a®> = b! = R*(a,b) = 1), (2)

where [ > 2, R = ab" ...ab%, 0 < v; < [. In the following cases Conjec-
ture 1 holds for I": 1) s <4 [13],[9];2) I > 5 and | # 6, 10,12, 15, 20, 30, 60

[2], [3]. In this paper we prove two theorems.

Theorem 1. Let T' be a group of the form (2) with s > 5 and | €
{6,12,30,60}. Then I' contains a free subgroup of rank 2.
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Theorem 2. Let I' = (a,b;a® = b = R%*(a,b) = 1), where R =
a®tp" L Loatsbls with 0 < u; < 3 and 0 < v; < 4. In the following
cases ' contains a non-abelian free subgroup: i) V= >7_, v; is even; ii)
5 1s even.

Thus, Conjecture 1 is still open for groups 7'(2,1,2, R) with [ =
3,4,5,10,15,20 and groups 7'(3,1,2, R) with [ = 3,4, 5.

1. Some auxiliary results

In this section we prove several auxiliary results used in the proofs of
theorems 1 and 2. Throughout we shall denote the ring of algebraic
integers in C by O, the group of units in. O by O*, the free group of a
rank 2 with generators g and h by Fy =< g, h >, the greatest common
divisor of integers a and b by (a,b). the image of a matrix A € SLa(C) in
PSLy(C) by [A], the trace of a matrix A by tr A, the identity matrix in
SL2(C) by E. The following lemma characterizes elements of finite order

Lemma 1. Let 2 <m € Z and £E # X € SLy(C). Then [X]|™ =1 in
PSLy(C) if and only if tr X = 2cos 7> for some r € {1,...,m — 1}.

The proof easily follows from the fact that e,e~!, where ¢ is a root of
unity of degree m, are the eigenvalues of the matrix X.

We shall use standard facts from geometric representation theory (see
[4, 10]). Here we recall some notations. Let F,, = (g1,...,9n) be a free
group, R(F,) = SLa(C)" be a representation variety of F,, in SLy(C)
The group GL2(C) acts naturally on R(F,,) (by simultaneous conjuga-
tion of components) and its orbits are in one-to-one correspondence with
the equivalence classes of representations of F),. Under this action orbits
of GL2(C) are not necessarily closed and so the variety of orbits (the
geometric quotient) is not an algebraic variety. However one can con-
sider the categorical quotient R(F},)/GL2(C) (see [12]), which we shall
denote by X (F},) and call the variety of characters. By construction, its
points parametrize closed GLa(C)-orbits. It is well known that an orbit
of a representation is closed iff the corresponding representation is fully
reducible and so the points of the variety X (F},) are in one-to-one corre-
spondence with the equivalence classes of fully reducible representations
of I' in SL»(C).

For an arbitrary element g € F, one can consider the regular function

74+ R(F,) — C, 74(p) = trp(g).
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Usually, 7, is called a Fricke character of the element g. It is known that
the C-algebra T'(F},) generated by all functions 74, g € F,, is equal to
C[X(F,)] = C[R(F,)]™(©) . Combining results of [4, 14] it is easy to
see that T'(F),) is generated by Fricke characters 7y, = 4, 74,4, = ¥ij,
Tgigign = Zijk, Where 1 < i < j < k < n. Consider a morphism 7 :
R(F,) — A defined by

m(p) = (x1(p), s 2n(p), y12(P);s - - - Yn—1n(p),
2123(0); - - s Zn—2—10(p)), (3)

where t = n+n(n —1)/2 4+ n(n — 1)(n — 2)/6. The image w(R(F},)) is
closed in A? [4]. Since X (F,) and w(R(F,)) are biregularly isomorphic,
we shall identify X (F,,) and w(R(F,)). Obviously, dim R(F,) = 3n,
dim X (F},) = 3n — 3. Set

R*(F,) = {p € R(F},) | p is irreducible}, X°(F,) = m(R*(F,)).

R*(F,), X*(F,) are open in Zariski topology subsets of R(F},), X (F},)
respectively [4].

Now, consider a free group F» = (g, h). The ring T'(F») is generated
by the functions 7y, 77,, Tgn-

Lemma 2. For all o, 3, € C there exist matrices A, B € SLa(C) such
that y(A,B) =trA=«a, m(A,B)=tB =0, 7154A,B)=trAB=
I

This lemma can be easily proved by straightforward computations.

Lemma 2 implies that X (Fy) = 7(R(F,)) = A3. Moreover, the func-
tions 74, 7, Tg are algebraically independent over C and for every u € Fb
we have

Ty = Qu(Tga Th Tgh))

where Q,, € Z[z,y, 2] is a uniquely determined polynomial with integer
coefficients [4]. The polynomial @, is usually called the Fricke polynomial
of the element w.

Consider polynomials P, () satisfying the initial conditions P_j(\) =
0, Py(A) =1 and the recurrence relation

Pa(N) = AP,_1(\) — Pa_s(N).

If n < 0 then we set P,(\) = —P,—2(A). The degree of the polynomial
P,()) is equal to nif n > 0 and to |n| — 2 if n < 0. It is easy to verify
by induction on 7 that

sin(n + 1)

P,(2cosp) = g

(4)
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It follows from (4) that the polynomial P,(A), n > 1, has n zeros de-
scribed by the formula

k
)\n,k:2cosn—:1, k=1,2,...,n. (5)

Moreover, it is easy to verify by induction that for n > 0 we have

Py (\) = A" 4o (1)
Poo1(N) = X2 4 ()" ). (6)

Lemma 3. Let k,l € Z, (k,1) =1 and | > 2 is not a power of a prime.
Then 2sin kT” e 0.

Proof. Let | = 2'u, where u is odd. If t = 1 then k is odd and 2sin kl’r =
2cos °F with r = (u — k)/2 € Z Since u =1 is even, it follows from (6)
that 2cos 7% € O*.

If ¢ > 1 then k is odd and 2sink—’T = 208 57, with r = 21y — k.

If t =0 then 2sin &% k” = 2cos 5, w1th r=u-—2k.

Thus, it is sufﬁcient to prove that 2cos g7, € OF, where t > 1,
(r,2'u) =1, u > 1 and u is not a power of a prime in the case t = 1. Let
u = pi*...p¢, where p; is a prime and 0 < o; € Z for i = 1,2,...,s.
By (5) numbers \; = 2 cos ﬁﬂ, i=1,2,...,2% — 1, are the roots of the
polynomial Pyt,_1(A), so that

-1

2ty
PQtu—l()‘) - H ()‘ -

i=

—

and the constant term of Py, is equal to (—1)2t71_12’5_1119(1)‘1 ...p%. On
the other hand, the polynomials P, o _1(A),1=1,2,... s, and Py:_1(A) has

the roots 2 cos az,j—12 L 2p -1, and2cos]2t,j:1,2,...,2t—1,

respectively. Hence all these polynomlals divide Pyt,,_1(A) and any two
of them have only one common root A = 0. Hence,

Paty—1(A) = F(A)F1(N),
where

F()\) = )\_S_Pzt 1 H 2p‘z‘z 1

By (5) the constant term of F()) is equal to (—1)2 ' ~12t=1p%  pos,
Consequently, the constant term and the leading coefficient of Fl()\) are
equal to 1. Since 2 cos 57, is not a root of F'(A), it is a root of F1(\) and
we obtain 2 cos 57 € O* as required. O
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Furthermore, we require the more detailed information on the Fricke
polynomials. Let w = g™ hP ... g%h% € Fy and let = Ty, Y = Th,
z = Tgp,. Let us treat the Fricke polynomial Q. (z,y, 2) as a polynomial
in z. Set

Qw(x7y7 Z) = Mn(J;?y)Zn + Mn—1($7y)zn71 +...+ MO(fI:?y)

Lemma 4 ([16]). The degree of the Fricke polynomial Qu(x,y, z) with
respect to z is equal to s and its leading coefficient Ms(x,y) has the form

HPa 1)) Pg-1(y). (7)

A subgroup H € PSLy(C) is called non-elementary if H is infinite,
irreducible and non-isomorphic to a dihedral group.

Lemma 5 ([11]). Let H € PSLy(C) be a non-elementary subgroup. Then
H contains a non-abelian free subgroup.

Lemma 6 ([4]). Let A,B € SLy(C) andtrA=z, trB=y, tr AB = z.
A subgroup < A, B > is irreducible if and only if

trABAT'B ' =22 + 2+ 2% —ayz — 242,

2. Proof of Theorem 1.
Let " be a group from Theorem 1, that is,
I =T(2,1,2,R) = (a,b;a®> = b! = R*(a,b) = 1), (8)

where R = ab" ...ab%, 0 <wv; <l,s>4. Set V.=>7_1v. If (V.I)#1
then I' contains a non-abelian free subgroup (see [2]). So we shall assume
that (V,l) = 1. To prove Theorem 1, we construct a representation
p : I' = PSLy(C) such that p( ) Contalns a non-abelian free subgroup.
Let k be an integer such that & = l—, with (K/,0') =1 and I > 5. Set

k
O = 2COS—7T,

l TrRi(2) = Qr(0, By, 2), 9)

where Qg is the Fricke polynomial of R.

Definition 2. Let zy be a root of a polynomial fr (2) and A, B € SLy(C)
be matrices such that tr A = 0, tr B = 0, tr AB = z5. We shall denote
by G(z0) a subgroup of PSLa(C), generated by [A], [B].
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The group G(zp) is an epimorphic image of I" since by Lemma 1

Lemma 7. Numbers +2sin kl” are not roots of the polynomial fr(2).

Proof. Suppose that fri(— 2sin & “F) = 0. Let ¢ be a primitive root of
unity of degree 2. Consider a representation py : Fy — SLy(C) defined
by

pr(g) = A= (611/2 59/2) ; pr(h) = By = (gok gg_ck) . (10)

Then we have tr A = 0, tr By, = B, tr ABr =2 — 2sin kT“ So we obtain

km

frRk(2) (oK) = frRK(2 — 25in T) = gr(w) = tr R(A, By,).

Since —2sin &7 is a root of fr(2), 0 is a root of gy (z). This means that

a constant term of gx(z) is equal to 0. On the other hand, a constant
term of tr R(A, B_j) is equal to

SlS/2HRY | —ls/2=kV _ QCOS(ZS/Q l+ k‘Vﬁ) 20,

since (V,1) = 1 by assumption. This contradiction proves that 2 sin “* ’” is
not a root of frx(z). Analogously, considering a matrix B_, 1nstead the
matrix By, we obtain that 2sin %F k” is not a root of fr i (2). O

Lemma 8. Assume that the polynomial fr(z) has a root zy # 0. Then
I' contains a non-abelian free subgroup.

Proof. By Lemma 7 we have zy # +2sin k”. Let us show that G(zp)
is a non-elementary subgroup of PSLs(C). Flrst, G(2p) is irreducible by
Lemma 6 since

k
tr ABA™' B! — 2 = 22 — 45in? Tﬁ £ 0.

Second, G(zg) is not a dihedral group since two of three numbers tr A,
tr B, tr AB are not equal to 0 (see [11]). Third, it follows from classi-
fication of finite subgroups of SLC' [11] that G(zp) is infinite since it is
irreducible and contains an element [B] of order > 5. Thus, G(z9) (and
consequently I') contains a non-abelian free subgroup. O
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Bearing in mind Lemmas 7 and 8, we shall assume in what follows
that

TrRi(2) = MR 2%, (11)

where by lemma 4

S
k k
My = [ Poo1(2cos 777) zbm— Hz sin U” T (12)
i=1

Lemma 9. In the following cases I' contains a non-abelian free subgroup:
1) 1 =6, s is odd and there exists i such that v; € {2,3,4};
2) 1 =6, s is even and either there exists i such that v; = 3 or there
exist i, j such that i # j and vi,v; € {2,4};
3) | > 6 and there exists i such that 6 divides v;.

Proof. Let fri(2) = Mp2z® and p_, be a representation defined by (10).
Then

k k
gk(z) = frp(z + 2sin Tﬂ) = Mp(z + 2sin Tﬂ) = tr R(A, B_y,). (13)

Comparing constant terms in (13),we obtain

S i 2 o
H 2 sin - ;Wr = 2cos uﬂ'. (14)
i=1

l

1) If Il = 6, s = 251+ 1 then we set k = 1 and obtain 2 cos —631'%3_‘/77 =
+1 since (V,6) = 1. Suppose that there exists ¢ such that v; € {2,3,4}.
Then

™ 2sinv;m/6
§=P,_1(2cos 1) = “SLUT/D 2
i COSG) 2sin7/6 €{v3.2)

and we have from (14)

HPU i 2cos— ) =0 ][ Py 2cos—)z:|:1. (15)
J#i

It follows from (15) that 1/ € O which is a contradiction.

2) If | = 6 and s = 2s; then we set k = 1 and obtain 2 cos %W =
++/3 since (V,6) = 1. First, suppose that there exists i such that v; = 3.
Then
7, 2sinv;m/6

P,,~1(2cos —)

— -9
6 2sin7/6

and we have from (14)

Hij_l(QCOS(%)) - QHij_l(Qcos(%)) = V3. (16)
=1 j#i
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It follows from (16) that v/3/2 € O which is a contradiction.
Now, suppose that there exists ¢,j such that v;,v; € {2,4}. For
r € {i,j} we have

T 2sinv, /6
Py, _1(2c0s &) = Z2RUT/D /3
v COSG) 2sin7/6 V3

Hence by (14)
Hka 12(:os— =3 H P, — 12008%):i\/§. (17)
k#i,k#£]

It follows from (17) that v/3/3 € O which is a contradiction.
3) If I € {12,30} then by assumptions of the lemma there exists ¢
such that v; = 6. Set £k = 1. Then

po 0T _ [2 it =12,
Sin =
l inT — Y2V i 3,

28in g = 5 ——,

In both cases 2sin %™ ¢ O*. On the other hand, 2cos ls/2+V7T € O* by
lemma (3) and (14) implies

1
in 4T - ls/2 v HQsm

2 cos T ki

which is a contradiction.

If I = 60 and there exists ¢ such that v; = 30 then we set k =
1. As before we obtain from (14) that 2sin % = 2 € O* which is a
contradiction. If for any ¢ we have v; # 30 then we set k = 2 and obtain
a contradiction in the same way as in the case [ = 30. O

Let A, By, be matrices defined in (10), W (A, By) = AB," ... AB,”,
where 0 < u; < I.- A set (ui,...,us) will be considered as cyclically
ordered. Let

i=Wilw =l fij=H{r[u=iu =7} (18)

We have following equations:

-1 -1 -1
Sli=s, Y fij=l, Y fi=L dj=1,...1-1 (19
i=1 i=1 =1
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Lemma 10. Let g(x) = tr W(A, By) = apx® + --- + a5, h; = P;_1(e" +
e7%). Then we have ag = [T5=; hu; and

-1 i 4i
R S R l.eti—ti
a2 =ap E —J;Lu ! + J
j=1""

hi iy
fz‘j li -1 (lj _ 1)€tiftj lkEtz’—tk
— S 2
CLOZ h; h; + hj + Z o h (20)
i#j k#i,k#j
-1
ao Z (2h2 )(€2t +e Qt)+zh4}i,(5t+tj 4 e t t])
i=1 i i#j Y

This lemma can be proved by direct computations.

2.1. The case [ =6, s is odd.
Bearing in mind Lemma 9, we have v; € {1,5} for every i. Set k =1
and Mr = Mpg3. Then Mg =[];_; P,,—1(2cos &) = 1 since Py = 1 and

Py(2cos §) = 225;7;577://53 = 1. Consequently,

fr(z) = 2% (21)

Consider a representation p : F» — PSLy(C), p(g) = A, p(h) = By,
where A, B; are defined in (10). Then we have

fi(x) =tr R(A, By) = (x — 1)°. (22)
Further, the equations (19) have the form

fir+ fis =1, fir+ fs1 =1, I +15 =s,
f55 + f15 =I5, f55 + f51 = I5. (23)

It follows from (23) that f15 = f51. Taking into account Lemma 10, we
obtain that the coefficient by 2°~2 of the polynomial fi(x) is equal to

as = fll(ll -2+ l5€_4) + f15(ll -1+ (l5 — 1)674)4‘
for((lo—1De* + 15 — 1) + fss(lie” + 15 — 2)—

ll (ll — 1) l5(l5 - 1) 82 3
— 2 = — — —=s. (24
y 5 + 2015 = 3 f15 + 5 " 3% (24)

On the other hand, as = s(s — 1)/2 by (22). Thus, we obtain

s = 3fis. (25)
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Now, consider an epimorphic image I'y = (¢, d;c®> = d* = R*(c,d) =
1) of the group I', where R(c,d) = e¢d" ...cd". We can write the word
R(c,d) from the free product (c; ¢? = 1)x(d; d®> = 1) in the form Ry (c,d) =
cd™ ... cd"s, where u; = L ?f vi=1 Let U = 37 4 u;. Since (V,6) =
2, if V; = 5.
1, we have (U,3) = 1. Set

P(z) =Qr,(0,1, 2),
where QR is a Fricke polynomial of R;.

Lemma 11. If the polynomial P(z) has a root zg which is not equal to 0,
+1, £/2, %\/3, +/3 then the group T'y (and, consequently, T') contains
a non-abelian free subgroup.

Proof. Let X,Y € SLy(C) be matrices such that tr X = 0, trY = 1,
tr XY = z9. Let H = ([X],[Y]) € PSLy(C). First, H is infinite (see
[17]). Second, H is not dihedral group since [Y] has order 3. Third,
H is irreducible since tr XY X 'Y ~! —2 = 22 — 3 # 0. Thus, H is a
non-elementary subgroup of PSLy(C). Consequently, H contains a non-
abelian free subgroup. O

Since the polynomial P(z) has integer coefficients and bearing in mind
Lemma 11, we may assume that P(z) has the form

P(z) = 221 (22 =1)22(22 = 2) (22 — 2 — 1) (2% 42— 1) (2% — 3)?6. (26)

Consider a representation 0 : F — SLo(C), g — A, h — Bs, where
A, By are defined in (10). We have tr A =0, tr By = 1, tr ABy = = — /3.
Consequently,

Pi(z) = 75,(0,1,2)(6) = P(z —V3) = (x — V3)* (z? — 23z + 2)*?
(@2 = 2VBr + 1) (2? — (2V3 + 1)z + 2 4 V/3)™
(2% = (2VB = 1)z + 2 — V3) (x — 2V/3)%61% = tr R (A, By). (27)

The constant term of the polynomial tr Ry (A, B2) is equal to

3s+2U
342U | =852 _ 9005 20 ; T==+V3

since s is odd and (U,3) = 1. Comparing constant terms in (27), we
obtain ag = 0 and

(~V3)™2 (2 + VB)™(2 = VB = £V3. (28)
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It follows from (28) that a; = 1, @y = 0, oy = 5. Thus, the polynomial
P;(x) has the form:

Pi(z) = (z—V3)(#?—2v3z+1)* (21— 4323 +152% —61/3x+1)%. (29)

In particular,

203 + day + 1 = s. (30)
It follows from (29) that the coefficient of P;(z) by z°2 is equal to
3 5
ag = 552 — 3 + 14 ay. (31)

On the other hand, we have by Lemma 10

as = fiy (1] — 2+ Ue™) + flo() — 1+ (I — e )+
(L =D+ 15— 1) + fop(lie* + 15 = 2)+

B -1 | By -1 3, 5
S B 2y = flp 587 - oS, (32)

where fi; = fu1, fio = fis, for = for, foo = fos, Iy =1, 5 = 15, It
follows from (31), (32) that

fi5 =1+ aa. (33)
Equations (25), (30), and (33) imply

2a3+§—3=0. (34)
Since ag > 0, it follows from (34) that § —3 <0, that is, s < 9. Thus, if
s > 9 then either fr(z) is not of the form (21) or P(z) is not of the form
(26). Bearing in mind lemmas 8 and 11, we obtain that if [ = 6, s is odd
and s > 9 then I' contains a non-abelian free subgroup.

Now, let s < 9. Since s > 4, s is odd and s = 3f15 by (25), we
must have s = 9, fi5 = 3. Furthermore, without loss of generality we
can assume [ > [5. Moreover, one can cyclically shift the sequence
(v1,...,vs). This transformation replaces the relation R?(a,b) with an
equivalent one. It is easy to see that there exists only 9 words R under
these conditions:

Ry = ababababab®abab®abab®, Ry = abababab®ababab®abab®,

R3 = abababab®abab’ababab®, R4 = abababab®ab®abab®abab®,

Rs = abababab’abab®abab’®ab®, Rg = abababab’abab®ab®abab®, (35)
R7 = ababab’ab’ababab’®abab®, Rg = ababab®ab’abab’ababab’,

Rg = ababab®ababab®abab®ab®.
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Direct computations show that fg,(z) # 2% fori =1,...,7. But

fRs(z) = fRQ(Z) =2

Since Ry(a,b) is conjugate to Rg(a~t,b71)~1, it is sufficient to consider
only the group I' = (a,b;a? = b° = R%(a,b) = 1).

Lemma 12. The group I' contains a non-abelian free subgroup.

Proof. Consider a dihedral group D3 = (c,d;c? = d? = (cd)® = 1) of
order 6 and a homomorphism

P : I — Ds, arc, bi—d.

Obviously, ¥(Rg) = 1, that is, v is well defined and 1) is an epimorphism.
Let Ty = ker¢) € T Then [I" : T'y] = 6. Using Reidemeister—Schreier
rewriting process, we obtain that 'y has a presentation of the form

Ty = (91,92, 93, 94: 61 = g3 = (9392)° = (939, )% =

(.93_192)2 = W12(gl)927g4) - W12(927917g3) =

W3 (91,92, 93) = W3 (92,94, 91) = 1), (36)

where Wi (g, h,t) = tgh®*tgh®th?, Wa(g, h,t) =t gt~ tgt~gh2.

To prove Lemma 12, it is sufficient to construct a representation ¢ :
I'y — PSLy(C) such that the group 6(I'1) is a non-elementary subgroup
of PSLy(C). Let us consider matrices

—z2 4wy —1 s
v l—m 0 —i
—x2+a:2—1
Ay = 72 s ; A4:<0 1).
y2 1 —x9 -10

Then we have tr Ay = tr Ay = tr A3Ay = 1, tr A%AZl = trAglAi = 0.
Therefore,

[A1]? = [Ao]” = ([A3][Aa])® = ([A3]2[Ad)71)? = ([A5]7'[Ad])* =1
by Lemma 1. Let us suppose that the following conditions hold:

tr A1 As = tr As Ay = \/5, tr Ay Ag = tr A1A4, (37)

tr Wi (A1, Az, Ag) = tr Wi (Ag, Ay, A3) =
tr Wg(Al,AQ,Ag) = trW2(A2,A4,A1) =0 (38)
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It follows from (37) that

33+ (24 3iv2)a —ivV2—4/3

9 , y1:2ix1—\/§—i,

271 +iv2 -1
3iz? — (22 + 3i)x1 + V2 +1i/3
Yo = , : (39)
2x1+zx/§—1
Substituting (39) in (38), one obtains
hi(z1)
tr Wy (Ay, Ag, Ay) = tr Wi (Ag, Ay, Ag) = :
1(A1, A, Ay) 1(A2, A1, A3) @t iva 1)
ha (1)
tr Wa(Ay, Ag, Ag) = tr Wa(Ag, Ag, Aj) = : 40
2(A1, A2, A3) 2(A2, Ay, Ar) (21 4 iv2 = 1)2 (40)
where
1 2 1847 424+/2 1 ;
hy(z1) = —24i+ 379\f—< 831+ 3f> :c1+( 7§OZ+22\/§> T3+

(—329i + 683v/2)23 — (975i + 446v/2)z} + (648i — 420v/2) a3+
(198i + 261v/2)2$ 4 (—108i + 18v/2)z] — 9v/245,

hao(z1) = 3V2 + 4i/3 + (4V2 — 16i)x1 + (—10V2 + 18i)x+
(=9V2 + 3i)a? — 3ixt.
One can check that hy devides hy. Let 2} be a roort of the equa-
tion ha(xz1) = 0 and let 24, v}, v, be defined by (39). Then the set

{2}, 24, y1,v4} is a solution of equations (37), (38). Hence, matrices
Ay, As, Az, Ay define a required representation

§: Fl — PSLQ((C), (S(gz) = [A,L], 1= 1,2,3,4.

Let us show that 6(I') is a non-elementary subgroup of PSLy(C). Con-
sider a subgroup G = ([A143],[A244]) C §(I'1). By construction, we
have tr A; A3 = tr Ap Ay = /2. Next,

hs(z1)

tr Ay AgAg Ay = — A,
1A3A2A4 (20 +iv2— 1)

where

ha(z)) = =324t 4+ (6 — 6v/20)2? + (11 — 9V240) 22 + (=14 + 5v/2i) 2, —
4V/2i —1/3.
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Direct computations show that A ¢ {0,1,2}. By Lemma 6, G is irre-
ducible and infinite (see [17]). Obviously, G is not a dihedral group.
Therefore, G (and consequently I'1) is a non-elementary subgroup of
PSL,(C). O

2.2. The case [ =6, s is even.

Since (6,u) = 1 and bearing in mind Lemma 9, we can assume without
loss of generality that
R =ab"...ab",

where v1 € {2,4}, v; € {1,5} for i = 2,...,s. Moreover, we can assume
that v; = 2 applying otherwise to the word R an automorphism b+ b~!
of a cyclic group (b;b* = 1). Thus, Mg = [[}_; Ps,—1(2cos &) = v/3 since
Py =1, Py(2cos§) = %5:/6? =1, and Py(2cos T) = 2cos(%) = V3.
Taking into account Lemma 8, we shall assume that

fr(z)=+/37".
Further, the equations (19) have the form
Jur + fi2 + fis = U1, fis + fos + fs5 =I5, fi2 + fs2 =1,
Jir + for + fs1 =11, fo1+ foo + fs5 =15, fo1 + fos =1, (41)
1 +1s=s5—1.

It follows from (41) that

fii=l—fi2—fi5, fss=5—11—2— fi5+ fo1, fas =1 — for,
fsr=fizo+ fis—fa1, ls=s—-1L1—1, fs2=1— fia. (42)

Consider a representation p : F» — PSLo(C), p(g9) = A, p(h) = By,
where A and B are defined by (10). Then we have

fi(z) = tr R(A, By) = v3(z — 1)°. (43)

Bearing in mind Lemma 10 and (42), we obtain that the coefficient by

2572 of the polynomial fi(z) is equal to
1, 1
as = V3 53 +§s+2—2f21+f12+3f15 . (44)

On the other hand, as = v/3s(s — 1)/2. Thus, we obtain

s+2fo1 — flo—3f15—2=0. (45)
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Now, consider an epimorphic image I'y of the group I
Iy = {c,d;c* =d° = R*(c,d) = 1),

where R(c,d) = cd™ ...cd". We can write the word R(c,d) from the

free product {(c;c? = 1) * (d;d®> = 1) in the form Ri(c,d) = cd“ ...cd",
1, ifv; =1, s )

where u; = ¢ sy Let U =% 7 ;u;. Since (V,6) =1,

2, ifv;, =5orwv; =2
we have (U,3) = 1. Set

P(Z) = QR1 (07 1,2’),

where Qg, is a Fricke polynomial of R;. Since the polynomial P(z) has
integer coefficients and bearing in mind Lemma 11, we can assume that
P(z) has the form

P(z) = \/gzo‘l(22—1)0‘2(z2—2)°‘3(22—2—1)‘“(2'2—}—2—1)0‘5(22—3)a6. (46)
Consider a representation ¢ : Fy — SLy(C), g — A, h — By. We
have tr A = 0, tr By = 1, tr ABy = z — v/3. Consequently,
Pl(w) = QR1(07 172)(5) = P(:B - \/g) = (v — \/g)al(xz - 2\/528 + 2)a2
(@ = 2VBr + 1) (22 — (2VB+ 1)z 4+ 2+ V3)™
(@? = (2VB = 1)z +2—V3)(x —2V/3)%x = tr Ry (A, B). (47)
The constant term of the polynomial tr Ry (A, Bs) is equal to

3s +2U
352U 4 e735720 = 9in( ng ™) = +1

since s is even and (U,3) = 1. Comparing constant terms in (47), we
obtain ag = 0 and

(—V/3)¥1292(2 4+ v/3)%4(2 — V/3)% = +1. (48)

It follows from (48) that ey = ay = 0, oy = 5. Thus, the polynomial
Py (x) has the form:

Pi(z) = (2% — 2V3x + 1)* (2* — 4v/32® + 152? — 63z + 1)™.  (49)

In particular,

203 + 4oy = s. (50)
By (49), the coefficient of P;(x) by 2572 is equal to
ag = 252 - gs + ay. (51)
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On the other hand, we have by Lemma 10

ag = fi1 (15 =241 )+ flo(lL =1+ (15— 1))+ f5 (1L —1)e* +15—1)+

-1 L1 —1
12 )—% 2(22 ) + 201, (52)

l/
Pl + 15— 2) + 1

where fi; = fi1, fia = fis + f12, fo1 = fs1 + fo1, fog = fo5 + fo5, 1y = 11,
b =15+ 1. It follows from (52) that

3 5
as = 532 -39 + fi2 + fi5- (53)

We obtain from (51), (53) that

fiz + fis — s =0. (54)

Now, equations (45), (50), (54) implies that

1 3
fa=1—a3— §f15 - §f12- (55)

Since fa; > 0, it follows from (55) that there exist only three possibilities.

1. a3 = 1, fi5s = fi2 = 0. Then a4 = 0 and s = 2 which is a
contradiction.

2. a3 = 0, fis = fi2 = 0. Hence, a4 = 0 and s = 0. This is a
contradiction.

3. a3 =0, fi5 = 2, fi2 = for = 0, so that ay = 2 and s = 8. Direct
computations show that there are no words R(a,b) under our conditions
such that fr(z) = v/32%. Thus Theorem 1 is proved in the case [ = 6 and
s is even.

2.3. The casel > 6

Let T be a group defined by (8). Taking into account Lemma 9, we can
assume that 6 do not divide v; for any ¢. Let us consider the epimorphic
image I'1 of I':

Iy = {(c,d;c? = d® = R*(¢,d) = 1),

where R(c,d) = cd™ ...cd". Since 6 { v; for any i, the word R(c,d)
from the free product (c;c? = 1) * (d;d® = 1) can be written in the form
R(c,d) = cd™ ...cd" with 0 < w; < 6 and u; = vymod 6). We have
already proved that I'; contains a non-abelian free subgroup. Theorem 1
is proved.
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3. Proof of Theorem 2

3.1. The case V is even.

Let us consider an epimorphism

903F_><C;62:1>7 pla) =1,¢(b) =c

Since ¢(R(a,b)) = 1, we obtain using Reidemeister—Schreier rewriting
process that ker ¢ has a representation of the form

ker o = (g1,92,93: 95 = 95 = 95 = R} (91,92, 93) = R3(g1,92,93) = 1),

where Ry and Ry is a rewriting of R. Let F3 = (g, h,t) be a free group
and X (F3) be the corresponding character variety. Consider a subvariety
W C X(F3) defined by equations

Tg =Th = 1, &= TR1(g,ht) = TRa(g,h,t) = 0.

It is easy to see that W # &. Indeed, by [1]| for any generalized triangle
group T'(n,m,l, R) there exists a special representation p of T'(n, m, [, R)
into PSL9(C), that is, a representation such that elements p(a), p(b) and
p(R) have orders n, m, [ respectively. Let p be a special representation
of T" into PSLo(C) and p(g1) = [4], p(g2) = [B], p(g3) = [C]. We can
choose matrices A, B such that tr A = trB = 1. Then we shall have
m(A, B,C) € W, where 7 is defined by (3), so that W # &.

Let Wy,..., W, be irreducible components of W. Since dim X (F3) =
6 and the subvariety @ # W C X (F3) is defined by five equations, for
any component W; we must have dim W; > 1.

Lemma 13. U; = W, ﬂXS(Fg) #* O.

Proof. Suppose that U; = @ for some i. Then for any point p =
(A, B,C) € m=Y(W;) a group (A, B, C) is reducible. Without loss of gen-
erality we may assume that A, B, C are upper triangular matrices. Since
A, B, C have finite orders, for any S € Fj the trace tr S(A, B, C) = 7s(p)
can take only finite set of values, when p € 7=(W;). Hence, dim W; = 0
which is a contradiction. O

Let o; : Wi — Al be a projection to the i-th coordinate. Since
dim W; > 1, there exists ¢ such that «; is dominant. Let, for example,
the projection o on the coordinate 74, is dominant, so that a(U;) is dense
in A! in Zarisski topology. Hence, we can choose a transcendental number
B € C such that 8 € a(Uy). Let u € a~*(3)NU;y and (A4, B,C) € 7! (u).
By construction, we have trA = trB = 1, trC = tr R1(4,B,C) =
tl“RQ(A,B,C) =0.
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Let G = ([A],[B],[C]). Let us show that G is a non-elementary
subgroup of PSLs(C). First, G is irreducible by construction. Second, G
is infinite since tr AB =  is a transcendental number, so that a matrix
AB has infinite order. Third, G is not a dihedral group since [A] has
order 3.

Next, we have by construction

[ = [B] = [C]” = RY([A],[B],[C]) = R3([4], [B, [C]) = 1.

Hence, G is an epimorphic image of ker . Thus, ker ¢ contains a non-
abelian free subgroup as required.

3.2. The case s is even.

Without loss of generality we can assume that V is odd. Set

fR(Z) = QR(L \/ia Z)a

where Qg is the Fricke polynomial of the word R = g"*h"* ... g%sh's € F5.
The leading coefficient of Fr(z) is equal to

M HPu —1 vz—l(ﬁ) = (\/i)t’

where t is a number of 7 such that v; = 2.

Lemma 14. Let us suppose that the polynomial fr(z) has a root zy ¢
{0,v/2, M} Then I' contains a non-abelian free subgroup.
Lemma 14 can be proved in the same way as Lemma 8.

Bearing in mind Lemma 14, we may assume that the polynomial fr(z)
has the form

fr(e) = My e = vBya(e - VEE Dy V2V

Let £ be a primitive root of unity of degree 24, F» = (g, h) be a free
group. Consider a representation p : F» — SLy(C) defined by

plg) =A= <514 594)7 p(h) =B = (603 59_63> :

Then tr A = 1, tr B = /2, trAB—x+2cos(—g)—x—Mand we
have from (56)

). (56)

Fi2) = fa:)(0) = tr B(A,B) = fula - Yoo ¥2)

(V2)H(z — M _ M — VB)as g,

(- 2w (57)
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The free coefficient of tr R(A, B) is equal to

4U + 3V
giUF3V 4 g—4U=3V 2COS(41—2 ), (58)
where U = 3°7_ u;. Bearing in mind our assumptions, 2 cos(253Y )
can take only the following values:
6 — V2
i(u)ﬂ, V2. (59)

2

Then it follows from (57) that a4 = 0.
Analogously, considering a representation p; : Fo» — SLy(C) defined

b et 0 e 3
s=a=(7 ). em=m=( 5).

we obtain a3 = 0. Thus,

file) = (V2 = L o e SV

where a1 + a2 = s. Comparing constant terms of fi(z) and tr R(A, By),
we obtain from (58), (60)

(\/5)15(\/6; \/ﬁ)al(\/é‘; \/i)ag A 2COS(W7‘F

). (61)

Since \/85\/5 \/6;”/5 = 1 and s is even, it follows from (61) that ¢t = 1,

2a; — s = 0, that is, a1 = a2 = s/2. Hence,
4U + 3V
QCOS(%TI’) = V2.

Thus, we must have U = (mod 3). But in this case there exists a well
defined epimorphism

AT = (d;d® =1), Ma)=d,\0b)=1.

Using Reidemeister—Schreier rewriting process, we obtain that ker A has
a representation of the form

ker A = (g1, g2, 93; 91 = g5 = g3 =
Ri(g1,92,93) = R5(91,92,93) = R3(91,92,93) = 1),
where Ry, Ry, R3 are rewrites of R. One can check that R;(g1,92,93) =
gyt ... g;", where 337 p; is even. By Theorem 1 from [3], ker A (and

consequently I') contains a non-abelian free subgroup. Theorem 2 is
proved.
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