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ABSTRACT. We obtain a characterization of right semi-arti-
nian rings which have only trivial derivations and prove that a rigid
(i.e. has only the trivial ring endomorphisms) right semi-artinian
ring R is a field or isomorphic to some Zj,n.

0. As usually, an additive mapping D : R — R is called a derivation
of R if D(zy) = D(x)y + xD(y) for all z,y € R. A ring R having
no non-zero derivations will be called differentially trivial. The class of
differentially trivial rings is contained in the class of ideally differential
rings (i.e. rings R in which every two-sided ideal is closed with respect
to all derivations of R). Ideally differential rings first appear in [1] (see
also [2]). Characterization theorems for differentially trivial rings R with
the additive group R™ of finite Priifer rank and differentially trivial left
Noetherian rings was obtained by the author in [3], [4] and [5].

In this paper we study differentially trivial right semi-artinian rings.
Recall that a ring R with an identity is called right semi-artinian if every
non-trivial right R-module has a non-zero right socle. The main result of
the present paper states as follows:

Theorem. For a right semi-artinian ring R the following conditions are
equivalent:

(1) R is a differentially trivial ring;
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(i7) R contains a set {eq|a € S} of local idempotents eq such that eq R is
either a differentially trivial field or isomorphic to some Zyn, R = e R®

My, is a ring direct sum, where My, is an ideal of R and (),cg Ma = {0}.

Recall that a ring R which has only the trivial ring endomorphisms
is called rigid. Our theorem we can apply to prove the following

Proposition. A right semi-artinian ring R is rigid if and only if R is
either a rigid field or isomorphic to some Zyn .

All rings considered here are associative and with an identity element.
Throughout the paper p is a prime and Zy,» the ring of integers modulo a
prime power p’. For convenience of the reader we recall some notation.
For any ring R, we denote by J(R) the Jacobson radical, by R®") the
subring of R generated by its identity element and the set { 27" | z € R }
(k € N), by char(R) the characteristic, by Ann(I) ={a € R | ar =ra =
0 for every r € I'} the annihilator of an ideal I in R, by soc(R) the right
socle and Qi (R) = {z € R | p¥z = 0}.

We will also use some other terminology from [6] and |7].

1. Since in any differentially trivial ring R, in particular, all inner deriva-
tions are trivial, it is commutative. Moreover by a result of Bass (see
e.g. |6, Proposition 22.10A]) the Jacobson radical J(R) of a right semi-
artinian ring R is right T-nilpotent.

Lemma 1 (see [3]). A commutative domain R is differentially trivial if
and only if at least one of the following two cases takes place:

(1) char(R) = 0 and the field of quotients Q(R) of R is algebraic over
its prime subfield;

(2) char(R) = p > 0 and R = {a’|a € R}.

A ring R is said to be a right Bass ring if every non-trivial right
R-module has a maximal submodule (see [6] and [§]).

Lemma 2. If R is a right Bass ring with the non-zero Jacobson radical

J(R), then J(R)* # J(R).

Proof. J(R), considered as a right R-module, contains some maximal
submodule M and, as a consequence, J(R)/M is a simple R-module.
Then there exists an element j € J(R) \ M such that (j + M)R =
J(R)/M. 1t is obvious that (j + M)J(R) is a submodule of (j + M)R.
Assume that (j + M)J(R) = (j + M)R. Then there is some element
a € J(R) of the nilpotency index k (k > 2) such that (j+ M)a = j+ M,
and so
0=0G+Md =G+Mdt=...=G+Moa.
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From this it follows that j + M = 0, a contradiction. Hence (j +
M)J(R) = {0} and therefore J(R)*> < M. This yields that J(R)* #
J(R), as desired. O
Lemma 3. If R is a right semi-artinian local ring with the non-zero
Jacobson radical J(R), then

(1) Ann(J (R)) # {0};

(2) Ann(J (R)?) # Ann(J(R)).

Proof. (1) A right R-module J(R) contains a non-zero socle soc(J (R)).
By Proposition 18.39 of [6] soc(J (R)) = annz(g)J (R), where

anng(p)J (R) = {r € J(R) | T (R)r = {0}}.

Since Ann(J (R)) > ann () J (R), we conclude that Ann(J(R)) is non-
Zero.

(2) If by contradiction we assume that Ann(J(R)) = Ann(J(R)?),
then by the same reason as in the part (1) the annihilator
Ann(J(R/Ann(J(R)))) contains a non-zero element a + Ann(J(R)),
whence a7 (R) < Ann(J(R)) and aJ(R)? = {0}. But then in view of
our assumption a € Ann(J(R)) which leads to a contradiction. The
lemma is proved.

O

2. Proof of Theorem. (<) Suppose that a ring R contains a set
{eala € S} of local idempotents e, which satisfies the hypothesis of
theorem. If d : R — R is some derivation, then d(R) C M, for each
a € S and consequently d(R) C (),cg M. Hence d is trivial.

(=) Let R be a differentially trivial right semi-artinian ring. Then
it is commutative and by Theorem 3.1 of [12] the quotient ring R/ J(R)
is (Von Neumann) regular. Therefore R/J(R) = soc(R/J(R)). By
Proposition 22.10A of [6] R = R/J(R) contains some minimal ideal T
and I = eR for an idempotent e. This idempotent can be lifted to some
idempotent e of R and so I = eR is a differentially trivial local ring with
the identity element e and J(I) = eJ(R) is a T-nilpotent ideal.

1) Let char(J) = char(I/J(I)). Assume that J(I) is non-zero. By
Lemma 2 J(I)? # J(I). Writting B for I/J(I)? we see that J(B) #
{0}. From the proof of Theorem 27 of |9, Chapter VIII, §12]), Hensel’s
Lemma (see e.g. [10, Chapter 10, Exercises 9 and 10]) and Corollary 2
of [9, Chapter VIII, §7] it holds that B contains a subfield D such that
B = J(B)+ D is a group direct sum of the additive groups J(B)" and
D*. As a consequence, for any element b = b + J(I)? of B there are
unique elements i = i + J(1)? € J(B) and d = d + J(I)? € D such that
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b =i-+d. Then the map 6 : B — B given by 6(b) =i (b € B) gives a non-
zero derivation § of B. This implies that the rule 8(b) = wi (b € I), with
a fixed element w of Ann(7(1)?)\ Ann(7 (1)) (see Lemma 3), determines
a non-zero derivation # of I, a contradiction. Hence J(I) = {0}.

2) Now let I be a ring of characteristic p* (k > 2) and Qg = Q,(I)
(1 < s < k). Suppose that I = I/Q_1(I) has a non-zero derivation
d. Then for any element ¢ € [ there exists an element 43 € I such
that d(i + Qx—1) = 41 + Qg_1. Since pi; # 0 for some iy, the rule
w(i) = piy (i € I) determines a non-zero derivation p of I which gives a
contradiction. This means that I is a differentially trivial ring. However
char(I/J(I)) = char(I), J(I) is right T-nilpotent and so I is a field.
Since [ is a local ring, we conclude that J(I) = Q1.

Assume that 6 : I/Ann(Q;) — I/Ann(§;) is a non-zero derivation.
Then for every i € I there is an element a; € I such that §(i+Ann()) =
a; + Ann(§), where a;,wo # 0 for some ig € I and wy € ©;. Then the
rule u(i) = woa; (i € I) gives a non-zero derivation p of I, a contradiction.
Hence I/Ann(£2,) is differentially trivial.

We see that p/ < Ann(£;) and from the part 1) J(I) < Ann(€;),
ie. MJ(I) = {0}. Moreover pQJ(I) < 2J(I) = {0} yields that
Q0T (I) < Q1. Now by induction on ¢ we can prove that Q117 (1) < Q4
forallt (t=1,2,,...,k—1). As a consequence,

T =17 = QI (N)* = (T (1) T <
< QI << I(1) = {0}

Thus J(1)" = {0}.

Let B = I/J(I)?. Since B/J(B) = 1/J(I) and I/J(I) is a differ-
entially trivial ring, B/J(B) = (B/j(B))(pk) for all £ € N by Lemma
1. Hence B = J(B) + D, where D is the subring of B generated by an
identity element and the set {a?’|z € B}. Writting D; for an image of
D in B/pB we see that D and D; are differentially trivial. Since D;
D/(D NpB) and char(Dy) = p, we deduce that J(D) = D NpB = pD.
This gives that D is an Artinan ring and D = Z,» by Lemma 2.8 of [3].
Hence I = A+ J(I), where A = Zpn.

In view of Corollary 27.9 from [11] J(I)" = A; + T is a group direct
sum of a cyclic subgroup A; isomorphic pA and some subgroup T. Cer-
tainly T is an ideal of I. Since IT = A + T is a group direct sum, each
element ¢ of I can be uniquelly written in the form i = a+ ¢g with a € A
and g € T. Let p be a fixed element of Ann(7?) \ Ann(T). It is not hard
to check that the rule x(i) = pg (i € I) determines a non-zero derivation
X in R, a contradiction. Hence I = Z,» for some n € N.
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3) Combining previous remarks, we see that R contains a set {eq|a €
S} of local idempotents e, such that e, R is a differentially trivial field
or isomorphic to some Zyn, R = e, R ® M, is a ring direct sum, where
M, is an ideal of R (a € S). If o # 3, then M, + Mg = R and so
Nacs Ma = {0},

From Theorem 3.1 of [12] and our theorem it follows

Corollary 4. R is a differentially trivial right semi-artinian ring if and
only if R/ J(R) = soc(R/J(R)) and R contains a set {eq|a € S} of local
idempotents eq, such that eq R is a differentially trivial field or isomorphic
to some Zpn, R = eqR® M, is a ring direct sum, where M, is an ideal
of R and (\yeg Mo = {0}.

3. Proof of Proposition. (<) is obvious.

(=) Let R be a rigid right semi-artinian ring. Suppose that R is not a
field. Theorem 2.2 of [13] implies that R contains only trivial idempotents
and consequently every minimal ideal of R is nilpotent. Hence J(R) is
non-zero. If D is any non-zero derivation of R and tD(R) = {0} for every
non-zero nilpotent element ¢ of nilpotency index < n — 1 and wD(R) #
{0} for some non-zero nilpotent element w of nilpotency index n, then the
rule o(r) = r +wD(r) (r € R) determines a non-trivial endomorphism
o of R, a contradiction. Therefore without loss of generality we may
assume that

J(R)D(R) = {0} (1)

for any derivation D of R.

Suppose that p : R/ Ann(J(R)) — R/ Ann(J(R)) is a non-zero
derivation of
R/ Ann(J(R)). Then for every element u € R there exists an element
vy € R such that

p(u+ Ann(J(R))) = v, + Ann(J (R)). (2)

Since for some uy € R there exists an element v,, ¢ Ann(J(R)) such
that

MUy, 7& 0 (3)

for some element my € J(R), we obtain that a map 6 : R — R given
by 0(u) = mov,, (u € R), with mgp and u; as in (2) and (3), determines
a non-zero derivation ¢ in R. Then in view of (1) 6(a)0(b) = 0 for all
elements a,b € R and so the rule f(a) = a + 6(a) (a € R), determines
a non-trivial ring endomorphism g of R, a contradiction. This shows
that the quotient ring R/Ann(J (R)) is differentially trivial and therefore
D(R) € Ann(J(R)). Inasmuch as Ann(J(R)) < J(R), (D(R))? = {0}
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for each derivation D of R. So the rule §(r) = r+D(r) (r € R) determines
a non-trivial ring endomorphism § of R, a contradiction. Hence R is a
differentially trivial ring and we can apply Theorem to complete the proof.
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