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ABSTRACT. In this paper we present new families of sequences
that generalize the Jacobsthal and the Jacobsthal-Lucas numbers
and establish some identities. We also give a generating function
for a particular case of the sequences presented.

Introduction

Several sequences of positive integers were and still are object of study
for many researchers. Examples of these sequences are the well known
Fibonacci sequence and the Lucas sequence, both related with the golden
mean, with so many applications in diverse fields such as mathematics,
engineering, biology, physics, architecture, stock market investing, among
others (see [9] and [17]). About these and other sequences like Pell sequence,
Pell-Lucas sequence, Modified Pell sequence, Jacobsthal sequence and the
Jacobsthal-Lucas sequence, among others, there is a vast literature where
several properties are studied and well known identities are derived, see
for example, [13,18-20].

In 1965, Horadam studied some properties of sequences of the type,
wp(a, b;p, q), where a, b are nonnegative integers and p, g are arbitrary
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integers, see [11] and [12]. Such sequences are defined by the recurrence
relations of second order

Wy, = PWp—1 — qWp—2, (N > 2)

with initial conditions wg = a, w1 = b. For example, the Fibonacci and
the Lucas sequences can be considered as special cases of sequences of this
type, wy(1,1;1, —1) and w, (2, 1; 1, —1), respectively. Also, the Jacobsthal
and the Jacobsthal-Lucas sequences can be considered as w,, (0, 1;1, —2)
and wy(2,1;1, —2), respectively. Recall that the second-order recurrence
relations and the initial conditions for the Jacobsthal numbers, J,,, n > 0,
and for the Jacobsthal-Lucas numbers, j,,, n > 0, respectively, are given
by
Jnto = Jnt1 +2Jp, Jo=0, J1 =1

and
Jn+2 = Jn+1 + 24, Jo =2, j1=1.
The Binet formulae for these sequences are

2n _ (_1)71,
3

where 2 and —1 are the roots of the characteristic equation associated
with the above recurrence relations.

More recently, some of these sequences were generalized for any pos-
itive real number k. The studies of k-Fibonacci sequence, k-Lucas se-
quence, k-Pell sequence, k-Pell-Lucas sequence, Modified k-Pell sequence,
k-Jacobhstal and k-Jacobhstal-Lucas sequence, can be found in [1,3-7,14].

The aim of this work is to study some properties of two new sequences
that generalize the Jacobhstal and the Jacobsthal-Lucas numbers. In
this work we will follow closely the work of El-Mikkawy and Sogabe (see
[10]) where the authors give a new family that generalizes the Fibonacci
numbers, different from the one defined in [1], and establish relations with
the ordinary Fibonacci numbers.

So, in this Section we start giving the new definition of generalized
Jacobsthal and Jacobsthal-Lucas numbers, and we exhibit some elements
of them. We also present relations of these sequences with ordinary
Jacobsthal and Jacobsthal-Lucas. In Section 1 we deduce some properties
of these new families, as well as in Section 2, but using different methods.
In Section 3, we study a particular case, that is two sequences of the new
defined families for k£ = 2. For these sequences we present some recurrence
relations and generating functions.

I = and jn = 2" + (_1)n7
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Following our ideas, we give a new definition of generalized Jacobsthal
and Jacobsthal-Lucas numbers.

Definition 1. Let n be a nonnegative integer and k be a natural number.
By the division algorithm there exist unique numbers m and r such that
n =mk+r (0 < r < k). Using these parameters we define the new

generalized Jacobsthal and generalized Jacobsthal-Lucas numbers, Jy(lk)
and j,(f) respectively by
1 r
k 1 1 k—

L L (A S G et D M

and
,
3 = (g ) O ) (2)

where 71 = 2, ro = —1, respectively.

For k = 1,2, 3 the first seven elements of these new sequences are:
(1)) o =10,1,1,3,5,11,21} {jiV})_ = {2,1,5,7,17,31,65}
(I =10,01,1,1,3,9y {5} _ ={4,2,1,5,25,35,49}
(I =10,0,0,1,1,1,1} (P} ={8,4,2,1,5,25,125}.

We also present more elements of some of these new sequences in the
tables 1 and 2. We have found some interesting regularities. In the case

of the generalized Jacobsthal sequences {JT(Lk)}n it is easy to prove that:

Proposition 1. Let Ji(k) be the it" term of the new family of Jacobsthal
numbers. Then we have:

a) JM =0, ie{0,... k—1};
b) JP =1, ie{k,... k—1};
<) Ji(k):3i_2k, ie{2k,..., 3k},

To the generalized Jacobsthal-Lucas sequences { jflk)} is easy to prove
n
that:
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TasLe 1. J® fork=1,2,...,9and n=0,1,...,27.

NG i 2 3 1 5 6 7 8 9
0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0 0
3 1 1 0 0 0 0 0 0
1 5 1 1 0 0 0 0 0
5 ] 1 1 1 0 0 0 0
6 21 1 1 1 0 0 0
7 13 15 1 1 T 1 0 0
s 85 25 1 1 1 1 0
9 71 55 1 1 1 1 1

10 341 121 15 1 1 T T
i1 653 231 75 T 1 1 T
12 1365 111 25 T T T
i3 2731 903 275 135 1 1 1
14 5461 1849 605 225 T T
15 10923 3655 1331 375 1 T
16 21845 7225 2541 625 105 1
17 13691 14535 4851 1375 675 1
is 87381 29241 9261 3025 1125
19 174763 58311 18963 6655 1875 1215
20 349525 116281 38829 14641 3125 2025
21 699051 232903 79507 27951 6575 3375
22 | 1398101 166489 | 157165 53361 | 16125 5625 | 3645
23 | 2796203 932205 | 310675 | 101871 | 33275 9375|6075
24 | 5502405 | 1863225 | 614125 | 104481 | 73205 | 15625 | 10125
25 | 11isasii | 372781h | 1235475 | 308223 | 161051 | 34375 | 16875 | 10935
26 | 22360621 | 7458361 | 2485485 | 815400 | 307461 | 75625 | 28125 | 18225
27 | 44739243 | 14913991 | 5000211 | 1669647 | 586971 | 166375 | 46875 | 30375
(k)
TABLE 2. jp ', fork=1,2,....9and n=0,1,...,27.
n\k 1 2 3 4 5 6 7 8 9
0 2 1 s 16 32 64 128 256 512
1 2 1 s 16 32 64 128 256
2 2 1 5 16 32 64 28
3 7 2 1 8 16 32 64
1 17 2 1 s 16 32
5 31 35 2 1 8 16
6 65 19 2 1 8
7 127 119 175 2 4
8 257 289 245 2
9 511 527 343 875
10 1025 961 533 1225
i1 2047 2015 2023 715 4375
2 1097 1225 1913 2401 6125
13 8191 8255 5959 5831 S575] 21875
4] 16385 16129] 16337 14161 12005] 30625
15| 32767| _ 32639] _ 20791| 34391 16807 42875 109375
16|  65537]  66040]  62465]  83521] _ 40817| _ 60025] 153125
17] _131071] 131327| 130075] 152303 _ 09127| 84035 _ 214375| 546875
18| 262145]  261121| 274625|  277729] _ 240737| 117649 _ 300125] 765625
10| 524287| _523775|  536575| _ 506447| _ 584647| 285719 _ 420175| 1071875] 2734375
20| 1048577] 1050625] 1048385 023521 1410857]  693889]  588245] 1500625| 3828125
21| 2007151] 2098175] 2048383] 1036415 2580151| 1685159]  823543] 2100875| 5359375
22| 4104305| 4190209] 4145153] 4060225 4721393] 4092529] _2000033| 2941225| 7503125
23] 8388607| 8386550| 8388223] 8513375] 8609599] 0038999] 4857223] 4117715|10504375
24| 16777217| 16785400] 16974503] 17850625| 15600857| 24137569] 11796113] 5764801[14706125
25| 33554431| 33558527] 33751080] 34877375| 28629151| 44015567| 28647703]14000231|20588575
26| 67108865] 67092481] 67108097| 68145025| 60028865] 80263681| 69572993 |34000561| 28824005
27134217727 134200535 133432831 | 133144895 125866975 | 146363183 168962083 82572791 10353607
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Proposition 2. Let j(k) be the it term of the new family of Jacobsthal-

7
Lucas numbers. Then we have:

a) j =2k ie o, k- 1};
b) jM =5k ie (k... 2k}

The generalized Jacobsthal and Jacobsthal-Lucas numbers have the
following relations with the ordinary Jacobsthal and Jacobsthal-Lucas
numbers.

Lemma 1. Given n a nonnegative integer and k a natural number

k —r r
J7(nlz+r = (Jm)k (Jm-i-l)

and "
i = ) )"

where m and v are nonnegative integers such that n = mk+r (0 <r < k).

Proof. We have

m __ (__q1\m\ k-7 m+1 (1 \ym+1\"
(Jm)k_r(Jerl)T: (2(1)) <2 : E(} 1) +>

1
— @ (2m - (_1)m)k77“ (2m+1 - (_1)m+1>r
1 fe— T
= m (rf" —ry")" " (TTH - Ténﬂ)
_ gk
- Jmk—l—r‘
In a similar way we can show the second equality. [

Note that the use of the Lemma 1 allows us to conclude immediately

that Jél) and j,(ll) are the Jacobsthal and the Jacobsthal-Lucas numbers,
respectively.

1. Properties

Next we present some properties of these new families of integers.

Theorem 1. Let k and m be fized numbers where m is a nonnegative
integer and k a natural number. The generalized Jacobsthal numbers and
the ordinary Jacobsthal numbers satisfy:
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k—1
a) ;0 (TN DT = R0

k—1 i—1 7(k) (k—1) )
(32 s = I ) (o1

b)

Z
m (k) (k)
c) 2 k+z - 2J{n_1 (J(m+1)k o Jmk)'

k—1
Proof. a) By Lemma 1 we have that > (kzl)( 1)~ ’Jr(m,zﬂ is successively
i=0

equal to

(]

k—1
(k B 1) (=17 (=D =) ) ()

i—o\ !

M |

( ) k 1— Z(Jm)k_l_ijm(Jm—i—l)i

i=0
D) Zl (k ~ 1) (=) (Tin)'s
i=o \ !
that by the binomial theorem is equal to
(D) * T (Jg1 — J) "L
Since, by the definition of the Jacobsthal sequence,

(_1)1_kJm (Jerl - Jm)k_l = (_1)1_kJm (2Jm,1)k_1

and using Lemma 1 (considering m — 1 instead of m, k — 1 instead of k
and r = 0) we obtain

1—-kok—1 ( )
and the result follows.
b) By Lemma 1 we have

k-1 k-1
k—1\ p—ic1 .k k—1 iok—i i
> < i >2k ljr(nlgﬂ' = , >(Jm)k 2" (Jgr)

1=0
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and using again the binomial theorem we have
Tin (Tt + 2Jm)F 1
that is equal, by the definition of the Jacobsthal numbers, to
i (Jm2)*

and by Lemma 1 (considering m + 2 instead of m, k — 1 instead of k£ and
r=0), we get

(k—1)
T 13) (k-1

¢) By Lemma 1 we can write

-1
Z N k-‘rz = Z (Jm)* " (Jmgr)’
1=0

k—1

_ (N (Tmer)!
— (Jm) ;( it )
o
_ k (75%) — 1
o [Ums)f = U
= (Jm)" | +(Jm)k X - ]
= = [ = O]
= 52 [ = ()]

and, taking into account Lemma 1 (with » = 0), the result follows. [
The following result for Jacobsthal-Lucas numbers can be deduced
analogously:

Theorem 2. Let k and m be fized numbers where m is a nonnegative
integer and k a natural number. The generalized Jacobsthal-Lucas numbers
and the ordinary Jacobsthal-Lucas numbers satisfy:

k=1 ._ _i(k k
a) Z (kz‘l)(_l) 31(711)6+i = (-2)* jm]((m 11))(k 1)’

=0
k-1 . -
b) > (7200 _]m]((erQ))(k 1)

—1
o (k) (k)
0 z 3ok = 22 (il = 350
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2. Generating matrices

In [15] the authors use a matrix method for generating the Jacobsthal
numbers by defining the Jacobsthal A-matrix

)

and they proved that

n_ | Jnr1 2Jn _ am-n | 1 2
e Fe = 1)

for any natural number n.
Thus, for any n >0, s > 0 and n + s > 2, we have

Jnts  2dnys—1 — Aln+s=2) L2
Jn—i—s—l 2Jn+s—2 1 0|

If we compute the determinant of both sides of the previous equality
we obtain
2Jn+s<]n+s—2 -2 (Jn+s—1)2 = -2 ‘A(n+8_2)’

which is equivalent to
(Jn+s—1)2 - Jn+SJTL+S—2 — (_2)n+s—2.

Since, by Lemma 1 (where m =n+s—1, k=2 and r = 0)

J2(?2L+s—l) = (JnJrsfl)Q,

we have proved the following result:
Theorem 3. Ifn,s >0 and n+ s > 2, then

7

2(n+s—1) - Jn+an+8_2 — (_2)n+s—2'

Also, by considering the generating Jacobsthal-Lucas B-matrix given

in [16] and in [§]
5 2
o[ 1]
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and proceeding in a similar way as we did for Jacobsthal numbers, we
obtain for n,s > 0 and n + s > 2,

Jn+ts 2Jn+s—1 :B(n+s—2) 5 2 .
jn+sfl 2jn+s—2 1 4

Computing the determinant of both sides of this equality we get

. . (n+s-2)
2Jn+sjnts—2 — 2 (]nJrsfl)Q = (322) X (322)
which is equivalent to

Jntsints—2 — (jn+s_1)2 — 32(nts=1)9(nt+s—2)

Using Lemma 1 again (with m =n+s—1, k =2 and r = 0) we obtain
the following result:

Theorem 4. Ifn,s >0 and n+ s > 2, then

: : (2 n+s— n+s—
In+sIn+s—2 _]é(zl-f—s—l) — 32(nts—1)9(nt+s-2)

3. A particular case

In this section we study the particular case of the sequences {Jy(f)}n
and {jr(f)}n defined by (1) and (2), respectively, with k = 2.

3.1. Recurrence relations

First we present a recurrence relation for these sequences.

Theorem 5. The sequences {J,gz)}n and {jy(?)}
following recurrence relations:

satisfy, respectively, the

n

J7s2) = ']722—)1 + 2(]722_)3 + 4J722_)4, n=4,5,...

and

3P =P v 2@+ 4P, =45,

n—3 n—4>
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Proof. First, we consider n even, that is n = 2m, for any natural number
m. In this case, using Lemma 1, we have

T2 = (J)? = T
= Jm (Jm-1+2Jm—2)
= Jmdm-1 + 2Jm T2
= Tt +2 (St + 2Jp2) Jim—s
= T 2T 1 Tmg + A(Jps)?
= 2(772—1 + 2J2(7272—3 + 4(Jm—2)”
= IS 20 AT

as required. Now, for n odd, that is n = 2m + 1, for any natural number
m and, using again Lemma 1, we obtain:

J2(1212+1 - Jme—H
= Jm (Jm + 2Jm—1)
= (Jn)? +2J -1
= J) 4 2 (Jnet + 2 2)
= I+ 20 1)? + A2 1
= J(Q) + 2‘]2(371) 2 + 4Jm 2Jm 1
2 2
— I 2052 4T .
So for every n = 4,5, ... the result is true. In a similar way we can prove

the result for quz). O

We also note that if we consider separately the even and the odd
terms of the above defined sequences we can obtain shorter recurrence
relations. In fact, for n = 2m, for any natural number m, by Theorem 3
(with n =m and s = 1) we have

J2(2) = Jmt1Im—1 = (_Z)mil

m

and so
i = Tt It + (=2)™!
= Jn1(Jm 4 2Jm 1) + (=2)"71
= Jm1Jm + 2(Jm—1)* 4+ (=2)™ !
= 2(7272 1+2J§n§ o+ (—=2)™
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In a similar way, if we consider n = 2m + 1, for any natural number m,

we have J2(nz+1 ImJIm+1 that is equal to

T (T + 2Tm1) = (Ji)2 + 2Ty = J& + 2082
Hence, in this case, we can conclude that

‘]2(7724-1 s )+2J2(n2 1-

2m

Therefore we can conclude the following;:

Proposition 3. A shorter recurrence relation for the sequence {JTSQ)}n
s given by
J(Q) Jz(nz 1t 2J2(7272 o+ (=2)m
2 2 2
o1 = Tim + 250

for the even and the odd terms.

In a similar way we obtain a shorter recurrence relation to { jT(LQ)}n.

Proposition 4. A shorter recurrence relation for the sequence {j,(f)}n
is given by

(2 (2 (2 _

jérr)b = Jénz—l + 2]5711—2 — 32mam-t

(2 (2 (2
Gt = dom + 2o
for the even and the odd terms.

Proof. The proof of the second identity is similar to the one in the previous
proposition. To the first identity, by Theorem 4 we have:

. . (2 _
Jm+1Im—1 — ]énz = 3?mom—1,

Hence

(2 . . _
]éni = Jma1im—1 — 32m2m 1

= Jm—1(jm + 2jm-1) — 3727

= jm—ljm + Q(jm—l)z -
(2 (2 _

=@ 49D  _ 3mgm-1 O

32m2m71
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3.2. Generating Functions

Next we find generating functions for these sequences. Let us suppose

that the terms of the sequences {J7(12)}n and { j,(f)}n are the coefficients

of a power series centred at the origin, that is convergent in }—%, % {,

according the Proposition 2.5 in [14] and [2], respectively, for k = 2.
For {JT(L2)}n we obtain the following result:

Theorem 6. The generating function (x) for J,(LQ) is given by

2 3
1—2— 223 — 424
Proof. To the sum of this power series,

_ i Jr(LQ)xn
n=0

we call generating function of the generalized Jacobsthal sequence of
numbers {J7(L2)}n.
Then
FO (@) = 2O (@) — 20° O () — 42 £ ()

is equal to
(7 + 1P 4 ng + J<2>x3) (P — SO~ JP)

D +Z (12 =02 =202, —472,) 2.

Hence, taking into account the initial conditions of the sequence {Jy(f)}
we have

(1 —z — 223 —4:U4) fO(z) = <O+0:U+1‘2 —1—1:3) - (033 — 02? —:U3)

— 2 x 02 +Z( — (12 + 202 +452,)) am

n’

Now, by Theorem 5, this is equivalent to

(1 —x— 227 — 4x4) fA(x) =2 +22° + i (J7(l2) — J,(f))

n=4

and therefore ) 5
Fo) 1—a — 223 — 424
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Theorem 7. The generating function ¢ ( ) for jn is given by

4 — 2 + 322 — 223

(2) _
97 (@) 1—a — 223 — 424

Proof. To the sum of this power series,

232)n

we call generating function of the generalized Jacobsthal-Lucas sequence
of numbers {j,(?)}n.

Then, in a similar way as in the proof of the previous theorem, we
obtain

(1-2 - 22" - 42*) (@) = (57 + 37w + 55722 + §Pa?)
— (i - 02 - .<2>x3) - 2j62)x3

5 (50 =22y a2
Taking into account the initial conditions of the sequence { j,(?) },.» we have
(1 —z— 227 — 4564) g (z) = (4 +2¢ + 2% + 5:U3>
— (4:75 —22% — 3:3> —8x3 + i (g,& (jff)l + 2],(Z )3 + 4j(2) )) x".
n=4
Now, by Theorem 5, this is equivalent to

908 4t @ () — _ @) @) n
(1-2— 2% — 42%) g () =4 20 + 322 — 2° +nz4( E:

and therefore ) 5
4 —2x + 3x° — 22
(2) — ) ]
97 (x) 1—x—223 — 474

4. Conclusion

In this paper we have presented new families of sequences, J,Sk) and
(k)

Jn~, that generalize the Jacobsthal and the Jacobsthal-Lucas sequences
and we have established some identities involving them.
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We also gave generating functions for generalized Jacobsthal and
Jacobsthal-Lucas sequences {J7(l2)}n and { j,(f)}n.

When we were looking for more elements of these new families we have
found, first, that these families were not in the Encyclopedia of Integer
Sequences [21]. Furthermore, we have found some interesting regularities,
stated in Propositions 1 and 2.
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