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ABSTRACT. Let S be an infinite poset (partially ordered set)
and Zg5"0 the subset of the cartesian product Z°“° consisting of
all vectors z = (z;) with finite number of nonzero coordinates. We
call the quadratic Tits form of S (by analogy with the case of
a finite poset) the form gg : Z§“" — Z defined by the equality

qs(2) = 25 + 2ics 27 T Doiejijes Zi%i — %0 2icg Zi- In this paper
we study the structure of infinite posets with positive Tits form. In
particular, there arise posets of specific form which we call minimax
sums of posets.

1. Introduction

A (finite or infinite) poset S is called a sum of subposets Aj ..., A,, if
A; N A; = @ for any distinct 7,57 and S = Ay U... U A,,. If any two
elements a € A; and b € A; are incomparable whenever i # j, this sum
is called direct. We say that the sum S = Ay + ...+ A,, is said to be
minimaz (resp. semiminimaz) if x < y with x and y belonging to different
summands implies that = is minimal and (resp. or) y maximal in S.

Let S be a finite poset. Denote by Ry (.S) the set of pairs (z,y) € Sx S
with “adjacent” x and y (i.e. comparable x and y such that there is no
element z satisfying v < z <yifz <y,and z > z > yif z > y). If
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S =A:+...+ A, the number

ro(S) = \RO !—Z\RO

will be called the rank of the sum.

Recall that a linear ordered set is also called a chain (or a chained
set).

From the well-known results of V. M. Bondarenko, M. M. Kleiner,
L. A. Nazarova and A. G. Zavadskij (see e.g. [1]) it follows that finite
posets of various representation types have a number of properties which
are naturally formulated in our new terms (and, clearly, could not be
observed before).

Theorem 1. Let S be a minimal poset of infinite (resp. wild) representa-
tion type. Then S is a minimazx sum of three (resp. three or four) chains,
having rank 0 or 1.

Theorem 2. Let S be a faithful poset of finite representation type. Then
S is a minimax sum of n < 3 chains.

Theorem 3. Let S be a minimal non-finitely-parameter poset. Then S
18 a semiminimax sum of three or four chains.

Theorem 4. Let S be a faithful poset of polynomial growth (up to iso-
morphism and duality, the number of such posets is 110). Then S is a
semiminimaz sum of n < 4 chains.

Notice that in Theorem 2 and 4 the number of the chains is not
necessarily equal to the width of S.

We do not know direct proofs of this theorems. But in studying some
of properties of the Tits form of posets there appear to be new connections
with minimax sums, and we will see one of such connection in this paper.

The quadratic Tits form, introduced by P. Gabriel 2] for quivers and
Yu. A. Drozd for posets and a wide class of classification problems (see
resp. [3] and [4] plays an important role in representation theory. In
particular, there are many results on connections between representation
types of various objects and properties of the Tits forms. The reader in-
terested in this theme is referred to the papers of [5], [6], the monographs
[1], [7], and, e.g., the papers [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]
(with the bibliographies therein). Our paper is devoted to study the
structure of infinite posets with positive Tits form.
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2. Formulation of the main result

Let S be an infinite poset and Z denotes the integer numbers. Denote
by (Z°5Y0)g = Z5“° the subset of the cartesian product Z%“° consisting
of all vectors z = (z;) with finite number of nonzero coordinates. We call
the quadratic Tits form of S (by analogy with the case of a finite poset)
the form gg : Z§"? — Z defined by the equality

QS(Z) :Z(Q)'FZZ?-F Z Zizj_ZOZZi~

ieS i<ji,jeS i€s

This form is called positive if it take positive values for all z € Zguo.

In considering a poset S = (A, <) the set A will not be written and
therefore we keep to the following conventions: by a subset of S we mean
a subset of A together with the induced order relation (which is denoted
by the same symbol <), we write x € S instead of z € A, etc.

The definition of rank of a sum of finite posets from Introduction
is incorrect for infinite ones. Now we introduce the notion of the rank
of a sum of posets in the general case (which coincides with those of
Introduction in the case of finite posets).

For a sum S of posets Ai,...,An let R<(A4;, A;) denotes the set of
pairs (z,y) € A; x A; with z <'y. Such a pair (a,b) is said to be short
if there is no other such a pair (d’,¥') satisfying a < o/, ¥ < b. By
RS (A;, A;) we denote the subset of all short pairs from R<(A;, A;). We
call the order 79 = ro(Ai, ..., A,) of the set

n
Ro(As,...An) = | R5(As 4))
ij=1
(i)
the rank of the sum S. Obviously, a direct sum of posets has the rank 0.
Note that the notion of a sum have been introduced by the internal
way (see Introduction). The external way is possible but not natural,
however it is natural in some special cases, and in particular when one
has a minimax sum of rank 1 of two chains.
A poset with the only pair of incomparable elements will be called an
almost chain or an almost chained set.
Our aim in this paper is to classifying the infinite posets with positive
Tits form.

Main theorem. Let S be an infinite poset. Then the Tits form of S is
positive if and only if one of the following condition holds:
1) S is a minimaz sum of rank r < 2 of two chains;

2) S is a direct sum of a chain and an almost chain.
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Note that a sum of rank 0 of two chains from condition 1) is the direct
sum of these chains; chains in 1) and 2) may be empty.

3. Subsidiary lemmas

When we determine some poset 7', the corresponding order relation is
given up to transitivity. In the case when the elements of a poset T
are denoted by natural numbers, the order relation is denoted by < (to
distinguish between the given relation and the natural ordering of the
integer numbers); and then the coordinates z; of a vector z € Z™0 will
be arranged in the natural way (in increasing order of the integer index
i € TUO0). If, in addition, we indicate the figure corresponding to the
poset T, its points are not indexed, but the reader can easily establish
a one-to-one correspondence between elements of 7' and points of the
figure.

Lemma 1. Let T = {1,2,3,4} (without comparable i and j for i # j):

o o o O

then qr(2,1,1,1,1) = 0, and consequently the form qr(z) is not positive.

Lemma 2. Let T ={1,2,3,4|1 <4,2<4,3 <4} :

then qr(1,1,1,1,—1) = 0, and consequently the form qr(z) is not positive.

Lemma 3. Let T ={1,2,3,4,5,6,7,8|2<3,4<5<6<7<8}:

@] O ;

)

then qr(6,3,2,2,1,1,1,1,1) = 0, and consequently the form qr(z) is not
positive.
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Lemma 4. Let T ={1,2,3,4,5,6,7,8|2<8,3<4<5<6<7=<8}:

o ;
then qr(4,2,3,1,1,1,1,1,—-2) = 0, and consequently the form qr(z) is
not positive.

Lemma 5. Let T'={1,2,3,4,5,6,7,8|1 <3,2<3,2<54<5=<6<
7%8}:
@)

7N\

)

then qr(0,1,3,-2,2,—1,—1,—1,—1) = 0, and consequently the form
qr(z) is not positive.

Lemma 6. Let T ={1,2,3,4]1 <3,1<4,2<3,2<4}:

X

I

then qr(0,1,1,—1,—1) = 0, and consequently the form qr(z) is not posi-
tive.
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Lemma 7. Let T ={1,2,3,4,5,6,7]1<2,3<4<5<6<7,1<5}:
O

O
then qp(0,—2,1,—1,—1,1,1,1) = 0, and consequently the form qr(z) is
not positive.

Lemma 8. Let T ={1,2,3,4,5,6,7|1 <5,2<3<4<5<6<7}:
@)

)

)

Q5
then qp(1,2,1,1,1,—1,—1,—1) = 0, and consequently the form qr(z) is
not positive.
Lemma 9. Let T = {1,2,3,4,5,6,7|1 <3 <4 <5<6<7,1<2<

6} :

O
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then qp(1,—1,2,1,1,1,—1,—1) = 0, and consequently the form qr(z) is
not positive.

Lemma 10. Let T ={1,2,3,4,5,6,7,8|1 <2<8,3<4<5=<6<7<
8}:

7

then qr(3,2,2,1,1,1,1,1,—-3) = 0, and consequently the form qp(z) is
not positive.

Lemma 11. Let T = {1,2,3,4,5,6,7,8]1 < 2,3 <4 <5 <6 < 7 <
8,1 <4}:

A

I

then qr(1,-3,2,—2,1,1,1,1,1) = 0, and consequently the form qr(z) is
not positive.
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Lemma 12. Let T ={1,2,3,4,5,6,7,8|1 <7,2<3<4<5<6=<7<
8} :

O -

?

then qr(2,3,1,1,1,1,1,—2,—2) = 0, and consequently the form qr(z) is
not positive.

Lemma 13. Let T ={1,2,3,4,5,6,7,8[1<4,2<3<4<5<6=<7<
8} :

O -

?

then qr(1,3,2,2,—1,—-1,—1,—1,—1) = 0, and consequently the form
qr(z) is not positive.
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Lemma 14. Let T ={1,2,3,4,5,6,7,8|1 <2 <83 <4<5<6<7<
8,1=<7}:

then qr(2,2,1,1,1,1,1,—1,—-2) = 0, and consequently the form qr(z) is
not positive.

Lemma 15. Let T = {1,2,3,4,5,6,7,8[1 <2 <83<4<5<6<7 <
8,1 <4}

then qp(1,—2,2,—1,1,1,1,1,—1) = 0, and consequently the form qp(z)
18 not positive.
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Lemma 16. Let T ={1,2,3,4,5,6,7,8|/1 <2<53<4<5<6=<7<
8,1 <4}:
0

O .

then qp(1,1,2,2,1,—1,—1,—1,—1) = 0, and consequently the form qr(z)
18 not positive.

Lemma 17. Let T ={1,2,3,4,5,6,7,8[1 <3 <4<5<6=<7<8 1<

2<8}:
O

then qr(2,-2,3,1,1,1,1,1, —2) = 0, and consequently the form qr(z) is
not positive.

For a poset T', we denote by T™ the poset dual to T'; we will always
assume that 7% = T as usual sets (then x <y in T* =S iff x >y in 7).
Since the Tits forms of a poset 1" and the dual poset T™ are the same, the
dual lemmas (Lemmas 1* — 17%), i.e. those with the dual posets 1717
instead of T7-T17 (and the same vectors), are hold.
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4. Proof of Main theorem: necessity

We first introduce some definitions and notation.

Given nonempty subsets X,Y € S, we write X <Y if < y for some
x € X,y €Y. and XLY if otherwise. The sum S = A1 + ...+ A,
is said to be one-sided if the transitive relation on the set of summands
{A1,..., An} generated by the relation < is an order relation. When the
sum S is one-sided and A; < A; is not satisfied whenever i > j (resp.
i < j), we say that the sum is right (resp. left).

Let A and B be subsets of a poset S. If there are no comparable
elements + € A and y € B, then A and B will be called incomparable
(in this case their sum is direct). It is natural to assume that subsets
A # @ and B = @ are incomparable; and when we say that A and B
are not incomparable (or write x < y for some = € A and y € B), it, in
particular, means that A # & and B # @).

A subset A of a poset S is said to be upper (respectively lower) if
x € A whenever x > y (respectively z < y) and y € A. The subset
of S consisting of all elements x which are comparable to each element
y € S is denoted by Sp; obviously, it is chained. Note that we identify
singletons with the elements themselves.

Let S be a poset. By Ng(x), where z is an element of S, we denote
the set of all elements of S not comparable to x, and, for a subset X of 5,
set Ng(X) = (Nex Ns(x). An element x € S is said to be isolated if x €
Ng(S\ x), or in other words the subsets {x} and S\ z are incomparable;
analogously, a subset A of S is said to be isolated if A and S\ A are
incomparable. Recall that the width of the poset S is the maximum
number of pairwise incomparable elements of S; it is denoted by w(S).

We will need a special case of the following proposition.

Proposition 18. An infinite poset S of finite width m is a sum of chains
S1,..., Sy with Sy being infinite and each S; a mazximal chained subset
in Si+-+ Sp.

Proof. Tt follows from Theorem 15 [20, p.133] that the poset S is a sum
of chained subsets X1, -+, X;,. One of these chains, say X, is infinite.
Let m > 1 (the case m = 1 is obvious). Set

Xfl) :Xla
XfQ) = X}l) U{z € Xy |X1(1) Uz is chained},



28  MINIMAX SUMS OF POSETS AND THE QUADRATIC TITS FORM

Obviously, Xl(l) - Xf2) - C X{m) with all the subsets to be chained.
)

Moreover, it is easy to see that X fm is a maximal chained subset (of 5).

Indeed, suppose the contrary and let a ¢ Xfm) be an element with the

subset X£m) U a to be chained; and if a € X, then a € X{j) (by the
)

definition of ij )), and consequently a € X {m ; a contradiction.

Thus we can take X§m) as S1. Note that in fact we do not make use
of infiniteness in the last arguments; considering the poset (Xs \ S1) +
-+ (X \ S1) of width m — 1 and applying induction (on the width),
we complete the proof of our statement. O

We proceed now immediately to the proof of the mnecessity of the
theorem; up to the end of the section we assume that S is an infinite poset
with positive Tits form. We prove that one of the following condition
holds:

I) S is a direct sum of two chained subsets;
IT) S is a direct sum of a chained and an almost chained subsets;
III) S is a minimax sum of rank r = 1 of two chained subsets.

By Lemma 1 w(S) < 4. If w(S) = 1, then condition I (with a direct
summand to be empty) holds.

We now consider the case w(S) = 2. Then by Lemma 6 Sy = Sy US{,
where the subset S is lower and the subset S(T upper.

We say that a poset S contains (no) subsets of the form T', where T
is a fixed poset, if there are (no) subsets of S isomorphic to 7'

We need the following simple statement.

Proposition 19. A (finite or infinite) poset with positive Tits form is
chained or almost chained if and only if it contains no subset isomorphic
to one of the following posets:

a) {1,2,3} (without comparable i # j);

b) {1,2,3]1 < 2}.

Proof. 1t is easy to see that a poset P is chained or almost chained if and
only if it contains no subset isomorphic to the poset a) or the poset b) or
the following one:

c) {1,2,3,4]1 < 3,1 <4,2<3,2<4}.
But when P has positive Tits form, it does not contain subsets of the
form c). O

Using this proposition, we prove the following lemma.
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Lemma 20. If w(S) =2 and Sy is infinite, then S is almost chained.

Proof. Since w(S) = 2, the poset S contains no subsets of the form a). It
remains to show that S contains no subsets of the form b). Suppose the
contrary and fix elements a, b, ¢ such that b < ¢ and a is incomparable
with {b,c}. Since Sy is infinite, so is S or SSF. We may assume, without
loss of generality, that Sar is infinite (otherwise we replace S by S*). Then
the subset of S, consisting of the elements a, b, c and arbitrary elements
di < dy < ds < dy < ds of Sif, is isomorphic to the poset T from Lemma
13, a contradiction. O

Thus, if S is of width 2 and Sy is infinite, then condition II) (with the
empty chain) holds.

We now consider the case when Sy is empty. Then obviously Ng(x) #
& for any x € S.

Lemma 21. If w(S) = 2 and Sy = @, then S is a one-sided minimax
sum (of rank r > 0) of two chained subset.

Proof. We set up S in the form of a sum of two chained subset P and
@ with P being infinite (see Proposition 18). We can obviously suppose
that S = P 4+ Q is of rank at least 1. Let a € P and b € Q) be some
comparable elements; without loss of generality one may assume that
a < b (when a > b, we replace S by S*).

Set

P={zeS|lz>b}nP={a}”N{x e P|x>b},
Po={zeS|lz<b}nP=({a}”N{zePlz<b})U({a}~NP)U{a},
Py ={a}” N Ns(b).

Since P is infinite and P = P; U P, U P3, one of the subsets P; is infinite.
We first show that the poset P; is finite. Suppose the contrary and
consider the subset ()1, consisting of the element b, arbitrary elements
¢ € Ng(a),d € Ng(b) and arbitrary elements e; < ez < e3 < e4 < e5 from
Py. When ¢ is comparable to d (then ¢ < d), the subset of @1, consisting
of the elements a, b, ¢, d, is isomorphic to the poset T' from Lemma 6; and
when ¢ and d are incomparable, ()1 is isomorphic to the poset T' from
Lemma 13. In both cases we get a contradiction. So P is finite.

Show, further, that the subset P, is finite too. Suppose the contrary
and let a;,1 < i < 5 be elements of P, such that a; < a2 < az <
ay < as (note that the inequality a5 < a does not necessarily hold). Fix
elements ¢ € Ng(as), d € Ng(b) and consider the subset R;, consisting
of the elements b, c,d, a1, as, a3, a4, as; we may assume that ¢ and d are
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incomparable (otherwise as, b, ¢ and d form a subset isomorphic to T" from
Lemma 6). If ¢ and a; are incomparable for each i = 1,2,3,4 then Ry is
isomorphic to the poset T* from Lemma 11*, a contradiction. Otherwise
we denote by s the largest ¢ € {1,2,3,4} for which a; < b. Then if
s = 1, the subset R; is isomorphic to the poset T* from Lemma 15%,
and if s = 4, R; is isomorphic to the poset T* from Lemma 16*; when
s = 2, the subset Ry \ {d} is isomorphic to the poset T* from Lemma 9*,
and when s = 3, the subset R \ {b} is isomorphic to the poset T from
Lemma 8*. Again we have a contradiction. Thus, the subsets P; and P,
are finite, and consequently Pj is infinite.

We now show that the element b is a maximal element of @ (then,
since Sy = &, b is a maximal element of ).

Suppose the contrary and fix an element ¢ of {b}> N Q. Consider
the subset Rs, consisting of the elements a, b, c and arbitrary elements
a1 < ag < az < ag < ag of the subset Ng(b). If ¢ and a; are incom-
parable for each i = 1,2,3,4,5 then Ry is isomorphic to the poset T*
from Lemma 10*, a contradiction. Otherwise we denote by s the largest
i €{1,2,3,4,5} for which a; is comparable to ¢; then obviously as < c.
When s = 1, the subset R is isomorphic to the poset T* from Lemma
14*; when s = 4, the subset Ry is isomorphic to the poset T from Lemma
15*; when s = 5, the subset Ry is isomorphic to the poset T from Lemma
17*; when s = 2 the subset Ra \ {b} is isomorphic to the poset 7% from
Lemma 8*; when s = 3 the subset Ry \ {a} is isomorphic to the poset T*
from Lemma 7*. Again we have a contradiction. Thus, b is a maximal
element of @ (and of 5).

Further, the element a is a minimal one of P (then, since Sy = &, a is a
minimal element of S). Indeed, if a were not minimal then {a}<NP would
not be empty and the subset, consisting of the elements a, b, an arbitrary
element ¢ € {a}= N P and arbitrary elements a1 < as < az < a4 < as of
the subset Ng(b), would be isomorphic to the poset T* from Lemma 12*,
a contradiction.

Thus, we have proved that b is a maximal element of @ (and of S) and
a is a minimal element of P (and of S). Because the elements a € P and
b € @ such that a < b were chosen to be arbitrary, in fact we have also
proved that a and @ \ {b} (b and P\ {a}) are incomparable; moreover,
by Lemma 6 there are no elements x € P and y € @ satisfying z > y. So
S is a one-sided minimax sum of the (chained) subsets P and Q. O

Thus, from Lemma 21 we have that if w(S) = 2 and Sy = @, then
condition I) or II) holds.

Finally, we consider the case when S is of width 2 and Sy is finite,
but not empty.
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Lemma 22. If w(S) =2 and Sy is finite, but not empty, then the poset
S is a one-sided minimax sum of an infinite chained and a one-element
subsets.

Proof. Recall that Sy = S, U SJ (Sy and S(T are, respectively, the lower
and the upper parts of Sp). Since S; = S\ Sy is an infinite subset of
width 2, we have, by Lemma 21, that S; is a one-sided minimax sum of
an infinite chained subset P and an (infinite or finite, but not empty)
chained subset Q.

Without loss of generality we may assume that SJ # & (otherwise
we replace S by S*). Moreover, the subset SS“ is one-element, otherwise
the subset, consisting of elements d; < do < d3 < d4 < ds of P, where
di is not minimal and d5 is not maximal in P, and any elements a € @,
b,c € S§ (b # ¢), is isomorphic to the poset T' from Lemma 12.

We first show that the rank of S; (as the one-sided minimax sum of
P and Q) is equal to 0. Suppose the contrary and distinguish two cases:
P <@ and @ < P. In the first case the subset, consisting of a minimal
element ¢ € P, a maximal element b € @, an element ¢ € Sar and
arbitrary elements d; < dy < d3 < dy < ds from P\ {a}, is isomorphic to
the poset T' from Lemma 17. In the second case the subset, consisting of
a minimal element a € (), a maximal element b € P, an element ¢ € SJ
and arbitrary elements d; < dy < d3 < d4 < ds from P\{b}, is isomorphic
to the poset T from Lemma 12. In both cases we obtain a contradiction.

So, 57 is the direct sum of the posets P and . Then @ is one-element,
otherwise the subset, consisting of elements a € S;,b1,by € Q(a # b)
and ci1,c2,¢3,¢4,05 € P (¢; # ¢ for i # j), is isomorphic to the poset
T from Lemma 10, a contradiction. Further, the subset S, is empty,
otherwise the subset, consisting of elements a € Sar ,be Q,ce S, and
di,dy,ds,dys,ds € P (d; # dj for i # j), is isomorphic to the poset T from
Lemma 17, a contradiction.

From what we have said above, it follows that S is a one-sided mini-

max sum of an infinite chained and a one-element subsets (having rank 1).
O

So, from Lemma 22 we have that if w(S) = 2 and Sy is finite, but not
empty, then condition IIT) holds.

Thus, the proof of the necessity part of the theorem in the case, when
the width of S is equal to 2, is completed. More precisely, we have proved
that, for an infinite poset S of width 2 with the Tits form being positive,
one of the following conditions holds:
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I')=I) S is a direct sum of two chained subsets;
IT) S is an almost chained subset;

III")=III) S is a minimax sum of rank r» = 1 of two
chained subsets.
It remains for us to consider the case when the width of the poset S
is equal to 3. Note that in this case Sy = @ (by Lemma 2).
We begin with three lemmas.

Lemma 23. If w(S) = 3 and R is an isolated chained subset of S,
containing more than one elements, then S\ R is an almost chained
poset.

Proof. 1f the subset R is infinite, then the subset S” = S\ R (of width 2)
contains no subsets of the form b) (see Proposition 19), otherwise S con-
tains a subset isomorphic to the poset T' from Lemma 3, a contradiction;
consequently, by Proposition 19, the subset S’ is almost chained.

If R is finite and S}, infinite, then S’ is almost chained by Lemma 20.
The case, when R and S{) are finite, is impossible, since by Lemmas 21 and
22 the set S’ contains a subset isomorphic to the poset {1,2,3,4,5,6|2 <
3 <4 <5 <6}, and hence S contains a subset isomorphic to the poset
T from Lemma 3. U

Lemma 24. If w(S) = 3, then S cannot be a one-sided minimax sum of
chained and almost chained subsets, having nonzero rank.

Proof. Suppose the contrary, and let P, () be corresponding chained and
almost chained subsets, respectively. Without loss of generality we may
assume that P <@ (otherwise we replace S by S*); denote by a the only
minimal element of P. Then ) has two maximal elements, because oth-
erwise the subset, consisting of the minimal element a, the only maximal
element of () and two incomparable elements of (), is isomorphic to the
poset T from Lemma 2, a contradiction. Denote these maximal elements
by b and ¢. Since P <1 @, we have a < b or a < ¢; let a < b. When the
elements a and c¢ are comparable, S contains a subset isomorphic to the
poset T* from Lemma 2%, if P is infinite, and a subset isomorphic to the
poset T from Lemma 6, if @ is infinite; when a and c¢ are incomparable,
S contains a subset isomorphic to the poset T from Lemma 4%, if P
is infinite, and a subset isomorphic to the poset T* from Lemma 11%,
if ) is infinite. In all cases we obtain a contradiction, thus proving the
lemma. O

Lemma 25. Let R be an infinite maximal chained subset of S. Then any
subset T of S, which does not intersect R and such that R+ T is almost
chained, consist of a one element.
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Indeed, if T consisted of more than one elements then, by definition
the almost chained poset, all but one of them would be comparable to
each element of R, a contradiction with maximality of R.

Continuing the proof (of the necessity of the theorem), we repre-
sent S as a sum of chained subsets 57,59 and S3 with S7 being infinite
and maximal chained (see Proposition 18). Denote by S;;, where i < j
(i, =1,2,3), the subset S; +.S;. From what we proved above, it follows
that each of the infinite posets (of width 2) S12 and S13 satisfies one of
conditions I'),IT"), IIT").

We first show that in fact each of the poset Si2 and Sis satisfies
condition 1) or IT').

Suppose contrary and, for instance, let condition III") holds for Sis.
Then 575 is a one-sided minimax sum of S7 and S9; we may assume that
S1 <8y (if S <151, we replace S by S*); denote by a the only minimal
element of S;. If Si3 satisfies condition I) or condition III") with S; <1 S5,
then S; \ {a} is an isolated subset of S \ {a}, and hence by Lemma
23 the subset Sz = Sa3 N (S \ {a}) is almost chained; but then S is
a one-sided minimax sum of the chained subset S; and almost chained
subset Ss3, a contradiction with Lemma 24. In the case when Si3 satisfies
condition IIT") with S5 <1 57, the subset S; has also the only maximal
element which we denote by b. Then S; \ {a,b} is an isolated subset of
S\ {a,b}, and hence by Lemma 23 the subset Sa3 = Sa3 N (S \ {a,b})
is almost chained; denote by c¢ the only minimal element of S3 and by
d the only maximal element of Ss. It is easy to see that S contains a
subset isomorphic to the poset T from Lemma 6, if ¢ < d, and a subset
isomorphic to the poset T' from Lemma 4, if ¢ and d are incomparable.
Again we have a contradiction. Finally, we consider the case when Sy
satisfies condition IT"). By Lemma 25 the poset S3 consist of one element,
say c; let d denotes the only element of S; which is incomparable with
c. By Lemma 24 the element c is comparable to some element of Ss;
then S, = {z € Sale<a} # @ or S ={x € Sa|c > a} # @. First,
let S = {x € Sy|c < x} # @; fix some element b in it. Obviously, ¢
is minimal either in Si3 or in S\ {a} (otherwise Sj2 is not a minimax
sum of S; and S3). In the first case the subset of S, consisting of the
elements a = d, ¢, the maximal element of S5 and an arbitrary element
of S1\ {a}, is isomorphic to the poset T from Lemma 6, a contradiction.
And in the second case, the element b is maximal in Sy (because Si9 is a
one-sided minimax sum of S and S2) and the element ¢ is incomparable
with the subset Sy \ {b}; but then the (infinite) poset S\ {a} is a one-
sided minimax sum of the almost chained subset S13\{a} and the chained
subset So, a contradiction with Lemma 24. Suppose now that S}, = @,
and S5 # @; then SY does not contain the maximal element e of Sy
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(otherwise w(S) = 2), and the subset, consisting of the elements a,c, e
and an arbitrary element of S, is isomorphic to the poset T' from Lemma
6, a contradiction.

So each of the posets Si2 and Sp3 satisfies I') or IT').

When both S12 and Si3 satisfy condition I'), S; is incomparable with
So3, and by Lemma 23 the poset Sog is almost chained; hence S satisfies
condition II) of the theorem.

Show, further, that the case, when both S12 and Sy3 satisfy condition
IT'), is impossible. Assume the contrary. Then by Lemma 25 each of the
posets Sy and S3 consist of a one element, say a and c, respectively; the
only incomparable with a (respectively, c¢) element of S is denoted by b
(respectively, d); because w(S) = 2, the element ¢ is incomparable with
the elements a and b (hence d = b). And it is easy to see from this that
S contains a subset isomorphic to the poset T from Lemma 2, or to the
dual poset T*. We obtain a contradiction.

Thus, it remains to consider the case when one of the subset S92, 513,
say Sio, satisfies condition I'), and the other one, i.e. Sis, satisfies con-
dition IT). Then, as in the previous case, S3 consist of a one element —
¢; the only incomparable with ¢ element of 57 is denote again by d.

Show that ¢ is incomparable with So. Assume the contrary. Without
loss of generality we may assume that ¢ < a for some a € Sy (otherwise
we replace S by S*). Then the subset {c,d}” is infinite, because other-
wise so is the subset {c,d}< (since Sy is infinite) and then the subset of
S, consisting of the elements a,c,d and any five elements of {c,d}<, is
isomorphic to the poset T* from Lemma 13*. Further, since w(S) = 3,
the subset Ng(c) N Sy is nonempty; fix some element b in it. And the
subset of S, consisting of the elements a, b, ¢, d and any four elements of
{¢,d}~, is isomorphic to the poset T' from Lemma 5, a contradiction. So
¢ is incomparable with S, and then S satisfies condition II).

The proof of the necessity part of the theorem is completed.

5. Proof of Main theorem: sufficiency

Suppose first that an infinite poset S is the direct sum of two chains
or of a chain and an almost chain, and show that the Tits form gg(z) is
positive. Obviously, it suffices to do it for the finite posets P = Py, p—pm =
{-m,—m+1,...,-1,-0,40,1,2,....mym+1,....,.n| —m < —m+1 <
<=1 < -0<1=<2<...<m-1<40<1m+1<... <n},
where n and m < n are an arbitrary natural number. Moreover, since
for each z € ZFY9 one has the (easily verifiable) equality gp(z) = go(2'),
where Q = Ppo, 2) = 20 — D gepmy1 250 Zs = Zs for § = —m, —m +
1,...,-1,-0,40,1,2,...,mand z, = —zs for s = m+1,...,n, it suffices
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to consider the (almost chained) posets @ = P, 9. The fact that the Tits
form of a poset () = Py, is positive follows from the following (easily
verifiable) equality: 2qq(2) = 22 + Y0, 22+ 7 22 4 (220 — 240)? +
(20— Xye0 21)°
It remains to prove that the Tits form gg(z) is positive for S to be a
minimax sum of two chained posets, having rank 1. Obviously, it suffices
to do it for the finite posets R = R, = {1,2...,2n|1 <2 --- <n,n+1 <
-+ =<2n,1=<2n},Jal n > 1. Denote by R’ = R/, the poset (R\ {2n})U
{—1}, where —1 < i for i = 2,...,n; it is the direct sum of a chained and
an almost chained subsets. The fact that the Tits form ggr(z) is positive
follows from the following (easily verifiable) equality: qr(z) = qgr/(2'),
where 2, = 20— 29n, 2, = zi fori=1,...,n,n+1,...,2n—1,2" | = —29,.
The proof of the sufficiency of the theorem is completed.
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