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ABSTRACT. Feitful representations of two generated free
groups and free semigroups by orientation-preserving plane isome-
tries constructed.

Let G4 denote the group of orientation-preserving isometries of Eu-
clidean plane. G, is a locally compact Lie group, it consists of rotations
and translations. Let G be a countable group or semigroup. An action
of the (semi)group G on the plane by orientation-preserving isometries
is a homomorphism d : G — G4. Let x be a point in the plane. The
orbit of x under the action d is the sequence Og(x) = {d(g)x}4eq in-
dexed by elements of G. Suppose G is finitely generated and g1, ..., g
is some fixed set of its generators. Then the action d is uniquely deter-
mined by isometries A1 = d(¢1),...,Ar = d(gx), and we denote it by
G[A1,...,Ag]. In general, the action G[A1,..., Ax] may not exist for
some k-tuples (Aj, ..., Ag) of isometries. It does exist in the case G is
the free semigroup F'SGy or the free group F'Gy with k generators.

The action d is called faithful if it is a monomorphism. Suppose
d(g1)r = d(g2)x for some g1,g2 € G and a point z. If g1 # g2 and the
action d is faithful, then d(g1)d(g2)~! is a nontrivial rotation and x is its
fixed point. Thus d is faithful implies there exists a countable subset Sy
of the plane such that for any = ¢ Sy all points of the orbit Oy4(z) are
distinct.
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Theorem 1. For a generic pair (A, B) € G2 (both in the sense of mea-
sure and of category), the action FSGy[A, B is faithful.

Theorem 2. Suppose A is a nonzero translation and B is a rotation by
an angle ¢. Then the action FSGo[A, B] is faithful if and only if cosp
s a transcendent number.

The action F'G2[A, B] can never be faithful for the following reason.
For any group G, let G’ denote the commutant of G, that is, the group
generated by commutators XY X 1Y ~1 where XY € G. By G” we
denote the commutant of G’. It is easy to see that the group G, consists
of translations, hence the group G/ is trivial. Therefore every action of
the group FG3 of the form FGy[A, B] descends to an action of the group
Gy = FG9/FGY (the free 2-step-solvable group with two generators).

Theorem 3. For a generic pair (A, B) € G1 (both in the sense of mea-
sure and of category), the action Ga[A, B] is faithful.

We proceed to the proofs of Theorems 1, 2, and 3.

A finite sequence xg, z1,...,x) of points of the lattice Z? is called a
path if xg = (0,0) and |z; — z;_1| =1 for j = 1,...,k. Ordered pairs
(xj—1,25), 1 < j <k, are called links of the path. The set of all paths is
denoted by P. A path xg,x1,...,2 is closed if its endpoint x; coincides
with zg. The set of all closed paths is denoted by P’.

Let 1 and x9 be neighboring points of the lattice Z? and v € P.
Denote by n.(z1,22) the number of times when the pair (z1,22) occurs
as a link of the path 7. Let P” be the set of paths v € P such that
ny(21,22) = ny(x2,21) for any xi,z2 € 72, |z — x1| = 1. Clearly,
P" C P.

Now let us assign a path v(g) € P to an arbitrary element g € FGj.
Let a and b be generators of FGy. Introduce vectors e, = (1,0), e,—1 =
(—=1,0), e, = (0,1), ep-1 = (0,—1). Every element g € FG2 can be
represented in the form cycr_q...c1, where ¢; € {a,b,a™ 1,071}, j =
1,2,..., k. Choosev(g) to be the path x¢, z1, ...,z such that o = (0,0)
and z; — -1 = ec;; 1 < j < k. Obviously, each path v € P is assigned
to a unique element of the group FGy. However the path ~y(g) is not
determined in a unique way by g. Still, some crucial features of ~(g)
depend only on an element g € FGy. These are the endpoint of v(g) and
differences n(g) (71, ¥2) — ny(g) (22, 1) for all z1, 29 € 72, |w1 — 29| = 1.
Given g € F(o, the set of paths assigned to g contains a unique path of
the shortest length. The number of links in this shortest path is called
the length of g.

Lemma 1. Suppose g € FGy. Then g € FGY if and only if v(g) € P/,
and g € FGY if and only if v(g) € P".
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Proof. Let g,h € FGy. Suppose xg,1,...,2x is the path (g) and
Yo, - - -, Ym 18 the path v(h). Then the sequence xg, 1, ..., Tk, Tk+Y1,--+,
T+ Ym 1s the path y(hg) and z¢g = x — g, Tp—1 — Tpy . . ., Lo — T = =T,
is the path y(g~!). Let Ny : FGo — 72 be the map taking each g € FGy
to the endpoint of the path 7(g). It is easy to observe that Ny is a ho-
momorphism. Let H; denote the kernel of N;. Then g € H; if and only
if v(g) € P'. Clearly, Hy is a normal subgroup of FGy and FG) C Hj.
Take any element g € Hj of positive length. The element ¢ is uniquely
represented as cxcg_1 . ..c1, where ¢; € {a,b,a” 1,071}, 1 < j <k, and
k is the length of g. Since g € H;, we have ¢, = cl_1 for some m,
1 < m < k. By construction, m > 2. Set h = ¢;,_1¢m-2...co. Then the
element g; = gcl_lh_lclh = Ck...Cm+1Cm—1---Co is of length at most
k — 2. Moreover, g1 € H; since cflh_lclh € FGY. The inductive argu-
ment yields that H; = FG).

Let L denote the set of ordered pairs (z1,23) such that z1,z9 €
Z? and |rq — 29| = 1. For any path 7 € P the collection of numbers
ny(x1,22) — ny(T2,21), (x1,22) € L, can be considered as an element
of the group Z%. Since differences r(g) (x1,22) — Ny(g) (z2,21) depend
only on g € FGy, we have a well-defined map Ny : FGy — Z. The
restriction of the map Nj to the subgroup Hy = FGY is a homomorphism.
By Hj denote the kernel of this restriction. Clearly, g € H» if and only
if v(g) € P”. Tt is easy to observe that Hy is a normal subgroup of
FGy and FGY C Hy. We claim that Hy = FGY, ie., any element
g € Hj belongs to FGY. The claim is proved by induction on the length
k of the element g. In the case k = 0, there is nothing to prove. Now
let k& > 0 and suppose the claim is true for all elements of length less
than k. There is a unique representation ¢ = cpcp_1...c1 such that
¢; € {a,b, a_l,b_l}, 1 < j < k. Denote by ~ the path zg, z1,...,z; such
that zo = (0,0) and z; — ;-1 = e.;, 1 < j < k. Then v € P" since
g € Hy. In particular, there exists an index [ > 0 such that the points
xg,x1,...,2;_1 are distinct while x; = x,,, for some m < [. Set g1 =
Cm—1-+-C1Ck ... Cm. Then g = cp—1...c19(cm-1-. .cl)_1 € Hy and the
length of g; is at most k. The path v(g1) can be chosen as yo, y1, - . -, Yk,
where y; = Tiym — Tm for 0 < ¢ < k—m and y; = ;_pyrm — Tm for
i > k —m. Since y(g1) € P”, there exists n > 0 such that y,—1 = 1

and y, = yo. By construction, the points yo,y1,...,yi—m_1 are distinct
and y;_,, = Yo, hence n > I — m. The sequences yg, Y1, - -, Y1—m, and
Yiems - - - Yn, and yp, ..., yr are closed paths. They are assigned to some

elements hi, ho,hs € FGY, respectively. Clearly, g1 = hshahy. Since
Yn—1 = Y1, the element go = hghihs is of length at most k — 2. Moreover,
go = glhflhglhlhg € Hy as hflhglhlhg € FGY. By the inductive
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assumption, go € FGY. Then g1 € FGY. Since g and g; are conjugated,
we have g € FGY. The claim is proved. O

Let P/ denote the set of paths v € P such that ny(z,z + e,) =
n~ (7 + eq, ) for every x € Z? and P§ denote the set of paths v € P such
that n(z,z + ep) = n(z + ep, ) for every x € Z2.

Lemma 2. P/NP =P/ NP =P".

Proof. Obviously, P” = P{' N Pj. For every path v € P’ and every
z € 72 we have the equality n(z, 7 +e4) +nq (2,2 — €4) + 1y (T, 2+ €p) +
Ny (2,2 —ep) = ny(x+eq, ) +ny (T —€q, ) + 0y (T +ep, ) + 1y (2 —ep, ).
If, moreover, v € Py, then n,(x,z + eq) = ny(z + eq, ) and ny(z,z —
€q) = Ny(x — eq,x), hence n,(z,x + €5) = ny(x + e, ) if and only if
ny(x — ey, x) = ny(z,z — ). By the inductive argument we obtain that
the equalities ny (z, z+ep) = ny(x+ep, x) and ny(x+key, x4+ (k+1)ep) =
n~(x + (k+ 1)ep, x + kep) are equivalent for any v € Py'NP', any = € Z2,
and any integer k. Since n,(x+kep, x4+ (k+1)ep) = ny(x+ (k+1)ep, x +
key) = 0 for large k, the equality n(z,z + e,) = n,(x + e, ) holds.
Thus, P/ N P" C Py. The relation Py N P" C P/ is established in the
same way. The lemma is proved. ]

Let A, B € G4 be noncommuting (counterclockwise) rotations by an-
gles ¢ and 1, respectively. We assume that the angles ¢ and i are not
multiples of 27.

Lemma 3. Suppose the action Ga[A, B] is not faithful. Then there exists
a nonzero polynomial @ in two variables with integer coefficients such that

Qe ) = 0.

Proof. Let xy be the fixed point of the rotation B. Let R, denote the
rotation by an angle o around the point xg. Let T'(y) denote the trans-
lation by a vector y € R% We have B = Ry and A = R,T(z), where
z is a nonzero vector. Set d = FG[A, B]. Given an element g € FGs,
let (m, k) be the endpoint of the path v(g). It is easy to observe that
d(g) = RimptkpT(y) for some y € R Then

d(ag) = Ad(g) = Runt1)ptho T (Y + Romp—kp?),
datg) = A7d(g) = Rin-1)prkeT W — R_(m-1)p—kp?),
dlbg) = Bd(g) = RupimrwT (),

d(b='g) = B7'd(g) = Rpprp-1pT )

These relations along with the inductive argument allow us to calculate
the isometry d(g) for every g € FGy. We obtain d(g) = Ry, otk 0T (y),
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where (m1, k1) is the endpoint of the path v(g) and

Y= Z (nv(g)((ma k)a (m+1> k))_n”/(g)((m_'_la k)a (m> k)))R—mcp—kz/zz-
(m,k)eZ?

Suppose the isometry d(g) is the identity. Then mip + k17 is a mul-
tiple of 2w and y = 0. The first condition is equivalent to the equality
ellmetkiv) — 1 Since z is a nonzero vector, the condition y = 0 is
equivalent to the equality

> (Pt ((m k), (41, B) =nag) (me+1, k), (m, k) e~ 0me k) — g,
(m,k)€Z2

If v(g) ¢ P’ N P/, then the two equalities imply there exists a
nonzero polynomial ) in two variables with integer coefficients such that
Q(e', ™) = 0. On the other hand, if v(g) € P'N P/, then g € FGY due
to Lemmas 1 and 2.

Finally, we can guarantee that at least one of the following conditions
holds: (i) there exists a nonzero polynomial @) in two variables with inte-
ger coefficients such that Q(e’?, e™) = 0; (ii) the isometry FG2[A, B](g)
is the identity if and only if g € F'GY. The condition (ii) means the action
G2[A, B] is faithful. O

Lemma 4. There exist F,-sets Si,Ss € R? such that:
(1) the section {5 | (o, B) € S1} is at most countable for any o € R,
(11) the section {a | (o, B) € Sa} is at most countable for any f € R,
(111) the action Go[A, B] is faithful whenever (p,1) ¢ S1 U S.

Proof. Let @) be a nonzero polynomial in two variables with integer coef-
ficients. Clearly, the set Z(Q) = {(z1, 22) € C? | Q(21, 22) = 0} is closed.

The expression @Q(z1, z2) is uniquely represented in the form

po(22) 27 + p1(22) 2 4 4 pra_1(22) 21 4 pin(22),

where po, p1,...,pm (m > 0) are polynomials in one variable with inte-
ger coefficients and, moreover, py is a nonzero polynomial. Set P(Q) =
{(21,22) € C | po(22) = 0}, Z1(Q) = Z(Q) N P(Q), and Z>(Q) =
Z(Q) \ Z1(Q). Since pg is a nonzero polynomial, the set P(Q) is the
union of a finite number of parallel planes in C2. Then the set Z;(Q)
is closed and the section {22 | (21,22) € Z1(Q)} is at most finite for
any z1 € C. Given € > 0, let P.(Q) denote e-neighborhood of the set
P(Q). Obviously, the set Z3(Q) \ Pe(Q) is closed for any € > 0, therefore
Z5(Q) is an Fy-set. Take any zo € C. If po(z2) # 0, then the section
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{z1 | (z1,22) € Z2(Q)} = {21 | (z1,22) € Z(Q)} contains at most m
elements. If po(z2) = 0, then the section {z; | (21, 22) € Z2(Q)} is empty.

Set Z1 = Ug Z1(Q) and Zy = Jg Z2(Q), where both unions are
over all nonzero polynomials in two variables with integer coefficients.
Since there are only countably many such polynomials, it follows from
the above that Z; and Zy are F,-sets. Moreover, for any z; € C the
section {22 | (21,22) € Z1} is at most countable, and for any zo € C the
section {z1 | (21, 22) € Za2} is at most countable.

Define a map E : R? — C2 by the relation F(a,3) = (e, e*) for
any a,3 € R%. Set S; = E71(Z;) and So = E~(Z3). The map E
is continuous and the preimage E~!(z) of any point z € C2 is at most
countable. It follows that S; and S are F,-sets satisfying conditions (i)
and (ii).

Recall that A and B are noncommuting rotations by the angles ¢
and ), respectively. Suppose (1, ¢) ¢ S1U S2. Then Q(e'¥, ™) # 0 for
each nonzero polynomial ) in two variables with integer coefficients. By
Lemma 3, the action G3[A, B] is faithful. Thus condition (iii) holds. O

Proof of Theorem 3

Let zo be a point in Euclidean plane. For any o € R and any y € R?,
let R, denote the (counterclockwise) rotation by the angle o around the
point zg and T'(y) denote the translation by the vector y. Define a map
D :RxR? — G, by the relation (o, y) — RoT(y). The map D descends
to a map Dy : R/27Z x R?> — G, which is a diffeomorphism. Let
S1, 82 C R? be F,-sets satisfying conditions (i), (ii), and (iii) of Lemma
4. We can assume without loss of generality that S; and Ss are invariant
under translations from (277Z)2. Set Sy = R?\ (S U Ss). It follows from
the conditions (i) and (ii) that Sy is a Gs-subset of R? which is dense and
of full measure. Finally, let S denote the set of pairs (4, B) € G2 such
that A = R,T(y) and B = RyT'(z), where (p,v) € Sy, ¢ and 1) are not
multiples of 27, and y # z. Since Dy is a diffeomorphism, it follows that
S is a dense Gjs-subset of full measure of gi. This means that a pair
(A, B) € S is generic both in the sense of measure and of category. By
construction, A and B are nontrivial rotations that do not commute. By
Lemma 4, the action G2[A, B] is faithful. O

Lemma 5. Generators of the group FGy/FGY generate a free subsemi-
group.

Proof. Let a and b be generators of the group F'Go. By H denote the
semigroup generated by a and b. Suppose g1, 92 € H. We have to prove
that g;lgl € FGY only if g1 = ga. Let xg,z1,..., 2, be the path vy(g1)
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and Yo, Y1, ..., Yn be the path v(g2). Without loss of generality it can be
assumed that all links (z;_1,2;) and (y;—1,y;) are of the form (z,z +€4)
or (x,x+ep). If gz_lgl € PG, then n = k, ), = yi, and xg, T1,..., T =
Yk, - - -, Y1, Yo is the path 'y(g;lgl). Obviously, . (xj—1,2;) =1 for
any j = 1,...,k, while %

95 91)
92—191)(:%-,3:]',1) =1 only if (zj_1,%;) is a link
of the path v(g2). It follows from Lemma 1 that g;lgl € FGY only if

g1 = g2 O

Proof of Theorem 1

Let a and b be generators of the free group FGs. Let p: FGy — Gy =
FGy/FGY be the natural projection. The elements p(a) and p(b) are
generators of the group G2. By Lemma 5, the semigroup generated by
p(a) and p(b) is free. It follows easily that for any A, B € G the action
FSGsy[A, B] is faithful whenever the action G3[A, B] is faithful. Thus
Theorem 1 is a corollary of Theorem 3. O

Proof of Theorem 2

Let xg be the fixed point of the rotation B. Denote by R, the rota-
tion by an angle a around the point xy. Denote by T'(y) the translation
by a vector y € R%. We have B = R, and A = T(z), where z is
a nonzero vector. Let a and b be generators of the semigroup FSGs.
An arbitrary element g € FSG> can be uniquely represented in the
form b™kab™k-1q . ..b" ab™0, where mg, m1, ..., my are nonnegative in-
tegers. It is easy to observe that F'SG2[A, B|(9) = Ra,T(yy), where

k
ag =@y ;i_om;and
Yg = RBomop? + B_(motm)p? -+ B (motm+tmp_1)p %

Let h = babls—1a...b""ab be an element of FSG, different from g.
Suppose that F'SG3[A, B](h) = FSG2[A, B](g). Then aj, — oy is a mul-
tiple of 27 and y;, = y,. The first condition is equivalent to the equality
eillotlittls)p — gilmotmittmi)e while the second condition is equiv-
alent to the equality

ety 4 gmillotl)e 4 pmillottls—1)p —
e—imoy | p—ilmotmi)e o 4 o—i(motetmg—_1)e

Since the sequences mg, mq, ..., mg and lg, [y, ..., s are different, the two
equalities imply e~ "% is an algebraic number. Thus the action FSG2[A, B]
can be not faithful only if the number e~ is algebraic.



Y. VOROBETS 125

Now suppose e~ is an algebraic number. Then there exist two dif-
ferent nondecreasing sequences mg,mq, ..., m; and lg,l1,...,ls of non-
negative integers such that

eTIMOP | TP L g oM eleogo + 6*11160 g 4 elesga'

Choose a positive integer M such that mp < M and [y < M. We can
observe that F'SGs[A, Bl(g) = FSG2[A, B](h), where

g = bM_mkabmk_mk—la...bml_moabmo,

h = bM-lsgpls=ls-1q . phr—logplo,

The elements g and h of the semigroup F'SG» are different, therefore the
action F'SG2[A, B] is not faithful.

It remains to observe that, given a real number «, the numbers e,
sin a and cos « are either all algebraic or all transcendent. O
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