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ABSTRACT. In this article we study gyrogroups and left gy-
rogroups as transversals in some suitable groups to its subgroups.
These objects were introduced into consideration in a connection
with an investigation of analogies between symmetries in the clas-
sical mechanics and in the relativistic one. The author introduce
some new notions into consideration (for example, a weak gyro-
transversal) and give a full description of left gyrogroups (and gy-
rogroups) in terms of transversal identities. Also he generalize a
construction of a diagonal transversal and obtain a set of new ex-
amples of left gyrogroups.

1. Introduction

At the first time the concepts of a gyrogroup and a gyrocommutative gy-
rogroup were introduced into consideration in [14] in a connection with
an investigation of analogies between symmetries in the classical mechan-
ics and in the relativistic one. In [14, 15| the elementary properties of
gyrogroups were established and it was shown that they are left special
loops.

In [4] the concept of the gyrogroup was generalized and it was intro-
dused a notion of a left gyrogroup; also in [4, 3, 5, 6| these objects were
considered as transversals (gyrotransversals) in some groups to their sub-
groups.

In the present work the research of above-mentioned concepts is pro-
ceeded. In §1 the necessary definitions are introduced, among which the
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concepts of a weak gyrotransversal and a middle Bol loop deserves the
special attention. The elementary properties of these objects are proved.
In §2 it is shown that the left gyrogroups is exactly weak gyrotransver-
sals in some groups; and some its properties are established. In §3 and
§4 the transversals in groups are investigated, for which the transversal
operations are gyrogroups and commutative gyrogroups, respectively. In
§5, proceeding from a definition of semidirect product of a left loop and a
suitable group (see [12, 11]), it is shown that weak gyrotransversals (gyro-
transversals) are obtained by the natural way in the semidirect products
of the left gyrogroups (gyrogroups) and the suitable groups. At last, in
§6 the generalization of a construction of the diagonal transversals (see
[4]) is given.

2. Necessary definitions, notations and preliminary state-
ments

Definition 1. [2/ A system (E,-) is called a left (right) quasigroup
if the equation a-x =b (y-a = b) has an unique solution in the set E
for anyone given a,b € E. The system (E,-) is called a quasigroup if it
is both left and right quasigroup simultaneously. A left (right) quasigroup
(E,-) is called a left (right) loop if there exists the element e € E such
thate -z = x (x-e = z, respectively). This element e € E is called a
left (right) unit. The system (E,-) is called a loop if it is both left and
right loop simultaneously (in this case e-x =z -e=2x Yx € E, and this
element e € E is called a unit of the loop (E,-)).

Definition 2. [1, 10/ Let (G,-,e) be a group and (H,-,e) be its own
subgroup. A complete set T = {t;},. of representatives of the left (right)
cosets of the group G to its subgroup H (exactly one representative from
each coset) is called a non-reduced left (right) transversal in G to H.
If the non-reduced left (right) transversal T satisfy the condition e =t €
T, then the set T = {t;}, . is called a left (right) transversal in G to
H. The left transversal T in G to H is called a two-sided transversal
i G to H, if it is a right transversal in G to H simultaneously.

For every left transversal T' = {t;};,cr in G to H it is possible to define
correctly a following operation on the set F (a transversal operation):

T e
x(-)y:z £, tyty =t:h, heH. (1)

Lemma 1. The following statements are true:
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1. If T is a non-reduced left (right) transversal in G to H, then the

M), . . . . . ‘
system (E, -") is a left (right) quasigroup with the right (left) unit
1 .

7

T
2. If T is a left (right) transversal in G to H, then the system (F, (-))

is a left (right) loop with the unit 1.

Proof. The proof is similar to the proof of Lemma 1 from [10]. O

Definition 3. A left transversal T in G to H is called a loop transversal

T
if the transversal operation (E,('), 1) is a loop.

Lemma 2. For every left transversal in G to H the following statements
are equivalent:

1. T is a loop transversal in G to H;
2.V € G the set T™ = nTn~ ! is a left transversal in G to H;

3. ¥V € G the set T is a left transversal in G to THr ™!,

Proof. The proof it can see in [1]. O

For every left transversal T in G to H we shall denote:

def

loy = tyytaty € H.

Definition 4. [13/ A left multiplication group of a left quasigroup
(E,-):

LM ((E, )Y (Lo|Lo(z) =a -z, acE).

A left inner mappings group of a left loop (E,-,1):
LI((E, 1)) € fa € LM ({E.-1))]a (1) = 1},
It is known (see [13]) that
LI((E, 1)) = (loy|z,y € E).
Definition 5. A left transversal T = {t;},c, in G to H is called a

1. weak gyrotransversal, if the following conditions hold:

(a) T is a two-sided transversal in G to H;
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o) LI(E, V1) € No(T), ie. Vb e LIGE, 1)) it is true

that RTh™' C T';
2. gyrotransversal [}, 3/, if the following conditions hold:

(a) Vt; € T it is true that t; ' € T;
(b) H C Ng (T), i.e. Yh € H it is true that KTh=1 C T.

Definition 6. [4/A system (E,-) is called a left gyrogroup, if the fol-
lowing conditions hold:

1. In the set E there exists an element 1 such that

l-x=x VxekFE.

2. Yz € E there exists an element ~'x € E such that
Trex=1.
3. Ya, b, z € E the following identity holds:
a-(b-2z)=(a-b) aup(z),
where aqp € Aut ( (E,-)) is called a gyroautomorphism.

Remark 1. A left gyrogroup (FE,-,1) is a left loop, i.e. the equation
a-x = b has the unique solution in F for every fixed a,b € E. Really, let

a-x=>0.
Then for left opposite ~'a to a € E we have:
lab = Tla(ax)=(Tlaa) o, (z) =
= 1 () = 01 (2).
ie z= oClla’a (Tla-b).

Definition 7. [14, 4, 3, 15] A left gyrogroup (E,-,1) is called a gy-
rogroup, if Ya,b € E the following condition holds:

Qg b = Qg.bb-

Definition 8. [14, 4, 3, 15] A gyrogroup (E,-,1) is called a gyrocom-
mutative gyrogroup, if Va,b € E the following condition holds:

a-b=ogp(b-a).
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Below we shall consider a group G as its permutation representation
G by the left cosets to its subgroup H. If T' = {t; }.cE is a left transversal
in G to H, we define [10]:

~ d
g(x)=y é» gtzH =t,H. (2)

It is known (8] that if

Corec(H) = N gHg™ ' = {e},
geG

then G = G; below we shall propose that Coreg(H) = {e}.

Lemma 3. Let T = {t;} . is a non-reduced left transversal in G to H

T
and (E, (-), 1) is the transversal operation. Then the following formulas
are true:

1.Yhe H: h(1)=1;

2. Vx,y € B:

3. If T = {ts} e is a left transversal in G to H, then also the fol-
lowing identity is fulfilled:

t1 (x) = z.

Proof. The proof is similar to the proof of Lemma 4 from [10]. O

Lemma 4. Let T = {t;},cp be a non-reduced left transversal in G to H

T
and (E, « ), 1) be its transversal operation. Then the following statements
are equivalent:

1. T is a non-reduced two-sided transversal in G to H;

T
2. The equation x & a = 1 has an unique solution in E for every
ac b,

3. AsetT 1= {t;l} s a non-reduced two-sided transversal in G
I el
to H.
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Proof. 1) < 2). The proof is similar to the proof of Lemma 7 from [10].
1) «— 3). Since Vz € E it is true that

(Ht,) ' =t;'H, (t.H) ' = Ht; ",

so if T is a non-reduced left (right) transversal in G' to H then T~ ! is a
non-reduced right (left) transversal in G to H, and vice versa. g

Definition 9. [2] A left (right) quasigroup (E,-) is called a special
quasigroup at the left (at the right), if Vo,y € E

loy = LyyLoLy € Aut ( (E,))
(T2y = R;éRsz € Aut( (E,-)), respectively).

Definition 10. /2] A left loop (E,-) is called a left Bol loop, if the
following identity (left Bol identity) is fulfilled Vzx,y,z € E:

z (y (x2)) = (z (y2)) 2.

Lemma 5. A left Bol loop (E,-, 1) satisfies the following properties:

1. the left inverse property, i.e. Vr,y € E: 'z - (v-2) = z, where
~1
r-x=1;

2. lo =a71 ie. the left and the right inverse elements to an element

x € E coincide;
3. the left alternation, i.e. Vz,y € E: - (x-y) = (x - x) - y;

4. the solution of the equation a-x =b is x = a~'-b, and the solution
the equation y-a ="bisy =a"'- ((a -b) - a_l), i.e. left Bol loop
(E,-,1) is a loop.

Proof. The proof it can see in [2], chapter 6. O

Definition 11. An operation (E,-) is called a middle Bol loop [2], if
the following identity holds:

z-((y2)\z) = (¢/2) - (y\z),
where ”\” and " |7 are left and right divisions in (E,-), respectively.

Lemma 6. Let (E,-) is a middle Bol loop. Then the following statements
are true:

1. (E,-) is a loop with some unit 1;
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2. The left inverse element ~'x and the right inverse element x™1 to

an element x € E coincide: oz = x71;

3. If (E,-,1) is a left Bol loop and " /" is the right inverse operation
to the operation ” -7, then the operation

zoy=afy”

is a middle Bol loop (E,0,1), and everyone middle Bol loop can be
obtained in a similar way from some left Bol loop.

Proof. The proof it can see in [7]. O

3. Left gyrogroups as weak gyrotransversals

Lemma 7. Let T be a left transversal in G to H. Then the following
statements are equivalent:

1. T is a weak gyrotransversal in G to H;

T
2. The transversal operation (E, « ), 1) is a left gyrogroup.

Proof. 1) — 2). Let T be a left transversal in G to H and T be a weak
gyrotransversal in G to H, i.e. the two following conditions hold:

1. T is a two-sided transversal in G to H;

T
2. Vhe LI ((E, (-), 1)) it is true that hTh=! C T.

Let us show that the conditions 1) - 3) from Definition 6 are fulfilled

: (T)
for the operation (E, -, 1).

The condition 1) is fulfilled automatically for anyone left transversal
in G to H (see Lemma 1).
The condition 2) follows from the Condition 1 and Lemma 4.

T
Valid Condition 2 Vx € E and Vh € LI ((E, ¥ ), 1)) it is true that
htxh_l = ty(z)- (3)
In virtue Lemma 3 we have:
¥ (@) =dy) (1) = hizh™ (1) = hi, (1) = h (),

i.e. the equality (3) may be rewritten as:
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T
Let us show that Vh € LI ((E, « ), 1)) a mapping

an:x— h(x)
: . . (T)
is an automorphism of the operation (F, -',1). We have Vx,y € E:

toty = toyley,

T
where I, = t;étwty € LI((E,(-),1>). Then in virtue of (4) Vh €

T
LI(E, ¥ ), 1)) it is true that

hth tht,h™t = htp,h thl, bt
_ ) /
bwlhw) = lhap

T
where 1/ € LI((E,(~), 1)), and

(T)

i.e. oy, is an automorphism of the operation (E, -, 1).

At last Va,b, z € E we have in virtue of (4):
tatpt, = ta‘bla,btz 2 ta~bla,btzl;;la,b =
= tadti,,@lab = Yab)i, o) labisp() et

and, on the other hand
talpt, = tatb~zlb,z = ta-(b-z)la,bzlb,z‘

So we obtain

fowo)lotzloz = tanyi, o) labiselad
According to the definition of a left transversal it means that

(T) +
b) - lap(2),
. T
where oy, , = [, is an automorphism of the operation (E, (- ), 1) (as it
was shown above). The condition 3) of Definition 6 is fulfilled.
2) — 1). Let T = {t,},ecr be a left transversal in G to H and the

T
operation (F, ¥ ), 1) be a left gyrogroup. Then the conditions 1)-3) from
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Definition 6 are fulfilled for the operation (E, (:-F), 1). Let us show that T’
is a weak gyrotransversal.

By virtue of condition 2) and Lemma 4 the transversal T is a two-sided
transversal, i.e. the item 1a) of Definition 5 holds.

By virtue of condition 3) it is true that Va,b, z € E:

tAatAb (Z) =tab (aa,b (Z)) )

T
i.e. lgp = 0 p is an automorphism of the operation (F, (- ), 1). Then

o, " 1) ¢ aue, 1) (5)

T
Now let h € LI ((E,(-),1>) and we shall consider the expression

(htkh_l) Vo € E. Since Vo € E htyzh™' € G then
htgh™! = tuh (6)
for some v € E and h; € H. Valid Lemma 3 we have:
w=t, (1) = tyh1 (1) = hizh ™' (1) = hi, (1) = h (z).
So (6) may be rewritten as
htuh ™' =t \hi. (7)
Further we have Vz,y € E:

taty = toyley,
htyh 'ht,h ™t = htg,h hiy bt

In virtue of (7) we obtain:
-1
til(x)hlti‘b(y)hz = tiz(z-y)h3 ) hlw,yh ) hi,ha, hs € H.

Again in virtue Lemma 3 we have

~ ~

Fioy I iyhz (1)

~

L3l Loyh ™ (1),

~—

i) i () =i ). €

T
Since h € LI((E,(-), 1)) then in virtue of (5) we have

iy =h@) Ry,
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Substituting the last equality in (8), we obtain

(T) »

@) Vi (hw) =h @) Vi) Veyep.

T
Since T is a left transversal in G’ to H then system <E,(-), 1) is a left
quasigroup; therefore we receive

(b)) =hy) vyek.
Since the mapping h (y) is a permutation on the set E then we have:
hi(2)=2z VzeE,

ie. hy =id and so h; = e. Then according to (7), we receive that

Vh e LI((E, (T), 1)) and Vz € E it is true that

ht,h™t e T,

i.e. the item 1b) of Definition 5 is fulfilled. Then the transversal T is a
weak gyrotransversal. O

Corollary 11. If a left transversal T in G to H is a gyrotransversal then
the transversal operation (E, (T), 1) is a left gyrogroup.

Lemma 8. Let T be a weak gyrotransversal in G to H (i.e. the transver-
sal operation (E, (T), 1) is a left gyrogroup). Then the transversal opera-

T
tion (F, (-), 1) satisfies the following properties:

T
l.a -"b=a ¢ & b=c (left cansellation);

T
2. The element 1 € E is the unique unit for the operation (F, ('), 1);
T
3. Va € E there exist an unique left inverse element ~1a (_1a( : )a =1)
T
and an unique right inverse element ~la (a (-)a_1 =1).
4. If agp ts a gyroautomorphism then
(T) (1), (1)
Qa b (Z) = (a ’ b)\(a ’ (b ’ Z))a

(T)

ol (z) = M@ )2y,

and, as a corollary, agq = a0 = id.
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5. It is true that Va,y € E:

(e y) = e (),
y) = %(y),

where @, and Y, are some automorphisms of operation <E,(-

Proof. 1) and 2) follow from Lemma 1.
3) follows from Lemma 1 and Lemma 4 (item b)).
4). According to the definition of a left gyrogroup

a-(b-2)=(a-b)-au(2).

On the other hand, since T" is a left transversal then t,t, = tq.4l4 5, and
soVzeFkE

a-(b-2) =1q(b-2) = taly (2) = taslap (2) = (a-b) - lap (2) .

~

So aygp = hgp. Then, according Lemma 3

Gap(5) = lup(2) = 5 Maiy ()= (@-B)\ (a- (b-2)),
s (2) = gy (2) = 115 Has (2) = B\ (a\ (a- B) - 2).
5). From the item 4) it follows that

Z- (x_l ’ y) = (.CL‘ ' x_l) T Qg -1 (y) = Pz (y) )
- (x ' y) = (_1.’13 ' ‘T) 01 g (y) ¢a: (y) .

x

O

Remark 2. In a left gyrogroup the left inverse property may not be
fulfilled. The example it can see in [9], page 317-318.

4. Gyrogroups as loop transversals of a special kind

Lemma 9. Let T = {t;},.p be a weak gyrotransversal in G to H. Then
the following statements are equivalent:

T
1. The transversal operation (E,(-), 1) is a gyrogroup;

2. VxeE: t,Tt, CT;

T
3. The transversal operation <E,(-), 1) is a left Bol loop.
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Proof. 1) — 2). Let T = {t;},cp be a weak gyrotransversal in G to H

T
and transversal operation (F, ¥ ), 1) is a gyrogroup. Then Vz,y € E:

Qzy = gy y-

In virtue of Definition 6 and Lemma 3 we have:

-1 -1
togtaty = oty ety
-1 -1 _ -1
toytatey = Py
—1
tayty oy = tay)y (9)

If y = 2! then from (9) we obtain that

tl=e-t;l e=t, 1, (10)

xT

i.e. (9) may be rewritten as
loyte-1lzy = bzy)y- (11)

T
Since (E, ¥ ), 1) is a left loop, then the following replacement is correct:

{ vl =u y=z\v=(1/u)\v=(u)\v

r-y=v
Then (11) may be rewritten as: Vu,v € E
botuty = to.((~1u)\v)»

l.e.
t,I't, CT Yv € E.

2) — 3). Let T be a left transversal in G to H and Vz € E
t, Tty C T,
Then Vz,y € E there exists a permutation o, (y) such that
totyte = ta (- (12)

In virtue Lemma 3 we have

Oy, (y) = £ozgg(y) (1) = £;Icl?yf:v (1) = mfy (x) = (y : HT) :
Then (12) may be rewritten as

tatyts = te(ya)-
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Again applying Lemma 3, we obtain:

vy (@2) = 2 (yfa(2)) =2 fyla (2) =
t t

T
i.e. the left Bol identity is fulfilled for the operation (F, -’,1). Then

T
(E, (-), 1) is a left Bol loop.
T
3) — 1). Let T be a weak gyrotransversal and <E,(‘), 1) be a left

T
Bol loop. Then (E, (-), 1) is a left gyrogroup and the left Bol identity
holds:

z-(y-(z-2) = (z-(y-2))- 2

Then in virtue Lemma 3 we obtain Vz € E:

tolyly (2) = z-dyly(2) =2 (y-1.(2)) =
- batyte = byt (13)

T
Besides for a left Bol loop (E, (-), 1) it is true, that for every element
x € E the left inverse element ~'z coincides with the right inverse element

T
z~% ~lz =2~ Also we know that a left Bol loop (F, (-), 1) is a left
I P-loop, i.e.

lr(zoy) == ((*lx) y) =vy. (14)

Let us do a replacement:

-1
by =% syl gz =u-
{y-:c:v r=y  -(y-x)=u-v.

Then (13) may be rewritten as: Yu,v € E
tuwtu-1tuw = L)o- (15)

Valid (14) we obtain Vx,y € E:

y = T- (x_l . y) ,
.%'\y = x_l Y,
i) =t (),

=

T
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By virtue of the last equality we obtain from (15): Yu,v € E

tu-vtqjltu-v = t(u~v)~v7
—1,; -1 -1
tu-vtutu-v = t(u~v)~v’
-1 -1
tu-vtu = t(u.v).vtwv’
tustuty = o tustos
Quoy = Qquou,
. . () .
i.e. operation (F, -, 1) is a gyrogroup. O

Lemma 10. Let T = {t.},.p be a left transversal in G to H and

<E,(-),1> be the transversal operation. Then the following statements
are equivalent:

T
1. The system (E, (-), 1) is a gyrogroup;

2. T is a two-sided transversal in G to H and two following conditions
hold:

(a) Vo € E: t,Tt, CT;

() Vh e LIGE, 1)) hTh-1 CT.

Proof. The proof is an evident corollary of Lemmas 7 and 9. O

Remark 3. Since a left Bol loop is a loop then the transversal T' from
Lemmas 9 and 10 is a loop transversal.

Lemma 11. [15] In every gyrogroup (E,-, 1) the following properties are
fulfilled:

1. Ya € E there exists the unique element a~' € E such that a-a™' =

ala=1;

2. Qgg-1 = Q14 = Qgq = 1d;

3. Ya,be E:

Qap(2) = (a-b)7"-(a-(b-2)),
a;ll, (z) = bt (a_l ((a-b)-2)).
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1 )
aa7b = aa*ka-b = Opa-b = Qpa;

Aab = Og.pa—1 = Qgba;s
(a-b)-c=a-(b-apa(c));

The solution of the equation x-a = b is: x = b- (ap, (@) =
b- a;é (a™1).

o RS =

Proof. 1). Since a gyrogroup is a left Bol loop then in virtue Lemma 5,
item 2) it is true that ~lz =271, so

2). In virtue Lemma 5, items 1) and 2) for a left Bol loop it is true
that
x_l'($-z):x-(x_1-z):z Va,z € E.

Therefore
a1 (2) = (a- a_l) \ (a- (a_l z))=a- (a_l L z) =2z,

iL.e. a4 q-1 =id. Similarly, a1 , = id. Further we have in virtue Lemma
5, item 3)

g0 (2) = (a-a)\(a-(a-2)) ==(a-a)\((a-a)-2) =z

ie. agq = 1d.
3). By the definition 6

a-(b-z)=(a-b) aup(z),

so in virtue Lemma 5, item 3) we have

Qo (2) = (a-0)7" - (a-(b-2)). (16)
Making the replacement z = a;ll) (u), we obtain from (12):
u=(a-b)""-(a-(b-agy(u)), (17)

and again using Lemma 5, item 3) we obtain:
gy () = b7 (a7 (@ b) ).
4). Using item 3) of present Lemma and Lemma 5, item 3) we obtain:

aap (b a) = (@) (a7 ah)) =
= (a- b)_1 . (a . a_l) = (a- b)_l.
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5). According to item 3) of present Lemma
“1(y =1 (,—1
o,y (2) =b0""-(a" - ((a-b)-2)). (18)

Let us do a replacement

al=c N c=a"t
a-b=d c-d=at(a-b)=0b
Then (18) may be rewritten as

az;ll) (Z) = (C ’ d)_l ) (C(d ’ Z)) = Qcd (Z) = Qg-14.p (z) )

- -1 _
Le. agy =144
Further in virtue Lemma 9 if a transversal T' = {t,} .y corresponds

@

to a gyrogroup (E,-,1) = (F, ), then it is true that

tolyty =ty Vr,y € E.

(yz)»
Then we have
tx_(y.x) = tptyty = taly.pOy » = tx,(y,x)a%y.xay@.

So we obtain
Qg gz Oty = id,

ie.
01;11) = Qp,a-b- (19)

At last since by the Definition 6 for every gyrogroup it is true that

Qg b = Qg-b b,

then from (19) we obtain:

Making the replacement

we obtain from (20) Ve, d € E:
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6). We have from item 5) of present Lemma
Qg p = a;,ll’a.b = Qghq1- (21)
By virtue of the last equality in the item 5) we have

Qp a-b = Ap.a,
ie.
Agb = Og ba-

7). By virtue of items 3) and 5) of present Lemma and Lemma 5,
item 1) we have:

(a-b)-c:a-(b-a;é(c)):a-(b-abﬂ(c)).

8). According to items 1) and 3) of present Lemma and Lemma 5,
item 4) the solution of the equation - a = b is

xr = a - ((a - b) -a_l) =b- (b_1 . (a_l - ((a -b) - a_l))) = (22)
= b- a;ll) (a_l) =b -, (a_l) .
But since
1= Qpq (a_l : CL) = Qpq (a_l) " Qpq (a) ) (23>
then we obtain from (22):
z=b-ap,(a) =b-(ap, (a))~'.
O

It is very interesting to investigate operations, which are inverse ones
to a gyrogroup operation (FE,-,1). The left inverse operation coincides
with operation (E,-,1) (because of the left Bol loop (F,-,1) is a LIP-
loop). Let us study the right inverse operation.

We can define the following operations on a set E (see [15]):

aob™a. Qg p-1 (D), (24)
aob™ app .

Lemma 12. Let (E,-,1) be a gyrogroup. Then the following statements
are true:

1.a®b=a/b, a®b=a/b~t, where “/” is a right division in the
gyrogroup (E,-,1),
a-b=a//b"t, where “//7 is a right division in a system (E,®,1);
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a®agy(b)=a-b;

The system (E,®,1) is a loop with the unit 1, and Vx € E the left
and right inverse elements to an element x in (E,®,1) coincide.
Moreover, both of them are equal to x~' (where a1
element to an element x in (E,-,1));

1S an inverse

(a® b)*l b l@al;
Aut (B, ®,1)) = Aut ((E,-,1));

The system (E, ®, 1) is a middle Bol loop, i.e. the following identity
holds:

z®((y®2) \\z) = (z//2) ® (y\\z),

where “\\” and “//” are left and right division in (E,®, 1), respec-
tively.

Proof. 1). According to (23), (24) and Lemma 11, item 8), we obtain

Then

a®b=a®b ' =a-am (b_l) =a-(agp ) =a/b.

adb=a0b ' =a/b.

Further we have

l.e.

(a-b)y@b' =(a-b)/b=a,

a-b=a//b7 L,

where “//” is a right division in (F, @, 1).
2). From item 1) and (23) it follows that

l.e.

(a-b)//(0ap () = (a-b)-(aay(®)
= (a' b) “Qgb (b_l) =a- (b b_l) =a,

a@amb(b):a-b.

3). In virtue of the item 1) the system (£, &, 1) is an inverse operation
to the loop (E, -, 1), therefore it is a quasigroup. Further we have Vz € E:

1oz = 1/z7 =z,
r®l = z/171 =z,
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ie. (E,®,1) is a loop. At last,

r@r ! = 2/ (acfl)_l =zx/r =1,

s lor = 272t =1
4). We have Va,b € E:
(a®b) ' = (a/b_l)_1 , bvlaoa! =b"a.
But a = ¢- b~! for some ¢ € E, therefore
(@a@b)™ = ((c-b7) /bil)_1 =c'=(c"a)fa=b"a=b"@a.
5). According to the item 1), we have
a®b=a/b!, a-b=a//b7L.

Then every automorphism « of the operation (F, -, 1) will be an automor-
phism of the inverse operation (F, /), and so « will be an automorphism
of the operation (F,®, 1); and vice versa.

6). It is an evident corollary of Lemma 6, item 3). O

Let us note also the folowing identities
(@//y)" ="\t (@\\y) =y e

5. Gyrocommutative gyrogroups

Lemma 13. Let T = {t;} be a left transversal in G to H such that

zeFE

T
the transversal operation <E,('), 1) is a gyrogroup. Then the following
statements are equivalent:

1. (E, -, 1) is a gyrocommutative gyrogroup;
2.NVe,ye E: (r-y) (r-y)=x-(y-(y-x)), - the Bruck identity;

3. Vr,ye B tptity =t3.,;

4. Vx,y € E : (:t:-y)f1 =z l.y7 - automorphic inverse
property.
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T
Proof. Let the conditions of Lemma hold; then <E,(~), 1) is a left Bol
loop.

T
1) — 2). Let (E,(-), 1) is a gyrocommutative gyrogroup. Then by
the definition 8 Vx,y € E:

Ty =0gy(y-T).

Then by the definition 6 of the automorphism « , and in virtue Lemma
5 we have:

zoy=(z-y)" (@ (y-(y-2),
(-y)-(z-y)=xz-(y-(y-2)).
2) — 3). Let the following identity holds Vz,y € E:
(-y)-(z-y)=z-(y-(y-z)).
Then in virtue Lemmas 5 and 9 we have Va,y € E:
2 2
totyte = tolyyte = to((yy)2) = toe) = Hay)-@y oy
3) — 4). Let Vo,y € E
tatyte =15,
Then in virtue Lemma 5 we have:
tatytyts = toytey,
loy = toytaty = toyt, 't ",
b (1) = i85 (1),
L=(z-y)- (=" y ),
(@ y) t=aty
4) — 1). Let Yo,y € E:

(@-y) =2ty

Then in virtue Lemma 11, item 4) we have
—1 — — -1
(2-y) " =awy (¥ 27 = any((y-2) )

Then we obtain

1 = apy(l) =aay(ly-2)-(y-x)~") =
Oy (Y @) oy (Y 7)) =0y (y-2) (2 y) ",
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ie.
aa}7y(y'x) :w'y7
1) .\ . :
and the system (F, -, 1) is a gyrocommutative gyrogroup. O

Lemma 14. Let T = {t;} p 45 a left transversal in G to H and

T
(E, (-), 1) is a transversal operation. Then the following statements are
equivalent:
(1) . .
1. (E, ", 1) is a gyrocommutative gyrogroup;

2. T is a two-sided transversal in G to H and the following three con-
ditions hold:

(a) Ve e E: t,Tt, CT;

T
) Vhe LI((E, 1) hThl CT;
(c)Ve e E: tytit, =12,

Proof. The proof is an evident corollary from Lemmas 10 and 13. U

T
Lemma 15. If (E, (-), 1) is a gyrocommutative gyrogroup then the opera-
tion “@” (determined in (24)) satisfies the following properties: Vx,y €
E

1.zoy=ydx;
2. z//y=y\\z.
Proof. 1). According Lemma 12 we have
@y =z/y,
so it is necessary to prove that Vx,y €
zlyt=ylzh

T
But since (F, « ), 1).is a loop then x = z - y~! for some z € E. In virtue
Lemma 13 we obtain

(@/y™) 2 =(Gy D)y )Gy ) =z (" y) =,

as it was required.
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2). According Lemma 12 we have

fc//y:CC'yily

then we obtain

MNe= (e y ) =@y =y =a//y.

O

6. Semidirect products of gyrogroups, left gyrogroups and
suitable groups

Let us remind a definition of a semidirect product of a left loop (E,-, 1)
and a suitable permutation group H (see [11, 12]).

Definition 12. Let (E,-,1) be a left loop with two-sided unit 1, and H
be a subgroup of the permutation group Sty (Sg) such that the following
conditions are fulfilled:

1. Ya,be B:  lop =L ;LoLy € H;

2.Ya€E andVhe H: @(a,h)=1"

-1
nhLah ™t € H,

where Ly (x) = a - x is a left translation by an element a € E. Then
on a set E x H of pairs (u,h) it is possible to define an operation:

de

(u, h1) * (v, ha) = (u- b1 (0),lgpy )@ (v, h1) h1ha) (25)
and an action on the set E:
(u,h) (z) = u-h(x). (26)
It is possible to show (see [11, 12]) that:

1. Asystem G = (Ex H,x,(1,id)) is a group (a semidirect product
of the left loop (E, -, 1) and the group H);

2. It is true that (u,h)™' = (A~ (u\1) a(Luthq(u\l))_l)?

3. Aset T'={(u,id) |u € E} is a left transversal in the group G
to its subgroup H* = { (1,h) |h € H} = H, and the transversal

(T)

operation (E, -" 1) coincides with the operation (E, -, 1).
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The following special case of the above-described construction will be
important for us: when the left loop (E, -, 1) is a left special loop (left
Ai-loop), that is

LI((E,- 1)) C H C Aut ((E,-,1)). (27)

The formula (25) of the semidirect product may be rewritten as

(u, hl) * (U, h2) déf (u . h1 (’U) 7la,h1(v)h1h2) 3 (28)

Then all above-mentioned properties are correct and the following formula
holds:

(u, i)™ = (R (u\1) (LuLunih) 1) - (29)

Remark 4. The formula (27) coincides with the formula of a gyrosemidi-

rect product of a left gyrogroup and its gyroautomorphism group (see
[4, 14]).

Lemma 16. Every left gyrogroup (E,-, 1) may be represented as a weak
gyrotransversal in the group (E x H,x*,(1,id)) to a subgroup H, if H
satisfies the conditions of the Definition 12.

Proof. The proof obviously follows from Lemma 7 and above-mentioned
properties of the semidirect product. O

Corollary 12. Every left gyrogroup (E, -, 1) may be represented as a weak
gyrotransversal in the group (E x H,x*,(1,id)) to a subgroup Hy, which
satisfies the condition (27) (and semidirect product is defined under the
formula (28)).

Lemma 17. Every gyrogroup (E,-, 1) may be represented as a gyro-
transversal in the group G = (E x H,*,(1,id)) to its gyroautomorphism
group Hy (i.e. Hy satisfies the condition (27)).

Proof. (See also [4]) According the Corollary 12 aset T' = { (a,id) |a € E'}
is a weak gyrotransversal in G to Hy. Since (F,-, 1) is a gyrogroup then
in virtue Lemma 9 (E, -, 1) is a left Bol loop; therefore it satisfies the left
inverse property, i.e. Yu €

LyLyy = id. (30)
Then in virtue of (29)

(uyid) ™" = (u\1,id) = (v, id),
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ie. T-'=T.
Further Vu € E and VYh € Hy in virtue of the formula (28)

(1, h) * (u,id) * (l,hfl) = (1,h) * (u, lu’lh‘l) N
= (L, k) * (u,h ™) = (b (u), b phh ™) = (h(u),id),
i.e. Yu € E and Vh € Hy
(1,h)«Tx(1,h) " =T.
It means that T is a gyrotransversal in G to Hy. O

Remark 5. A left gyrogroup may not be represented as a gyrotransversal
in the group G = (E x H, %, (1,id)) to its gyroautomorphism group (since
in a left gyrogroup, not being a gyrogroup, it is not necessarily satisfied
the condition (30)).

Lemma 18. A left gyrogroup (E,-,1) may be represented as a gyro-
transversal in the group G = (E x H,x,(1,id)) to a group Hy, which
satisfies the condition (27) < (E,-,1) is a LIP-loop.

Proof. The proof is evident, because a left gyrogroup (F, -, 1) is always a
weak gyrotransversal in the group G = (E x H, %, (1,id)) to the subgroup
Hj (see a Corollary 12), and the condition (30) is equivalent to a definition
of LIP-loop. O

7. Generalized diagonal transversals
Definition 13. Let K be a group, G be a semidirect product
G=KX Inn(K),

where

Inn(K) = {an|oy, (z) = kxk™', k,x e K}

s a group of internal automorphisms of the group K. Then a generalized
diagonal transversal D,, of degree m is a set

Din = A{(k, ") [k € K7} (31)

We shall denote
D (K) = (k, o) . (32)

A diagonal transversals, which were investigated in [4, 5, 6, 3|, are
obtained in a case when m = 1.
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Lemma 19. The generalized diagonal transversal D,, of degree m is a
gyrotransversal in G to H = Inn(K).

Proof. For every element (k, o) € G (where k, h € K) we have:
(ks an) = (k, o) - (1, cgp=mp) ,

and this decomposition is an unique one. It means that the set D,, is a
left transversal in G to H.
Further we have:

(Do (k)" = (kyaf) ™" = (o™ (K1), ™) = D (7)),
ie. (D) =Dy
Also we obtain:
(1, an) Do (k) (1, 0) ™" = (1,00) (ky o) (1, 00,-1) =
= (1, o) (k, agmp-1) = (an (k) ;opgmp=1) =
= (an (k) 0, @m) = (@ (k)@ (0)") =
= (an (k) ah(k)) = D (o, (K)) -
According to Definition 5, item 2) the set D,, is a gyrotransversal. [

D,
® ),1>. We have:

Let us study the transversal operation (F,
Dy (k1) Din (ko) = (k1, ag; ) (ke, agy ) =
= (knay (k2) 0 am (k)" (L @y an () i) =

= D (k1ag; (k2) ) = (1, Qpm gy ) mpem )

because of

(krafy (ko) ™" KRS TR RS = (K Tk k™)™ kRS =
= (kky Yoy Ty (K73 TR R e (KR TR R KRS =

~~
m

= k7 (ky "k )" kS = K (kko) ™ RS

It means that

(Dm)
kl ]{72 = klakl (kg) (33)

and

lkl,kQ - (1’ak§n(k1k)2)7mk’;n). (34)
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Dp,
Lemma 20. A left gyrogroup (E,( )

identity

, 1) is a group & the following

(ab)™ =bma™ Va,be K/Z (K). (35)
is fulfilled in a factor-group K/Z (K).
Dp,
Proof. According to the formula (34), the left gyrogroup (E ,( . ), 1)isa
group if and only if when

Qo oy o)~ = 14 Vh1, kg € K.
It is equivalent to a fact that Va,b € K/Z (K) it is true that
a™ (ab)”" O™ =
(ab)™™ =a" ™6™,
(b7fa™)" = (a7 ()",
(cd)™ =d™c™ Ve, de K/Z (K).
O

Dp,
Lemma 21. The left gyrogroup (E,( . ), 1) is a gyrogroup < the follow-

ing identity
v"a™ = (a"™mba™ )" Va,be K/Z (K) (36)

is fulfilled in the factor-group K/Z(K).

(Dm)

Proof. According to the formula (36), the left gyrogroup (E,
gyrogroup if and only if when

,1)isa

la(D.m)b,b - la7b’

Q (D)

(a

a(aamba_m)m(aamba_mb)fmbm = aam(ab)fmbm :

R R G

It is equivalent to a fact that in the factor-group K/Z (K) it is true that

(@™ ba=™)"™ (@™ ba™™b) T B™ = a™ (ab) " b,
(a™aba™"™) - (a™aba™ ™) - ...+ (a™aba” ") - am+1ba_mb) " =a™ (ab)™™
(ab)™a™™ (@™ ba"™b) " = (ab)”
a ™ (a™ 1 ba D) = (ab) ™,

(ab)®™ = (@™ bamb)" a™
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Let us replace: ¢ = ab, d = a™'; then

A = (d"" tded™de)" d,
AMd™ = (d"med™te)" Ve, de K/Z(K).

Remark 6. If m = 1 then we obtain the results from [4].
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