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ABSTRACT. We study the R—module of generalized flows in a
graph with coefficients in the R—representation of the graph over
a ring R with 1 and show that this R—module is isomorphic to the
first derived functor of the colimit. We generalize Kirchhoff’s laws
and build an exact sequence for calculating the R—module of flows
in the union of graphs.

1. Preliminaries

Let T' = (A;V) be a directed graph, R a ring with 1, {F(v)},ev a
t

family of left R—modules with a family of R—homomorphisms {F(v) :

F(s(7)) = F(t(7))}yea. A (generalized) flow on I' with coefficients in F

is a family {f,},ca of fy € F(s()) such that almost all of f, are zeros

and for each v € V the following equality holds

D> =) FOL)
s(y)=v t(y)=v

If F(v) =Z for all v € V. where Z is the additive group of integers and
if F(y) are the identity homomorphisms idy : Z — Z for all v € A then
we have the (ordinary) integer flows.
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The purpose of this work is to applicate the homology theory of
small categories (in the sense of [2, Application 2], [3], [7]) for the
study of the R—module of generalized flows in the directed graphs with
R—homomorphisms F(v) on the edges v € A. Flows with intensifica-
tions and flows with delays are the examples of such generalized flows.
Our approach to the flows in graphs is entirely distinguished with the
theory described in Wagner’s work [8] where it was considered the func-
torial sequence of groups of flows in undirected graphs and proved that
this sequence is the invariant of graphs.

We show that the R—module of flows is isomorphic to the first homol-
ogy of the free category generated by I' with coefficients in the functor
corresponding to F. This generalize that the abelian group of integer
flows is isomorphic the first integer homology group of the graph. This
allows us to applicate the homological methods in the study of the net-
works. We calculate the R—module of flows in the union of graphs and
generalize Kirchhoft’s laws.

Let C be a small category, R a ring with identity. Denote by Modg
the category of left R-modules and R-homomorphisms, M odg the cat-
egory of functors C — Modp, colim® : M odg — Modpg the colimit
functor. The category M odg has enough projectives [3]. The functor
colim® is right exact. Hence for every integer n > 0 it is defined the
n-th left derived functor colim€ : M odg — Modpg of the colimit. Let
F : C — Modp be a functor. For arbitrary family {a;}c; we will say
that almost all a; are zeros if there exists a finite subset J C I such
that a; = 0 for all ¢ € I'\ J. Denote C,,(C,F) = >  F(cy) and

write elements of C,,(C, F) as sums Y.  feoo..—enlco — . — )

co—...—Cn
with fe,—. ¢, € F(co) where almost all f.,—.. ., are zeros. For every
cp — ... = cpy1 and f € F(cg) we let

dn(f[CO — .. Cn+1]) = F(CO — cl)(f)[cl — ... — Cn+1]+
n+1
+ Z(—l)if[CO — .. éi — . Cn+1]
=1

and define homomorphisms d,, : Cp,11(C, F) — C,(C, F') by

d, Z fc0—>...—>cn+1[c() e 7 Cn—l—l] =

Co—...—Cn+1

= Z dn (fcoﬂ...ﬂcn_H [CO e Cn+1]) .

co—...—Cnt1
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Here

a1 -1 i1y Qiy2 Qn41 . .
{[Co—>”-l—>ci_1 Z—>ZCH_1Z—>”- = Cn+1], zf0<z<n+1,

[co & -+ 2B ), ifi=n+1.

It is well-known [2, Application 2] that R-modules colimSF are iso-
morphic to homologies of the complex

0 o F) (e ) Lt o e, F)

in the sense of colimSF = Kerd,—1/Imd,, n > 0.

If € o8 =1idin C implies @ = id and 3 = id, then C is called to be
without retractions. If C is a small category without retractions, then the
complex {C,,(C, F),d,} includes the subcomplex {C;I(C, F),d,,} where

CH(C,F)= Y  Fla)

-5
co L 4cn

is the submodule in which sequences ¢y — -+ — ¢, do not contain
identity morphisms if n > 0, with C;f (C,F) = Co(C, F). As the dual
affirmation [5, Proposition 2.2] we can prove the following.

Lemma 1.1. Let C be a small category without retractions, R a ring with
identity. Then for each functor F' : C — Modgr the R-modules colimSF
are isomorphic to n-th homology modules of the complex {C;F (C, F), dy}.

Let AcZ be a functor from a small category to the category Ab of
Abelian groups and homomorphisms which assign to every ¢ € C the
group of integers Z and to every o € MorC the identity homomorphism
idg : Z — 7. We denote by H,,(C) the groups colimSAcZ for all n > 0.
Let S: C — D be a functor between small categories, d an object in D.
The comma-category d/S is defined as the following category:

Objects of d/S are pairs (¢, ) with ¢ € ObC and a € D(d, S(c)),
morphisms (c1, a1) — (c2,a2) in d/S consist of the triples (8 € C(cy, c2),
a1, ag) satisfying S(8) o a1 = ag. A functor § : C — D is called
strong cofinal if Hy,(d/S) = Hy(pt) for all n > 0. Here pt = {*} is the
discrete category with one object, thus S is strong cofinal if and only if
for all d € ObD the groups H,(d/S) are zeros for all n > 0 and d/S are
connected.

By Oberst’s Theorem [7, Theorem 2.3] if S is strong cofinal, then for
every functor F' : D — Modpg the canonical homomorphisms colimrllD F—
colim€ (F o S) are isomorphisms.
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Let C be a small category. Each object a € ObC will be considered as
the identity idg,, so ObC C MorC. The factorization category [1] FC is
the category such that ObFC = MorC and for every pair f,g € MorC
the set FC(f,g) of morphisms consists of the pairs (o, ), with o, €
MorC, for which o foa=g.

Lemma 1.2. The functor s : (FC)? — C which assign to any f €
ObFC its domain s(f) and to any morphism («, 3) the morphism « is
strong cofinal.

Proof. Objects of ¢/s for ¢ € ObC are pairs (z,a) of morphisms ¢
s(a) % t(), and morphisms (x,a) — (y, ) are commutative diagrams

c 2 s(a) 5 t(a)

ide | T

c L s(B) L 1)
For every ¢ € ObC the category ¢/s includes the full subcategory consist-
ing of all the objects (id., ). This subcategory is isomorphic to (¢/C)P.
For every object (x, ) there is a morphism (id., aoz) — (z, ) such that
for each morphism (id., 3) — (&, ) there exists the unique morphism
(id¢, ) — (id., o x) for which the following diagram is commutative

(ideyavox) —  (z,00)
(=L T

id

(ide, B)  — (idc, )

It follows that there exists a right adjoint functor to the inclusion
(¢/C)°P C ¢/s. A right adjoint is strong cofinal, hence

colim®/* AZ = colim!“/©)” AZ.

But (¢/C)° has a terminal object. Thus H,(c/s) = H,(pt) for all
n = 0. 0

2. Generalized Flows

By a (directed) graph we mean a pair of sets (A, V') and a pair of functions
A ; V. The elements of A are called arrows, V is the set of vertezes,
s(cz) and t(«) are called the source and the target of o € A respectively.

Let I' = (A, V, s,t) be a graph, R aring with identity. A R-representa-
tion of I' is a family of R-modules {F'(v)}yev with a family of homomor-
phisms {F(a) : F(s(a)) — F(t(a))}aca. A path in T from u € V to
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v € V is an arbitrary word ajag - -, with t(a;) = v and s(a,) = u
such that s(a;) = t(a;4+1) for all 1 < i < n — 1. For each vertex v € V
define id, as the empty path from v to v. Objects of the category of
paths in I' are vertexes v € V, and morphisms are paths in I' with the
composition law

ap a0 B =y anfre B,

for s(ay,) = t(B1). Let WT be the category of paths in I'. For every
R-representation F' there is the unique functor F : WI' — Modpg such
that F|r = F. This functor is defined by F(ay ---ay,) = F(aq) - - - F(ay)
if n> 0, and F(idy) = idp(,).

Definition 2.1. Let T be a graph, F' a R-representation of I'. A flow
in I' with coefficients in F' is a family {fy},ca of elements f, € F(s(v))
such that almost all of f, are zeros and for each v € V the following

equality holds:
D k=Y FOO)

s(v)=v t(y)=v

We denote by ®(I'; F') the R-module of flows in I' with coefficients in
F. We have the following exact sequence:

0— (5 F) — Y F(s(7)) -5 Y. F(v) — colim"TF —0, (1)
yeEA veV

where d(>_ fy[V))o = > F()(H)= X fy
yeA t(y)=v s(y)=v

Example 2.2. Let I" = (A, V, s,t) be a (directed) graph. If F'(v) = Z for
all v € V and if F(a) = idg : Z — 7 then F = AyrZ. Tt is well known
that ®(I", F') is isomorphic to the integer group homology H;(T',Z).

If F(v) =Z for all v € V and if F(«) : Z — Z act by z +— pyz for
some family of p, € Z then we have flows with intensifications.

Let F(v) = Z” be the abelian group of functions f : Z — Z for all
ve V. If Fla): Z% — Z% act by F(a)(f)(t) = f(t — t,) for some family
of to € Z then ®(T'; F') consists of flows with delays.

Let S : C — D be a functor between small categories, d € ObD an
object. We denote by S/d the category which objects are pairs (c, )
with ¢ € ObC, o € D(S(¢),d)); morphisms (c1,a1) — (c2,a2) in S/d are
triples (8 € C(ey, ), a1, a2) satisfying ag 0 S() = ay. It is clear that
d/(S°P) = (5/d)°P. Denote FWT = F(WT).

Lemma 2.3. Let I' = (A, V,s,t) be a graph, T the full subcategory of
FWT such that ObI" = AT[V. Then I"? is strong cofinal in (FWT)°P.
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Proof. We denote by S the inclusion IV C FWT'. The objects of S/w are
pairs (z, («, 3)) where o and [ are paths in I satisfying fozoa = w
with either 2 = id or © € A. Hence for w = (vo = v 23 -+~ %8 0,) the
category S/w is the following:

€0 €1 en
bil P In

The category S/w

with the objects

€y = (idvoa (idvov 679 al))7 fl =] (041, (idvo, Q- ag)),
€1 = (idvl’ (Oél,Oén .. 'CVQ)),' e

fn = (am (an—l o 'O[l,idyn>)7en = (idvna (an e 'Oélvidvn))a

where all morphisms excluding ¢;—1 — f; and e; — f;, fori € {1,2,--- /n},
are identities.

But w/S° is isomorphic to (S/w), hence H, (w/S°?) =0 for n > 0
and w/S is connected. O

Lemma 2.4. Let T' = (A,V,s,t) be a graph, F : (FWT)? — Modgr a

functor. Then colimgfwr)opF is isomorphic to the submodule in Y F(v)

YEA
consisting of families {gy}yea for which the following equality holds for

everyv € V:
(id,y) _ (7,id)
Y, Flv =" y)g,= Y Flv =" 7)g, (2)
v=s(7) v=t(y)
Here v runs the set A.

Proof. We have by Lemma 2.3 from the Oberst theorem that

colimY VD™ pig isomorphic to colim! ” F|per. The category I'P has
no retractions except identities.
Hence, by Lemma 1.1 R-modules colim%fwr) "F are isomorphic to

the homology groups of the chain complex

0—Cf I F)— Cf (', F)—0
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which is equal to

0— > Fiy) LY F ey Fo) -

id#(v—y)EMorl” vyEA veV

with

(Y~ fomnlv =) = D d(fonlo =) =

v—y v—y

= (F( = 1) (fop)l0] = for[1])-

v—

(Here we consider the homology of the category which is opposite to I”,
in particular f,—., € F(v) and a homomorphism F(v — #) acts from
F(v) into F(v).) Therefore colim}”” F is isomorphic to the R-module of
families f,—., € F(y) satisfying fy(y)—y + fi(y)—y = 0 for each v € A,
and Y F(v — 7)(fv—y) =0 for each v € V.

v—y

We denote gy = f,(,)—y for a such family. Then fi,)_., = —gy,
and Y F(v— 9)(gy) = 3. F(v — 7)(gy). Thus colim? VI F is
v=5(7) v=t(7)
isomorphic to the submodule of ) F'(v) consisting of {g,},c for which
yEA
the equation (2) holds. O

Theorem 2.5. Let I' = (A, V,s,t) be a graph, R a ring with identity, F
a R-representation of I'. Then ®(T; F) = colim|' T F.

Proof. By Lemma 1.2 the functor s : (FC)? — C is strong cofinal for
an arbitrary small category. Hence colim|'T F" 2 colim{ W™ (Fos). The
substitution of Fos instead F in Lemma 2.4 leads to the concluding that
colim{'TF" is isomorphic to the submodule of > F(y) which consists

YEA
of families f, € F(s(v)) satisfying Y f, = > F(v)(f,), for each
v=s(7) v=t(7)
velV. 0

Example 2.6. Let I' = (A,V,s,t) be the graph with A = {v} consists
of the one arrow, V = {v}, where s(v) = t(y) = v. Then the category
WT is isomorphic the free monoid generated by one element. For every
functor £ : WI' — Modg the R—module ®(T'; F) contains f € F(v) for
which F(y)(f) = f. Hence, H;(WT, F) is isomorphic the submodule of
all fixed elements of the action F(v) : F(v) — F(v).
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3. The First Kirchhoff Law

Let I' = (A,V,s,t) be a graph, F a R-representation of I'. Elements of

> F(v) and > F(s(v)) are called 0-chains and 1-chains respectively.
veV yEA

Let € : 3. F(v) — colim"TF be the canonical R-homomorphism.
veV
It follows from the exact sequence (1) that the equation df = ¢ has a

solution for ¢ € 3> F(v) if and only if £(p) = 0. Hence colim" T F can
veV
be interpreted as the R-module of ”obstructions”. Denote it by @ (T'; F).

We have the exact sequence

0= I F) S Y F(s(y)) -5 Y F(v) S @Iy F) — 0
YEA VeV

with ®(T; F) 2 colim}"TF' and ®o(T'; F) 2 colim" T F.
A network (T', E, F) consists of the following data:
1) agraph I' = (A, V, s,t);
2) an arbitrary subset £ C V which elements are called external;
3) a R-representation F of I'.
We say that the 1-chain {f,},ca satisfies to the first Kirchhoff law if

d({fy}yea)p =0, Vo E.

Let ®(T', E; F') be a R-module of all 1-chains satisfying to the first Kirch-
hoff law in the network (I', E, F). For E = () an 1-chain satisfies to the
first Kirchhoff law if and only if it is a flow in I' with coefficients in F.
Thus, ®(T, §; F) = &(T; F).

A vertex v € V is called to be attractive if there are not arrows with
s(y) =wv. Let E C V be any subset such that all e € E are attractive
vertexes, Fp the R-representation of I' with Fg(v) = 0 for all v ¢ E, and
Fr(v) = F(v) for all v € E. We have by Theorem 2.5 the following

Lemma 3.1. Let (I', E, F') be a network. If all vertexes in E are attrac-
tive then ®(T, E; F) = colim|' T (F/Fg).

To a description the R-module of 1-chains satisfying to the first Kirch-
hoff law in any network (', E, F') we add to the graph I" the vertex * and
the arrows . for all e € E with s(y.) = e and t(7.) = *. Denote by

T'Ugpt the obtained graph. Let F'® g0 be the R-representation of I'Ug pt
such that (F &g 0)|r = F and (F &g 0)(x) = 0.

Theorem 3.2. For any network (I, E,F) the R-module ®(T', E; F) is

isomorphic to Colim‘le(FUEpt)(F ®r0).
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Proof. Consider the network (I' Ug pt,pt, F ©g 0). The vertex x is at-
tractive in I' Ug pt. It follows from the previous lemma that ®(I' Ug
pt,pt; F &5 0) 2 colim| ") (F g5 0). But &(T U pt, pt; F &g 0) =
(T, E; F). O

4. Flows in the Union of Graphs

Let (I,<) be a partially ordered set. A covering X = |J X; of a set
i€l
is called to be locally filtered if i@ < j in I implies X; C X; and if for
each x € X; N X; there exists £ € [ such that £ < 7, k < j, and
re X, CX;N Xj.
A graph T' = (A,V,s,t) is called to be locally filtered covered by
graphs I'; = (A;, Vi, si,t;) if A= |J A; and V = |J V; are locally filtered
el iel
coverings and the following diagrams are commutative
A S A A S A
sil sil lt Lt
Vi SV Vil 5

for all i < jin [I.

Theorem 4.1. Let T' = (A, V,s,t) be a graph which is locally filtered
covered by graphs {U;}ier = {Ai, Vi, si,ti}, E C V a subset such that

E = | E; is a locally filtered covering by E; C V;. Then for each R-
el
representation F' of I' there exists an exact sequence

0 — colimd{®(T;, Ey; F;)} — colim! {®(Ty, Bi; )} —
— ®(T, E; F) — colim! {®(I;, E;; F;)} — 0

where F; = F|r,.

Proof. At first we consider the case E = (). Let I, C I"” are the cat-
egories defined for the graphs I'; C I' in Lemma 2.3. The covering
{T";}icr satisfies to the conditions of [4, Corollary 3.2]. The functors
s : (FWD)® — WT and S : V" — (FWT)% are strong cofinal
by Lemma 1.2 and Lemma 2.3. Hence, colim‘fvrﬁ is isomorphic to
colim}(F o s 0 §°7). By [4, Corollary 3.2] there is the spectral se-
quence with Eg’q S colimé{colimglipﬁ oso SOP|F/?p} which converges to
colimgmpﬁososgp. The substitution I'; instead I" leads to the functors s; :
(FWT;)? — WT; and S;¥ : T} — (FWT;)°P which are strong cofinal
by Lemmas 1.2 and 2.3. It follows from (FOSOSOP)\F;op = Flwr, 0808
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and from the strong confinality of s; and SP that we have the spectral se-
quence colimé{colimZVFiF lwr, } = colimz[f;F . Then the exact sequence
of terms of low degree [6, P.332] gives the exact sequence

0 — colimd{®o(T';; Fj)} — colim’{®(I';; F;)} —
— ®(I'; F) — colim! {®(I';; F;)} — 0

For E # () we consider the locally filtered covering 'Ugpt = |J (T;Ug,
el
pt). There is an exact sequence

0 — coliml {®o(T'; U, pt; F; ®p, 0)} —
— colim! {®(T'; Ug, pt; F; ®p, 0)} — & Ug pt; F & 0) —
— colim!{®o(T'; Ug, pt; F; ®p, 0)} — 0

The equalities ®o(TUgpt; FOE0) = Oo(I, E; F) and ®(TUgpt; FOE0) =
®(T, E; F) give looking. O

5. The Second Kirchhoff Law

Let R be a field. The internal product on a vector space T is a bilinear
map <,>: T x T — R such that < a,b >=< b,a > for all a,b € T. A

network (', E, F') together with an internal product <,> on > F(s(7))
YEA

is called to be Fuclidian if the implication < f, f >= 0= f = 0 is true.

We say that an 1-chain f = {fy} of an Euclidian network satisfies to the

second Kirchhoff law if the linear map < f,— >: >~ F(s(y)) — R has
vEA
zero values on ®(T", F') in the sense that

<fi—>leq,r =0.

Theorem 5.1. Let (I', E, F) be an Euclidian network in which R is a
field, T' a finite graph, and F(v) finite dimensional vector spaces for all

v € V. Then for each ¢ € > F(v) satisfying c(¢) = 0 there is the
veEE
unique 1-chain f = {fy} such that df = ¢ and < f,— > |gr,r) = 0.

Proof. If df = 0 then f € ®(I', F), in this case < f,— > |pq,p) = 0

implies < f,f >= 0 and f = 0. Considering f;, with i € {1,2}, for

which df; = ¢ and < f;, — > |gr F) = 0, we obtain fi — fo = 0. Hence,
the solution is unique.

Consider a map . F(s(v)) — Modr(®(, F), R) & e 1(0) which

YEA

assign to any g € > F(s(y)) the pair < g,— > |¢(r,r) © dg. We have

YEA
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proved that the map 7 is the injection. The exact sequence (1) gives the
exact sequence 0 — (I F) — 30 4 Fi(s(v)) — e~1(0) — 0. The vector

space Y. F(s(v)) has a finite dimension. Hence, its dimension equals the
yEA

dimension of ®(T, ) ©e~1(0) and cosequently 7 is the isomorphism. We
let g = n71(0® ¢). Then n(g) = 0@ . Hence dg = ¢ and < g, — >
lo(r,) = 0. Thus there exists the solution. O

References
[1] Baues H.J., Wirsching G. Cohomology of small categoryies. J. Pure Appl. Algebra.
1985. V.38,N 2/3. P. 187-211.

[2] Gabriel P., Zisman M. Calculus of fractions and homotopy theory.  Berlin-
Heidelberg-New York: Springer-Verlag, 1967.

[3] Hilton P. J., Stammbach U. A Course in Homological Algebra. Berlin-Heidelberg-
New York: Springer-Verlag, 1971.

[4] Khusainov A. A. Cohomology of small categories with coefficients in an Abelian
category with exact products. Sib. Math. J. 1989. V.30, N 4. P.668—672; translation
from Sib. Mat. Zh. 1989. V. 30, N 4. P. 210-215.

[6] Khusainov A. A. Comparision of the dimensions of a small category. Sib. Math.
J. 1997. V. 38, N 6. P. 1230-1240; translation from Sib. Mat. Zh. 1997. V.38, N 6.
P. 1413-1426.

[6] MacLane S. Homology. Berlin-Heidelberg-New York: Springer-Verlag, 1975.

[7] Oberst U. Homology of categories and exactness of direct limits. Math. Z. 1968.
Bd. 107. S. 89-115.

[8] Wagner D. G. The Algebra of Flows in Graphs. Adv. Appl. Math. 1998. V.21.
P.644-684.

CONTACT INFORMATION

A. A. Husainov Department of Computer Technologies,
Komsomolsk-on-Amur State Technical Uni-
versity, prosp. Lenina, 27, Komsomolsk-on-
Amur, 681013, Russia
E-Mail: husainov@knastu.ru

H. Calisici Amasya FEgitim Fakultesi, Matematik
Bolumu, Ondokuz Mayis University,
Amasya, 05189, Turkey
E-Mail: hmcalisici@yahoo.com

Received by the editors: 13.05.2003
and final form in 25.06.2003.



