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ABSTRACT. A ring R is said to be a left IF — (m,n) ring if
every injective left R-module is (m,n)-flat. In this paper, several
characterizations of left TF' — (m,n) rings are investigated, some
conditions under which R is left I F—(m, n) are given. Furthermore,
conditions under which a left TF'— 1 ring (i.e., IF —(1,1) ring) is a
field, a regular ring and a semisimple ring are studied respectively.

1. Introduction

Throughout R is an associative ring with identity and all modules are
unitary. The character module Homyz(M,Q/Z) of a module M will be
denoted by M* and the injective hull of M by E(M).

Let m,n be two fixed positive integers. Let G an abelian group. We
write G™(G,,) for the set of all formal n-dimensional row(column) vectors
over G. An R-module M is said to be n-generated if it has a generating
set of cardinality at most n[6]. A left R-module M is called (m,n)-
injective if for every n-generated submodule K of the left R-module R™,
each R-homomorphism from K to M can be extended to R™[3]. Note
that (1,n)-injective modules are also called n-injective in [10],[12]. The
ring R is left (m,n)-injective if R is (m,n)-injective. It is obvious that
rM is F P-injective if and only if gM is (m,n)-injective for all positive
integers m and n, and rM is P-injective if and only if pM is (1,1)-
injective. We also recall that a module M is F P-injective if and only
if M is absolutely pure, M is flat if and only if M* is F P-injective. A
submodule U’ of a module gU is pure in U if and only if the canonical
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map V®prV — V ®r U is monic for every finitely presented module Vx.
Indicated by these results we have following definition.

Definition 1.1. Let m,n be two fixed positive integers.

(1) A right R-module V is said to be (m,n)-presented if there exists
an exact sequence of right R-modules 0 — K — R™ — V — 0 with
n-generated K.

(2) Given a left R-module U, a submodule U’ of U is called (m,n)-
pure in U if for every (m,n)-presented right R-module V, the canonical
map V ®r U’ — V ®g U is monic.

(3) A left R-module M is (m,n)-flat if for every n-generated submod-
ule K of the right R-module R™, the canonical map KQrM — R"QrM
is monic.

(4) A module M is called (Xg, n)-injective ((Rg,n)-flat) if M is (k, n)-
injective ((k,n)-flat) for all positive integers k. Module M is called
(m, Rg)-injective if M is (m,k)-injective for all positive integers k. A
submodule U’ of a module U is said to be (Xg, n)-pure ((m,Np)-pure) in
U if U is (k,n)-pure ((m,k)-pure) in U for all positive integers k.

An exact sequence 0 — U" — U — M — 0 is called (m,n)-pure if U’
is (m,n)-pure in U, and a module L is called (m,n)-pure projective if L
is projective with respect to every (m,n)-pure exact sequence.

Using a standard technique we can prove the following theorem.

Theorem 1.2. (1) An exact sequence of left R-modules 0 — U’ — U —
M — 0 is (m,n)-pure if and only if every (n,m)-presented module is
projective with respect to this exact sequence if and only if (U')™ (N KU =
KU’ for every n-generated submodule K of the right R-module R™.

(2) A module M is (m,n)-injective if and only if M is (n, m)-pure in
every module containing M if and only if M is (n,m)-pure in E(M).

(3) A module M is (m,n)-flat if and only if M* is (m, n)-injective if
and only if every exact sequence 0 — U — U — M — 0 is (m,n)-pure.
Every (n, ®p)-pure submodule of a (m,n)-flat module is (m, n)-flat.

(4) U’ < U and U is (m,n)-flat, then U/U’ is (m, n)-flat if and only
if U’ is (m, n)-pure in U.

Recall that a ring R is called left IF ring if every injective left R-
module is flat [4],]9]. In this paper we shall generalize this notion and
introduce left IF-(m,n) rings providing several characterizations of such
rings. We also discuss left IF-(1,1) rings in a number of special cases.



7. ZHANMIN, X. ZHANGSHENG 95

2. Results

In this section, m and n will be two fixed positive integers. We start with
the following

Definition 2.1. A ring R is called left IF-(m,n) ring if every injective
left R-module is (m, n)-flat.

Theorem 2.2. For any ring R, the following conditions are equivalent:
(1) R is a left IF-(m, n) ring.
(2) Every F P-injective left R-module is (m, n)-flat.
(3) Every (Xg, n)-injective left R-module is (m,n)-flat.
(4) If gRN; < RN, Ny is (Rg, m)-injective and N is (Rg, n)-injective,

then N/Nj is (m,n)-flat.

Proof. (1)=(3). If gN is (Xg,n) -injective then it is (n,Ng)-pure in
E(N). Thus, from the (m,n)-flatness of E(NV), we have that N is (m,n)-
flat.

(3)=-(4). Since N is (Ng,m)-injective, so Ny is (m,Np)-pure in N
and hence (m,n)-pure in N. But N is (m, n)-flat, so N/Nj is (m, n)-flat.

The implications (4)=(2)=(1) are clear.

Let P and M be left R-modules. There is a natural homomorphism
o=opy: Homg(P,R)® M — Hompg(P, M) defined by o(f @ m)(p) =
f(p)m for f € Hom(P,R),m € M,p € P.

Lemma 2.3. Let M be a left R-module. If op s is an epimorphism for
every (n, m)-presented left R-module P, then M is (m,n)-flat.

Proof. For every (n, m)-presented left R-module P and uw € Hompg(P, M),
suppose u = U(Zle fi @my), fi € Homg(P,R),m; € M. Let F = R*,
and define v : P — F by v(p) = (fi(p), -, fe(p));w : FF — M by
w(ry, -+ ,7rg), then w = wv. It follows that P is projective with respect
to every exact sequence of left R-modules 0 — M’ — M" — M — 0.
Consequently, M is (m,n)-flat by Theorem 1.2(1),(3).

Lemma 2.4. Suppose that rU is (m,n)-flat. The following statements
are equivalent

(1) gUT is (m, n)-flat for every set I.

(2) For every n-generated submodule K of the right R-module R™,
the natural homomorphism ¢y : K ®p Ul — (K ®r U)! defined by
or(r@u)(a) =r@ula),a € [,u € Uz € K, is an isomorphism.
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Proof.  (1)=(2). Assume (1) holds. Then the exact sequence 0 — K —
R™ — R™/K — 0 induces the commutative diagram

0 —— KUl — R"@U! —— (R"/K)U! —— 0

J{ibK ldmm l‘f’Rm/K

0 — (KeU)! —— (R"@U)! —— (R"/KQU)! —— 0

which has exact rows, since pU and rU! are (m,n)-flat. The maps @rm
and @pm /g are isomorphisms since R™ and R™ /K are finitely presented.
Hence ¢k is an isomorphism.

(2)=(1). For every n-generated submodule K of R™ we have the
commutative diagram

0 — KUl —— RmMUT!

Jon o

0 — (KeU)! —— (R™"eU)!

which has exact bottom row, and ¢k and @pgm /g are isomorphism by
(2). Hence the top row is also exact, and thus U is (m,n)-flat.

Theorem 2.5. For any ring R the following conditions are equivalent

(1) R is left IF-(m,n).

(2) The injective hull of every finitely presented left R-module is
(m, n)-flat.

(3) Every (n,m)-presented left R-module is a submodule of a free
module.

(4) For every free right R-module F', F’* is (m, n)-flat.

(5) For every n-generated submodule K of the left R-module R™, the
map ¢y : K @g (R*)! — (K ®g R*)! is an isomorphism.

(6) For every m-generated submodule K of the left R-module R™ there
exist finite elements 31, B2, - -+, B in R™ such that K = lgn {51, B2, -, Bp}-

Proof. (1)=(2) is trivial.

(2)=(3). Let u be the injection of a given (n,m)-presented module
rP into E(P), and let 0 — K — F < E(P) — 0 be an exact sequence
with F' being free. Then there exists v : P — F' such that u = wv, which
implies that v is monic, and (3) holds.

(3)=(4). Let Fr be any free R-module, then F* is injective. Let pP
be (n,m)-presented and rL is a finitely generated free module contain-
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ing P. The following diagram is commutative

Hom(L,R) ® F* —2X— Hom(L, F*)

Je s

Hom(P,R) ® F* 22— Hom(P, F*)

Since F™* is injective, (8 is an epimorphism. Besides, oy, is an isomor-
phism since L is finitely generated and free. Therefore op is epic, and
thus F* is (m, n)-flat by Lemma 2.3.

(4)=-(1). Let E be any injective left R-module. There is a free module
F and an epimorphism F' — E*, which give a monomorphism E** — F™*.
Since F* is (m,n)-flat and E C E**| then E is a direct summand of F*
and hence F is (m,n)-flat.

(4)<(5). Follows from Lemma 2.4.

(3)=(6). Since K is a m-generated submodule of the left R-module
R"™, by (3), R"/K can be embeded in RP for some positive integer p.
Let f : R"/K — RP be a monomorphism and suppose that f(e;) =
(@i1, a2, -+, aip), where e; is the element in R™ with 1 in the ith position
and 0's in all other positions, ¢ = 1,2,--- ,n. Write 8; = (a1;, azj, - 7anj)T7
j=1,2,---,p, then K = Ign{fB1, 02, ,5p}.

(6)=(3). Let K = lgn{p1, B2, - ,ﬂp}, where 3; = (alj, agj, -+ ,anj)T S
R" j =1,2,---,p. Write o = (ai1, a2, - ,aip), i = 1,2,--- ,n, and
define f: R"/K — RP by

ail a2 - anp

as1 a2 - Az
<r177a27'“7r’n)+K (7"1,7’2,"',7“”)

anl1 Aanp2 - dnp

then f is a left R-monomorphism.

We call a ring R right (m, n)-coherent if every n-generated submodule
of R} is finitely presented. A straightforward modification of Chase’s
proof of [2, Theorem 2.1] shows that R is right (m,n)-coherent if and
only if the direct product of any family of (m,n)-flat left R-modules is
(m,n)-flat.

Corollary 2.6. If R is right (m, n)-coherent then R is left IF-(m,n) if
and only if g(R*) is (m,n)-flat.

Proof. Follows from Theorem 2.5(4).
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Corollary 2.7. If rR is a cogenerator and R is right (m,n)-coherent
then R is left IF-(m,n).

Proof. Since R is right (m,n)-coherent, pR! is (m, n)-flat for every set
I. Since rR is a cogenerator, every left R-module can be imbedded in
an (m,n)-flat module. Consequently, every injective left R-module is a
direct summand of an (m,n)-flat module and hence is (m, n)-flat.

Corollary 2.8. If R is a left I[F-(m,n) ring then R is right (m,n)-
injective.

Proof. Let K be any m-generated submodule of the left R-module R™.
Since R is left IF-(m,n), K = lgn{01, B2, -+ , Bp} for some B1, B2, - - , Bp
in R,, by Theorem 2.5. This implies I gn7pn (K) = K, and thus R is right
(m, n)-injective by [3,Theorem 2.4].

Corollary 2.9 [9,Theorem 3.3] A left I F-ring is right F P-injective.

According to [4], a right R-module N is called T-finitely generated
(resp. H-finitely generated) if IV contains a finitely generated submodule
Ny such that N/Ny ® R* = 0(resp.Hompr(N/Ny, R) = 0). A right R-
module M is called T-finitely presented (resp. H-finitely presented) if
there exists a finitely generated free module F' and an epimorphism of
F onto M with T-finitely generated (resp. H-finitely generated) kernel.
We call a ring R right 7' — (m, n)-coherent (resp. H — (m, n)-coherent)
if every n-generated submodule K of R} is T-finitely presented (resp.
H-finitely presented).

Theorem 2.10. Suppose that r(R*) is flat. The following statements
are equivalent

(1) R is left IF-(m, n).

(2) R is right T-(m,n)-coherent.

(3) R is right H-(m, n)-coherent.

Proof.  (1)=(2). Follows from Theorem 2.5(5) and [5,Lemma 1.2].
(2)<(3). Follows from [4,Lemma 3,4].

We call a ring R left IF-n ring if every injective left R-module is n-flat
(i.e. (1,n)-flat).
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Remark 2.11. In general, the classes of left IF-(m,n) rings are dif-
ferent for different pairs (m,n). For example, let K be a field and L a
proper subfield of K such that p : K — L is an isomorphism. Let K|z, p]
be the ring of twisted left polynomials over K, where zk = p(k)x for
all k € K. Set R = Klz,p]/(z?). Tt is readily verified that the only
proper left ideal of R is Rz = Kx. Thus R is left artinian and so satisfies
the ascending chain condition on annihilator right ideals. It is easy to
check that Rx = I(z), so R is a left IF-1 ring by Theorem 2.5. As in
[11, Example 1], we can show that R is not QF, and thus R is not right
2-injective by [11,Corollary 3|. Therefore, R is not a left IF-2 ring by
Corollary 2.8.
We characterize left IF-1 rings in some special cases.

Theorem 2.12. Let R be a left IF-1 ring.
(1) R is a field if and only if R is a domain.
(2) R is a regular ring if and only if every principally left ideal is flat.
(3) R is a semisimple ring if and only if R is a semiprime left Goldie
ring.

Proof. We only need to prove the sufficiency.

(1) Over a domain, 1-flat modules are torsion free |7, Theorem,3.3].
Thus every injective module, being 1-flat, is torsion free. Hence for every
essential ideal I, R/I is torsion free, and so I = R. This means that R
is semisimple, and hence is a field.

(2) If every principally left ideal is flat then submodules of 1-flat left R-
modules are 1-flat by [12, §5,(f)]. We conclude that every left R-module
is 1-flat since R is a left IF-1 ring. In particular, R/Ra is 1-flat for each
a € R. It follows that Ra is (1,1)-pure in R, and thus aR N Ra = aRa.
Consequently, a € aRa and R is regular.

(3) Since R isleft IF — 1, then Rp is P-injective and hence divisible.
This implies that every regular element of R has a left inverse and thus
is invertible. Observe that in a semiprime Goldie ring, every essential
left ideal has a regular element [8,Theorem 3.9|, which is invertible in
our case. Therefore R has no proper essential left ideals and hence, R is
semisimple.
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