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ABSTRACT. In the paper we prove (Theorem 8.1) that there
exists a continuum of non isomorphic simple modules over KFj,
where Fy is a free group with 2 generators (compare with [Cal
where a continuum of non isomorphic simple 2-generated groups is
constructed). Using this fact we give an example of a non action
type logically Noetherian representation (Section 9).

In general, the topic of this paper is the action type algebraic geom-
etry of representations of groups. For every variety of algebras © and
every algebra H € © we can consider an algebraic geometry in © over H.
Algebras in © may be many sorted (not necessarily one sorted) algebras.
A set of sorts I' is fixed for each ©. This theory can be applied to the
variety of representations of groups over fixed commutative ring K with
unit. We consider a representation as two sorted algebra (V,G), where
V is a K-module, and G is a group acting on V. In the action type
algebraic geometry of representations of groups algebraic sets are defined
by systems of action type equations and equations in the acting group
are not considered. This is the special case, which cannot be deduced
from the general theory (see Corollary from Proposition 3.5, Corollary
2 from Proposition 4.2 and Remark 5.1). In this paper the following
basic notions are introduced: action type geometrical equivalence of two
representations, action type quasi-identity in representations, action type
quasi-variety of representations, action type Noetherian variety of repre-
sentations, action type geometrically Noetherian representation, action
type logically Noetherian representation. Proposition 6.2, and Corollary
from Proposition 6.3 provide examples of action type Noetherian variety
of representations and action type geometrically Noetherian representa-
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tions. In Corollary 2 from Theorem 5.1 the approximation-like crite-
rion for two representations to be action type geometrically equivalent is
proved. This criterion is similar to the approximation criterion for two
algebras to be geometrically equivalent in regular sense ([PPT]). Theo-
rem 6.2 gives a criterion for a representation to be action type logically
Noetherian. This criterion is formulated in terms of an action type quasi-
variety generated by a representation (compare with [P14]). In Corollary 2
from Theorem 7.1 we consider a Birkhoff-like description [Bi] of an action
type quasi-variety generated by a class of representations. An example
of a non action type logically Noetherian representation allows to build
an ultrapower of a non action type logically Noetherian representation,
which has the same action type quasi-identities but is not action type
geometrically equivalent to the original representation (Corollary from
Theorem 9.1). This result is parallel to the corresponding theorem for
groups [MR].

Introduction

In this paper we consider the action type algebraic geometry of repre-
sentations of groups. General references for universal algebraic geometry,
i.e. the geometry associated with varieties of algebras are [BMR], [MR],
[P11-P14|. First notions in the algebraic geometry of representations of
groups were defined in [P15]. We outline them in the introduction and
consider in detail in the sequel.

We consider only right side modules and throughout the paper "mod-
ule" means a "right side module". Let K be a commutative ring with
unit, G be a group, V be a K-module, and KG be the group ring over
the group G. (V,G) is a representation of the group G if V is a KG-
module. This is equivalent to the existence of the group homomorphism
p: G — Autg (V) and the ring homomorphism p : KG — Endg (V)
(in the paper the homomorphism of groups ¢ : G — H, and the corre-
sponding ring homomorphism ¢ : KG — R, where R O K H are denoted
by the same letter). The multiplication of elements of the module V' by
elements of G and KG is denoted by o and other similar symbols, and
is called the action of the group G (ring KG) on elements of the module
V. The variety of representations of groups over the fixed commutative
ring K we denote Rep — K (|PV]).

The homomorphism of two representations (o, ) : (V,G) — (W, H),
is the pair (o, 3) of two homomorphisms where a: V' — W is the homo-
morphism of K-modules and §: G — H is the homomorphism of groups
subject to condition (vo ¢)* = v® o g%, for every v € V and g € G. If
(V,@G) is a representation, Vo < V' is a K-submodule of V', Gyp < G is a
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subgroup of G and Vj is a K Gp-submodule, then we say that (Vp, Gg) is
a subrepresentation of (V,G) (denoted by (Vp, Go) < (V,G)).

If (, B) : (V,G) — (W, H) is a homomorphism of representations,
Vo = kera, Gy = ker 3, then we denote ker («, 3) = (Vp, Go). We have
ker (o, B) < (V,G), Go 9 G, Vy is a KG-module and G acts trivially on
the V/Vph. On the other hand, if (Vp, Go) < (V, G) is a subrepresentation,
which satisfies the conditions 1) Gp < G, 2) Vj is a KG-module and 3)
Gy acts trivially on the V/Vj, then one can define the action of G/G
on the V/Vy by the rule: (v+ V) o (9Go) = vog+Vy (v eV, g€
G). Then (V/Vh,G/Gy) is the representation and the pair of natural
homomorphisms a : V. — V/V, 8 : G — G/Gy is the homomorphism
of representations («, ) : (V,G) — (V/W,G/Gy). Subrepresentation
(Vo,Go) < (V,G), which satisfies the conditions 1), 2) and 3) is called
a normal subrepresentation (denoted by (Vp, Go) < (V,G)). We denote
(V/Vo, G/Go) = (V,G) / (Vo, Go)-

Free objects in the Rep — K are representations (XKF (Y),F (Y)),
where F' (Y) is the free group with the set of free generators Y, KF (Y)

the group ring over this group, and XKF (Y) = @ zKF (Y) is the
rzeX
free KF (Y)-module with the basis X. We denote the representation

(XKF(Y),F(Y)) as W (X,Y). Below in this paper we suppose (if we
do not say anything else specifically) that X and Y are finite subsets of
the countable sets Xy and Y respectively.

In the variety Rep— K we can consider subvarieties © defined simulta-
neously by a set of identities in acting groups {f =1|fe€ F(Yo)} = H
and by a set of identities of the form {w=0|w € XoKF (Yy)} = A.
Elements of A are identities which describe action of groups on mod-
ules. These identities are called action type identities. In other words
© is the set of representations (V,G) € Rep — K such that V (o, 3) €
Hom (XoKF (Y) , F (Y0)), (V. G)) holds (f° = 1) A (w® = 0) ¥f €
H, Yw € A. Subvarieties of this kind are called in [PV] "bivarieties". For
every (V,G) € © we can consider the set of group identities satisfied by
(V. G)

Idg, (V,G) =

—{F e F() | V(0 B) € Hom (XoKF (Yo) , F (%)), (V. G)) (£* = 1)},
and the set of action-type identities satisfied by (V, G)

Idy: (V,G) =

— {w € XoKF (Yp) | ¥ (o B) € Hom (XK F (o), F (¥p)) . (V. G)) (w® = 0)}.
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Idg, (V,G) 2> H and Ide: (V,G) 2O A hold Clearly,
(Idq+ (V,G),Idg. (V,G)) is the normal subrepresentation of the repre-
sentation (XoKF (Yp), F (Yy)). Denote

Idy® = (| Idg (V,G),1des1© = () Idas (V,G).
(V,G)eo (V,G)eo

(Ide+.©,1dy©) is also the normal subrepresentation of the
(XoKF (Yy),F(Yy)) and Idy,© O H, Id,;© 2 A. By [PV], ac-
tion type identities (elements of Id, ¢ ©) can be reduced to the identities
in the cyclic module {z} KF (Yy) = KF (Yp), i.e., to the identities of
the form x o u (y1,...,yn) = 0, where y1,...,y, are some generators of
F (Yp), and u € KF (Yp).

Example 0.1. The identity

zo(yr—1)(y2 =1)...(yn — 1)

defines the n-stable variety of group representations. This variety we
denote by G".
Denote

Idet ®NXKF (Y) =Ids; (6,X,Y),Id,©NF (V)= Idg, (6,Y),

Id(0,X,Y) = {[der. (0,X,Y),Idg (©,Y))
(Id(©,X,Y) is a normal subrepresentation of W (X,Y))

XKF(Y)/Ida.t. (@7X>Y) :E@(va)a F(Y)/Idgr (@7Y) = Fo (Y)
Then
W@(Xv Y) = W(X’Y)/Id(@7X7Y) = (EG)(X7Y)7F@ (Y))

is the free representation in the variety of representations © (relatively
free representation). Below in this paper we suppose (if we do not say
anything else specifically) that © is a subvariety of Rep — K.

Let (V,G) be a fixed representation, such that (V,G) € ©. We con-
sider affine spaces of finite rank over the (V,G) in the variety ©. These
are the sets Hom (We (X,Y), (V,G)).

We have two kinds of equations in the algebraic geometry over rep-
resentations: equations in the acting group of the form f = 1, where
f € Fo(Y), and the action type equations of the form w = 0, where
w € Eg(X,Y). Action type equations describe action of the group on a
module.
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In action type algebraic geometry of representations we consider only
action type equations. If T C Fg(X,Y) is a set of these equations, it
defines the algebraic set

TV = {(a, ) € Hom (We (X,Y), (V,@G)) | kera D T}

over a representation (V,G). If A C Hom (Wg (X,Y),(V,Q)) is a set
of points of the affine space, then we have the "ideal" of action type
equations (in fact the K Fg (Y)-submodule in Eg(X,Y")), defined by the

set A:
A(VV,G): ﬂ ker «.

Now we can consider the action type (V, G)-closure of a set of action type
equations T' C Eg(X,Y):

T(Y/%) = m ker av
(Q:B)ET(Y/,G)

and the action type (V, G)-closure of a set of points A C Hom(Wg(X,Y),
(V,G)):

A(VVYG) = {(a,ﬁ) € Hom (We (X,Y),(V,G)) | kera D A(VV,G)} .

Definition 0.1. Representations (Vi,G1),(Va,G2) € © are called ac-
tion type geometrically equivalent (denoted (Vi,G1) ~qr. (V2,G2))
if T(Y/XGl) = T(Y_/ZQ) for every X .cmd. Y andfor' every s.et T C Eo(X, Y?.
By Proposition 4.3 this definition is correct, i.e., action type geometric
equivalence of representations does not depend on subvariety ©.

Definition 0.2. The universal logic formula of the form

(/\ (wy = 0)> = (wp = 0), (0.1)

i=1

where {wo,w1,...,w,} C XKF (Y), is called an action type quasi-
identity.
We say that a representation (V,G) is fulfilled on the formula (0.1)

and denote:
(V.G)F ((/\ (w; = 0)) = (wo = 0))
i=1

if w§ = 0 for every (o, ) € Hom (W (X,Y), (V,G)), such that w{* =0
for every i € {1,...,n}.
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Also we can consider the infinite action type "quasi-identity":

(/\ (w; = 0)> = (wp =0), (0.1)

iel

where {wo} U{w; |ie I} ¢ XKF(Y), |[I| > Np. This is not a logic
formula in the usual sense, but we can interpret its meaning by the
rule: a representation (V,G) satisfies (0.1°) if w§ = 0 for every (o, 3) €
Hom (W (X,Y),(V,G)), such that w* = 0 for every ¢ € I.

Definitions 0.3. A representation (V,G) € © is called action type
geometrically Noetherian if for every sets X and Y and every set
T C Eo(X,Y), there is a finite set Ty C T, such that (To)(vvﬁ) = T(Y/,G)'

A representation (V,G) € © is called action type logically
Noetherian if for every sets X and Y, every set T C Eg(X,Y) and
every w € T(Y/%), there is a finite set Ty € T, such that w € (Tg)(v‘/?@).

Also by Proposition 4.3, action type geometric Noetherianity and ac-
tion type logic Noetherianity of representation does not depend on sub-
variety ©.

The paper is organized as follows. We start with two auxiliary sec-
tions. For the sake of completeness we recall in Section 1 some basic
definitions and constructions for modules and representations of groups
which will be needed later. In Section 2 we consider operators on classes
of algebras. Some of these operators act specifically on classes of repre-
sentations of groups and can be found in [PV]. In this paper we continue
to study the properties of these operators.

In Section 3 we study the basic notions related to algebraic geome-
try in representations of groups. We distinguish two kinds of equations:
equations in the acting group and action type equations. The main con-
cepts of the action type algebraic geometry of representations, i.e. the
geometry determined by action type equations, are defined in Section 4.
Section 5 deals with the notion of action type geometrical equivalence of
representations. In Corollary 2 from Theorem 5.1 an approximation-like
criterion for two representations of groups to be action type geometrically
equivalent is presented.

The notions of Noetherian variety of algebras and geometrically (logi-
cally) Noetherian algebra play an important role in the theory (see, [P13—
Pl4]). The corresponding notions of action type Noetherian variety of
representations and action type geometrically (logically) Noetherian rep-
resentation are discussed in Section 6. Theorems 6.1 and 6.2 establish re-
lations between geometrical and logical properties of logically Noetherian
representations. Two examples are presented: the n-stable variety of rep-
resentation over the Noetherian ring K is the action type Noetherian
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variety for every n € N (Proposition 6.2), and every finite dimension
representation over the field K is action type geometrically Noetherian
(Corollary from the Proposition 6.3).

R.Gobel and S. Shelah ([GSh|) proved that there is a non logically
Noetherian group. A.Myasnikov and V.Remeslennikov [MR] proved that
for every non logically Noetherian group there exists an ultrapower of
this group, which, of course, has the same quasi-identities as the original
group, but is not geometrically equivalent to the original group. Our
target in the three final sections is to prove a similar result in the ac-
tion type algebraic geometry of representations. In Section 7 we consider
action type quasi-varieties of representations, i.e. quasi-varieties of repre-
sentations, defined by action type quasi-identities. We give a description
of the action type quasi-variety generated by a class of representations in
terms of operators on classes of representations.

In Section 8 we prove Theorem 8.1: There exists a continuum of
non isomorphic simple modules over KFs, where Fa is a free group with
2 generators (K is a countable field). This theorem is similar to the
result of R.Camm [Cal: there is a continuum of non isomorphic simple
2-generated groups. The latter theorem has been used by R.Gobel and
S. Shelah in the construction of a non logically Noetherian group. We
use Theorem 8.1 in the Section 9 (Theorem 9.1) for the construction of a
non action type logically Noetherian representation. Then we show that
there is an ultrapower of this representation which has the same action
type quasi-identities as the original representation, but is not action type
geometrically equivalent to it.

1. Some basics on modules and representations of groups

For the sake of completeness we will present in this section some well-
known basic notions and facts about the representations of groups and
modules which we will use later.

A representation (V, G) is finitely generated if G is a finitely generated
group and V is a finitely generated K G-module.

The Cartesian product of the family of representations {(V;, G;) | i € I'}
((V;,Gi) € Rep— K for every i € I) is the representation | [[ Vi, [ Gi ),

iel el

with componentwise action.

If {A;|iel} is a family of sets and § is a filter over the set of

indices I, then consider equivalence ~z on the set A = [[ Ai: a1 ~5 a2
el

if {i € I|al" =al'} €F, where aj,a2 € A, mj : A — A, are projections.

We denote by [a] s the equivalence class ~z, generated by the element

~
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a € A. The filtered product of the family of sets {A; |7 € I} by the
filter § is the factor set A/ ~z= (H Ai) [~z E{(Vi,Gi)|iel}isa
i€l
family of representations and § is a filter over the set of indices I, then
the filtered product of this family of representations by the filter § is the

representation

(L) o= (I0v) - (1) )

where action of the group (H G,-> / ~% on the module <H VZ) / ~z is
el iel

defined by o], o [g]., =[vogl., (e [[Vig € [1Go).

The regular representation (K G, G) is defined by: v o g = vg, where
v e KG,ge G If U< KGgqg (in this way we denote both a right
ideal in a ring and a right submodule in a module) then KG/U is the
KG-module and we have the representation (KG/U,G): v* o g = (vg)",
where v € KG, g € G, v: KG — KG/U is the natural homomorphism.

Let p: G — Autg (V) be the group homomorphism, which defines a
representation (V,G). We denote

ker (V,G) =kerp={ge G |Vv eV (vog=nu)}.

The ker (V, G) is the normal subgroup of G. If ker (V, G) = {1}, then the
representation is called faithful. Let (V, G) be an arbitrary representation,
G =G/ker (V,G), v: G — GJker (V,G) is the natural homomorphism.
We can define the action of G on module V by vxg" =vog (v eV,
g € G). The representation (V, é) is faithful and called the faithful
image of (V,G).

Let R be a ring with unit, M is a R-module, X C M. We can consider
the annihilator of the set X: anngX = {r € R|Vz € X (zr =0)}, and
the stabilizer of the set X: stabrX = {re R|Vr € X (zr =x)}. It is
well-known that annp X is the right ideal of R and if X is a submodule
of M, then the anngX is a two-sided ideal of R and the stabrX is a
semigroup of R. It is clear that stabrX = 1 4+ anngX. If (V,G) is a
representation, X C V', we denote (stabggX) N G = stabX; by this
notation we have stabV" = ker (V, G).

Proposition 1.1. If R is a ring with unit, U < Rp right ideal of the ring
R, then anng (R/U) is the maximal two-sided ideal of the R, contained
in U. (|P1, 2.1])

Proposition 1.2. Let K be a commutative ring with unit, G be a group,
U < KGkg, then ker (KG/U,Q) is the mazimal normal subgroup of
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the G contained in the group (1+U)NG ={ge€ G|g—1€U}. This
proposition is similar to Proposition 1.1.
Corollary. If U <kxg KGk¢ is two-sided ideal of the KG, then

1+U)NG={g9eG|lg—1€U} =ker (KG/U,QG).

If p: S — R is a homomorphism of rings, then over every R-module Vg
we can define the structure of an S-module: vos=uvs¥ (v eV, s € 9).
We say in this case that S-module V is defined by the homomorphism ¢
and sometimes it is denoted by (V).

Proposition 1.3. If ¢ : .S — R is an epimorphism of rings and U < Rp
is a right ideal of the ring R, then R/U = S/UV1 as S-modules. If
U <g Rp a two-sided ideal, then RJU = S/U¥ " as rings.

Corollary 1. Let ¢ : S — R is an epimorphism of rings, U < Rp a
right ideal of the ring R. Then

S/anng (R/U) = R/ (anng (R/U))? = R/anng (R/U)

as Tings.

The epimorphism of groups ¢ : F' — G can be extended to the epi-
morphism of associative algebras ¢ : KF' — KG. So, we have
Corollary 2. If F = F (X) is the free n-generated group, G is another
n-generated group, U < KGgq is a right ideal of the ring KG, then

KF/anmgpr (KG/U) = KG/anngg (KG/U)

as associative algebras.
Proposition 1.4. Let Vg = Wg as R-modules, then anng (Vg) =
annp (WR) ([Pi, 2.1])

2. Operators on classes of representations of groups

Let X be a class of algebras in some variety © (many sorted in general).
We consider the following operators on classes of algebras:

S: algebra H € SX if and only if H is a subalgebra of some algebra
Gex;

C: algebra H € CX if and only if H is a Cartesian product of a family
of algebras from the class X;

F: algebra H € FX if and only if H is a filtered product of a family
of algebras {G; | i € I'} from the class X by an arbitrary filter over the
set I;

Cup: algebra H € C,,X if and only if H is a filtered product of a
family of algebras {G; | i € I'} from the class X by an arbitrary ultrafilter
over the set I;
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L: algebra H € L£X if and only if Hy € X for every finitely generated
subalgebra Hy < H.

Definitions 2.1. Let X be a class of algebras in some variety ©.

If U is an operator on the classes of algebras, we say that class of
algebras X is closed under the operator U if UX = X.

An operator U on the classes of algebras is called closed operator
if UUX =UZX for every class of algebras X.

An operator U on the classes of algebras is called monotone if UX, C
UXy holds when X1 C Xo (X1, X2 - classes of algebras of the variety © ).

An operator U on the classes of algebras is called the operator of
extension on the fized class X if UX D X, an operator U on the classes
of algebras is called the operator of extension if it is an operator of
extension on all class of algebras.

If Uy, ..., U, are operators on the classes of algebras and X is a class
of algebras, we denote by {Ui,...,U,} X the minimal class of algebras
which contain the class X and closed under all operators Uy, ...,U,. Of
course, {Ui, ...,U,} will also be the operator on the classes of algebras.

It is clear that operators £, S, C, F, Cy, are monotone. Operators
S, C are closed and operators of extension. F is also an operator of
extension, because over the set {1} the family of sets {{1}} is a filter.
And F is a closed operator (see [Ma).

It is well-known that for every class of algebras X fulfills

CSX C SCX (2.1)

and
FSX C SFX. (2.2)

About operator £ in [PPT, Theorem 3| it was proved that if X is a
class of algebras, then

SLX = LX; (2.3)
CLX C LSCX; (2.4)
ifSX =X, then X C LX (2.5)
and
LLX =LX, (2.6)

and it was induced from this that {£,S,C} = LSC.

Let X be a class of representations. On classes of representations we
can consider some special operators:

Q": a representation (V,G) € Q"X if and only if there exists a rep-
resentation (V, D) € X, such that (idy, ) : (V,D) — (V,G) is a homo-
morphism of representations and ¢ : D — G is an epimorphism ([PV,

1.3));
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QY a representation (V,G) € Q°X if and only if there exists a rep-
resentation (V, D) € X, such that (idy,p) : (V,G) — (V, D) is a homo-
morphism of representations and ¢ : G — D is an epimorphism ([PV,
1.3]);

S,: a representation (V,G) € S, X if and only if G < H and (V, H) €
X.

It is clear that operators Q°, Q" S, are monotone, closed and oper-
ators of extension.

Now we prove
Lemma 2.1.

Q' LXC LOX, (2.7)
Q'Lx c L%, (2.8)
FQ'x c Q°Fx%, (2.9)
FO'XcC QFX, (2.10)

for every class of representations X.

Proof:

Let X be a class of representations.

Let (V,G) € Q"LX. Then there exists representation (V,D) € LX
and epimorphism ¢ : D — G, such that (idy, ¢) is the homomorphism of
representations. Let (Vp, Go) be a finitely generated subrepresentation of
(V,G) and Go = (g1,...,9n). Let df =g; (d; € D, 1 <i < n). Denote
Dy = (di,...,dy). vod=wvod? for every v € V,d € D. So (Vp, D) <
(V,D) and (Vj, Do) is a finitely generated representation, because Vj is
finitely generated K Go-module. (V, D) € LX, so (Vy, Dy) € X. Therefore
(Vo,Go) € Q"X and (V,G) € LO"X. (2.7) is proved.

Similarly we can prove (2.8).

Let (V,G) € FQ°%. Then

o () 1))

where {(V;,G;) | i € I} C Q°%. So, there is an epimorphism ¢; : G; — D;
and a representation (V;, D;), such that (V;, D;) € X and (idy;, ;) :
(Vi, G;) — (Vj, D;) is a homomorphism of representations, exist for every
1 € 1. Hence,

(i) (v D0~ (T T2

el iel el iel el
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where ¢ = [] ¢;, is a homomorphism of representations. Let m; :
i€l

[[Gi — Gi and p; : [[ D;i — D; be projections. Let g1,92 € [[ G;

el i€l i€l

and g1 ~3 g2, i.e. {%Gflgl —92}63. Then
So{icl|g” =g} D {icl| gl =95},

so g{ ~z g5. Then we can define

(HG) / ~z3 g ~ [g‘p]Ng € (H DZ') /
i€l el

@ is an epimorphism and | id ( , @ | is a homomorphism of rep-
I1 V) [~

( (E W) / ~5. (]1 Dz') / Ng) € FX,
G) = ((E Vi) / ~% (l} Gi) / Ng) e Q"Fx.

(2.9) is proved.
Similarly we can prove (2.10).

resentations.

SO

Corollary.
{0r,Q%c,8,¢c} =£00"sc (2.11)
and
{Q° 0", 8, F} = Q"Q'SF. (2.12)
Proof:

By the results of [PV, 1.3.2] and by (2.2), (2.9) and (2.10) we have
immediately (2.12).

To prove (2.11) we must use (2.3), (2.4), (2.5), (2.6), (2.7), (2.8), and
methods of [PPT, Theorem 3|.

3. Basic notions of algebraic geometry of representations

Let (V,G) € © be a fixed representation. Let Hom (Wg (X,Y), (V,G))
be the affine space of finite rank over the (V,G).
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Consider in this affine space the algebraic set

A= (T17T2)/(V,G) =
={(a, ) € Hom (We (X,Y),(V,G)) | kera D Ty, ker 8 D T},

defined by an arbitrary pair (77, T») of sets of equations (77 C Fe(X,Y),
Th C Fo (Y)).

On the other hand, for an arbitrary set of points A C Hom(Wg (X,Y),
(V,G)) in the affine space we have the "ideal of equations" (in our case -
normal subrepresentation of the Wg (X,Y") ), defined by this set:

T:A,(MG): ﬂ ker a, ﬂ ker 3
(a,B)€A (,B)eA

Then, the (V, G)-closure of the pair (77, 7%) of sets of equations is:

(11, Tg)'(/V’G) = ﬂ ker a, ﬂ ker 8
(a,B)e(T1,T2) (v c) (a,B)e(T1,T2) (v q)

The (V, G)-closure of the set of points A € Hom (Wg (X,Y),(V,G)) is:
e = {(u,v) € Hom(We(X,Y), (V,G)) | ker p D T1 kerv D Tp}

where (T, T3) = A/(VG)'

We say that a pair of sets of equations (57, 52) is contained in a pair
of sets of equations (T4,7%) (51,71 C Ee(X,Y), S2,T5 C Fg (Y)) and
denote

(S1,52) € (Th,T2) (3.1)

if S C Ty and Sy C Ts. The correspondence ’ is the Galois correspon-
dence between sets of points and pairs of sets of equations, that is:

1) ((51,52) € (To, To) € Wo (X,Y)) = (81, 2y 2 (T1. Ty ).
2) (A C B C Hom (We (X,Y),(V,G))) = (BEV,G) > A'(v,c;))7

3) (T3, T) € Wo (X,Y)) = (11, T2) € (T, B}y )
4) (

) (A C Hom (We (X,Y),(V,G))) = (A c A’(’V,G)) .
for every X and Y and every representation (V,G).
Definitions 3.1. We say that a pair of sets of equations (T1,T5) is
(V,G)-closed if (T1,T2) = (T17T2>/(/V,G) and that a set of points A is

(V,G)-closed if A= A/(/V,G)'
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If the pair of sets of equations (71,73) is (V, G)-closed, then (77, 7%)
is the normal subrepresentation of the Wg (X,Y).

As usual:
Proposition 3.1. The (V,G)-closure of a pair of sets (T7,7T») is equal
to the smallest (V, G)-closed pair containing the pair (77, 73).

By [P12, Proposition 3| we have
Proposition 3.2. Let ©1,02 are a subvariety of Rep — K, (V,G) €
©1 C Oy. There is a one-to-one order preserving correspondence be-
tween lattices of (V,G)-closed subrepresentations in We, (X,Y) and in
W91 (X ’ Y)

By this proposition we can consider the lattices of (V, G)-closed sub-
representations in the biggest variety of representations: in Rep — K.

Quasi-identity in Rep — K can have the forms:

((/\ (w¢=O)> A </\ (fi:1)>> = (wo = 0) (3.2.1)
=1 i=1

(A=) (o)) = t-n.
1=1 i=1

where w; € XKF(Y) (0<i<mny), fi € F(Y) (0 <i < ng). We say
that a representation (V, G) satisfies (3.2.1) and denote:

V.G F (((/\w =o>> A (/im _ 1))) = (u =o>>
=1 =1

if w§ = 0, for every homomorphism («,3) € Hom (W (X,Y),(V,G))
which satisfies w$* = 0 for every ¢ € {1,...,n;} and ff =1 for every i €
{1,...,n2}. Similarly, a representation (V,G) satisfies (3.2.2) if f(’? =1,
for every (a, ) € Hom (W (X,Y), (V,G)) such that w® = 0 for every
ie{l,...,n1} and ff =1 for every i € {1,...,n2}.

Also we can consider the infinite "quasi-identities":

Nwi=0)| A N\F=1]]|=(w=0) (3.2.1)
and

Nwi=0)|r| \NF=0]]= =1, (3.2.2))
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where w; € XKF (Y) (i € LU{0}), fi € F(Y) (i € [U{0}), I1, I3 isnot
necessary finite. We say that a representation (V, Q) satisfies (3.2.17) if
w§ = 0, for every (o, ) € Hom (W (X,Y), (V,G)) such that w$ = 0 for
every ¢ € I and ff = 1 for every i € I. Similarly, a representation (V, G)
satisfies (3.2.27) if foﬁ = 1, for every (a, ) € Hom (W (X,Y),(V,QG)),
such that w{* = 0 for every ¢ € I; and fiﬁ =1 for every ¢ € Is.

Let X be a class of representations. Denote by g/dX the set of quasi-
identities satisfied by all representations of this class. Let now £ be a set
of quasi-identities of representations. Denote by ¢VarQ the class of all
representations, which satisfy all quasi-identities from the £; this class is
called a quasi-variety of representations. The quasi-variety generated by
the class X , i.e. ¢VarqldX, is denoted by ¢VarX. If X={(V,G)} then
we denote ¢IdX = qId (V,G), ¢VarX = qVar (V,G).

It is easy to see that
Proposition 3.3. If {w;|i€ [} U{wy} C XKF(Y), {fi|ie€ L} U
{fo} CF(Y), (T,T2) = ({w; | i € i}, {fi | i € I2}) (v ) then

(V,G)F N @wi=0)|r{ A\ Fi=1]] = (w=0

i€l i€la

if and only if wg € T1 and

(V.G) E N\ wi=0 | AL AN G=0]]= =1

i€l i€lg

if and only if fo € T5.
Proposition 3.4. (T1,73) C We (X,Y) is a (V,G)-closed subrepresen-
tation ((V,G) € ©) if and only if We (X,Y) /(T1,T2) € SC (V, Q).
Proof:
We apply the Remak theorem for representations to the representa-
tion We (X,Y) / (T4, T).
Corollary. Let (V,G),(W,H) € ©. Every (W, H)-closed representation
is a (V, G)-closed representation if and only if (W, H) € LSC (V,G).
This corollary we can prove by the method of |P12, Proposition 14].
Definition 3.2. Representations (V1,G1),(Va,G2) € © are called geo-
metrically equivalent (denoted (V1,G1) ~ (V2,G2)) if (T17T2)/(/V1,G1) =
(TlaT2)/(,V2,G2) for every X and Y and for every pair of sets (Th,T>) C
Weo (X,Y).
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Corollary from Proposition 3.1. (V1,G1) ~ (Va,G2) if and only if every
(V1, G1)-closed representation is a (Va, Ga)-closed representation and vice
versa.

This corollary and Proposition 3.2 imply that the definition of geomet-
rical equivalence is correct: if we can state the geometrical equivalence
of two representations (V1,G1) and (V2,G2) in a variety O, containing
both of them, then these representations are geometrically equivalent in
every variety with the same property, in particular, in the biggest vari-
ety of representations Rep — K. Below in this paper we calculate the
geometrical equivalence of representations only in the variety Rep — K.
Corollary 1 from Proposition 3.3. If (V1,G1) ~ (Va, Ga) then qId(V1,G)
= qld(V3,G2).

Corollary 2 from Proposition 3.3. (V1,G1) ~ (Va, G2) if and only if rep-
resentations (Vi,G1) and (Va,Ga) have same infinite "quasi-identities".

By [PPT, Theorem 3|, we have:

Proposition 3.5. Let (V1,G1) and (Va,G2) be representations. Then
(V1,G1) ~ (Va, Ge) if and only if LSC (V1,G1) = LSC (Va,G2).
Corollary. Let (Vi,G1) and (Va, Ga) be representations. If (Vi,G1) ~
(Va, Ga) then Gy ~ Ga as groups.

Proof: Let GY < G be a finitely generated subgroup. There is a
finitely generated subrepresentation (V”,GY) C (Vi,G1) and there is
an embedding of representations (V,GY) < (Va, Go)! = (Vi,GL) (I -
some set of indices). So, there is the embedding of groups: GY — G%.
Therefore G1 € LSC (G2). By symmetry, Go € LSC (G1). By [PPT,
Theorem 3|, the proof is complete.

A subrepresentation (Vp, Gg) < (V,G) is finitely generated as a nor-
mal subrepresentation if this is a normal subrepresentation, the group Gy
is finitely generated as a normal subgroup and Vj is a finitely generated
KGp-module.

Define now the notions of Noetherian variety of representations (sub-
variety of Rep— K), geometrically Noetherian representation and logically
Noetherian representation:

Definitions 3.3. We call a variety © C Rep — K Noetherian if for
every X and'Y every normal subrepresentation of We(X,Y) is finitely
generated as a normal subrepresentation.

A representation (V,G) € © is called geometrically Noetherian if
for every sets X and 'Y and every pair of sets (T1,T>) C We (X,Y), there
is a pair of finite subsets (Ri, Ra) C (11,T%), such that (leTz)l(vg) =
(R1, R2) (v, ¢)-

A representation (V,G) € © is called logically Noetherian if for
every sets X and Y, every pair of sets (11,T2) C We (X,Y) and every
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w € Eg (X,Y) (f € Fo (Y)) belongs to the first (second) component of
the pair (T17T2),(/V,G) exists a pair of finite subsets (Ry1, Ry) C (T1,T»),
such that w (f) belongs to the first (second) component of the pair
(R, Ra)(yc)-

It is clear that Noetherianity of the variety © of representations is
equivalent to the ascending chain condition for normal subrepresentations
in every finitely generated relatively free representation Wg(X,Y) and
geometrical Noetherianity of the representation (V,G) € © is equivalent
to the ascending chain condition for (V, G)-closed normal subrepresenta-
tions in every Weg (X,Y) .

By (3.1) the order on a family of pairs of sets

{(R,T)| (R, T) CcW(X,Y)} is defined. We can consider directed
systems by this order. Also we can consider the union of two pairs
of sets: (Ry,T1) U (R2,T2) = (R1 U Rg,T1 UT,). According to |Pl4,
Proposition 7]:
Proposition 3.6. A representation (V,G) € © is logically Noetherian
if and only if the union of any directed system of (V,G)-closed subrepre-
sentations in the We (X,Y) for every X and Y is also a (V,G)-closed
subrepresentation.

So, by Proposition 3.2, geometric Noetherianity and logic Noetheri-
anity of representation is not depend in what subvariety © we consider
those. Also every representation (V, G) from the Noetherian variety O is
geometrically Noetherian. And every geometrically Noetherian represen-
tation is logically Noetherian.

By Proposition 3.3, if a representation (V,G) is logically Noetherian
then for every infinite quasi-identity of the form (3.2.1") ( (3.2.2”) ) which
is fulfilled in the (V,G) there is a finite quasi-identity with the minor
premise and the same conclusion which is also fulfilled in the (V,G). A
representation (V,G) is geometrically Noetherian if and only if in this
reduction choosing of a premise is not dependent on the conclusion, but
only on the infinite premise.

Proposition 3.7. If a representation (V,G) is geometrically (logically)
Noetherian, then the group G is geometrically (logically) Noetherian too.

Proof:

Let (V,G) be a logically Noetherian representation. Let the group G
satisfies the infinite group quasi-identity

(/\(fZ:l)) = (fo=1),

el

where {f; | i € I} U{fo} C F(Y). This quasi-identity can be considered
as a special case of (3.2.2") and can be reduced in (V,G) to the finite
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quasi-identity

N UFi=1]=fo=1),

il
where Iy C I, |Iy] < Ng. Every group homomorphism 8 € Hom (F (Y),G)
can be realized as the second component in a homomorphism of repre-
sentations (a, 3) € Hom (W (X,Y), (V,G)), for example, as the second
component in the pair (0,4) € Hom (W (X,Y),(V,G)) (for every X).
Therefore, G fulfill the quasi-identity

A Gi=1] = (fo=1).

i€lp

Hence, the group G is logically Noetherian.

Analogously, we can prove that if representation (V,G) is geometri-
cally Noetherian, then the group G is geometrically Noetherian too. The
proof is complete.

This proposition and the Corollary from Proposition 3.5 show that
algebraic geometry over representations of groups in the regular sense,
i.e. the algebraic geometry which deals with equations on acting groups
and action-type equations, is very closely connected with the algebraic
geometry over groups. For example, if a group G is non geometrically
(logically) Noetherian, then every representation of this group is non
geometrically (logically) Noetherian and this fact does not depend on the
action of this group on a module. So, in order to study the geometry
which enjoys the peculiarities of the action one has to consider not the
"two-sided" geometry above, but the one-sided action-type geometry.

4. Basic notions of action type algebraic geometry of rep-
resentations

In action type algebraic geometry of representations, we consider alge-
braic sets in the affine space Hom (Wg (X,Y),(V,G)) defined only by
action type equations: w = 0 - where w € Eg(X,Y).

We have, as above, the Galois correspondence between sets of "points"
and sets of action type equations:

1) (ScT CEe(X,)Y)) = (S(va) - T(VV,G))’

2) (A C B C Hom (We (X,Y),(V.G))) = (B(VV,G) > A(VV,G)>’
3) (T C Eo(X,Y)) = (T c T<Vv,vc>>’
) (

1) (A € Hom (We (X,Y),(V,G))) = (A € ATY,)) -



66 ACTION TYPE GEOMETRICAL EQUIVALENCE OF...

for every X and Y and every arbitrary representation (V,G) € ©.
Definition 4.1. We say that a set of action type equations T is action
type (V,G)-closed if T = T(Y,,VG).

If the set of equations T is action type (V,G)-closed, then T is a
K Fg (Y)-submodule of the Eg(X,Y).

The Galois correspondence implies
Proposition 4.1. The action type (V, G)-closure of the set T is equal to
the smallest action type (V,G)-closed submodule, containing the set T
Proposition 4.2. Let (V,G) € ©. A KFg (Y)-submodule T'< Eg(X,Y)
is an action type (V,G)-closed if and only if there exists a normal sub-
group H < Fg (Y) such that (T, H) C We (X,Y) is the (V,G)-closed
subrepresentation.

Proof:

It is clear that (T, H)'(MG) C T(Y/G) for every H C Fo (Y). So, if
(T H) = (T, H)/(IV,G) then T' D T(Y/VG) D T'. Therefore T is an action type
(V, G)-closed submodule.

Let T = T(Y/VG) Denote N kerp = Idg (G,Y). It is
BeHom(Fg(Y),G)

clear that (T, Ide (G, Y)),(V,G) T( ). Thus, (T, Ide (G,Y))'(/V’G) =
(T, Ide (G,Y)) since (0,0) € (VG for every group homomorphism f :
Fo (Y) — G. The proof is complete.

Corollary 1. T < XKF (Y) is an action type (V,G)-closed submod-
ule if and only if there exists a normal subgroup H Q F (YY), such that
(XKF(Y)/T,F(Y)/H) e SC(V,Q).

Proof: By Proposition 3.4.

Remark 4.1. We can see from the proof, that in Proposition 4.2 and its
Corollary 1 one can always take H = Idg (G,Y).

From Proposition 4.2 and Proposition 3.2 we can easy conclude
Proposition 4.3. Let ©1,03 are a subvariety of Rep — K, (V,G) €
©1 C O3. There is a one-to-one order preserving correspondence be-
tween lattices of action type (V, G)-closed submodules in Eg, (X,Y) and
in Fo,(X,Y).

By this proposition we can consider the lattices of action type (V, G)-
closed submodules in the biggest variety of representations: in Rep — K.

We have immediately
Proposition 4.4.

(V,G) = ((/\ (w; = 0)) = (wo = 0)) 7
iel

where {wo}U{w; |i € I} C XKF (YY), if and only if wg € {w; | i € I}(VVVG)
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Definition 4.2. We say that a quasi-variety of representations X is an
action type quasi-variety if it can be defined by a set of action type
quasi-identities.

It means that X is an action type quasi-variety of representations if
and only if there exists a set of action type quasi-identities Q such that
X =qVarQ.

The set of all action type quasi-identities satisfied by representation
(V,G) is denoted by qId, ;. (V,G). Let X C Rep— K be a class of represen-
tations. Denote by gld, ;. X the set of action type quasi-identities satisfied
by all representations from X. Clearly, qld,+ X = ﬂ qld,; (V,G) .

(V,G)ex
We denote qVar (gldy+.X) = qVar, X.
Definition 4.3. The action type quasi-variety qVarq: X we call action
type quasi-variety, generated by the class X.

5. Action type geometrical equivalence of representations

Corollary from Proposition 4.1. Let (Vi,G1),(Va,G2) € ©. Then
(V1,G1) ~at. (Va,G2) if and only if for every finite X and Y every action
type (V1,G1)-closed submodule of E(X,Y) is the action type (Va,Ga)-
closed submodule and vice versa.

By this Corollary and by Proposition 4.3, action type geometrical
equivalence of representations (V1,G1) and (Va, G2) can be recognized in
all subvariety © C Rep — K, such that (V1,G1), (V2,G2) € ©. Below we
use for this purpose the biggest variety of representations: Rep — K.

Corollary 1 from Proposition 4.4. If (V1,G1) ~at. (Va,G2) then
qlda.t. (‘/17 Gl) = qlda.t. (‘/27 G?)

Corollary 2 from Proposition 4.4. (V1,G1) ~q.r. (Va, G2) if and only if
representations (Vi,G1) and (Va, Ga) have the same infinite action type
quasi-identities.

Also we have

Corollary 2 from Proposition 4.2. If two representations (V1,G1) and
(Va, G2) are geometrically equivalent then they are action type geometri-
cally equivalent.

Remark 5.1. In spite of this Corollary and Corollary from Proposition
3.5, if two representations (V1,G1) and (V2, G2) are action type geometri-
cally equivalent and groups G and G are geometrically equivalent, the
representations (Vi1,G1) and (Va2, G2) are not necessarily geometrically
equivalent.

Definitions 5.1. Two representations (V1,G1) and (Va,Ga) are called
(algebraically) equivalent if the corresponding faithful representations
are isomorphic.
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A class of representations X is called saturated if with a represen-
tation (V,G) € X it contains all representations which are algebraically
equivalent to the representation (V, Q).

By [PV, 1.3], two representations (Vi,Gi) and (V2,Gz) are al-
gebraically equivalent if and only if Q°Q" (V1,G1) = QYQ" (W, Ga),
so a class of representations X is saturated if and only if
{Q% 0} x= Q'Qrx = X.

Theorem 5.1. Let (Z,H),(V,G) € Rep— K. Every action type (Z, H)-
closed submodule T' < (XKF (Y)) g p(y) I8 an action type (V, G)-closed
submodule if and only if (Z,H) € LQ°Q"SC (V,G).

Proof:

Let (Z,H) € LQ'Q'SC(V,G). Let T < (XKF(Y))gpwy)
be an action type (Z, H)-closed submodule. By Proposition 4.2,
there exists a normal subgroup P < F (Y) such that (T,P) C
W (X,Y) is the (Z, H)-closed subrepresentation. By Proposition 3.4
and by (2.11) (XKF(Y)/T,F(Y)/P)e SC(Z H) c £Q°Q"SC(V,Q).
(XKF(Y)/T,F(Y)/P) is finitely generated, so, by projectivity of the
free groups, there exists S < F (Y) such that (XKF (Y) /T,F (Y)/S) €
SC (V,G). So, by Proposition 3.4 and Proposition 4.2, T is an action
type (V, G)-closed submodule.

Let every action type (Z, H)-closed submodule be an action type
(V,G)-closed submodule. Let (Zy, Hy) < (Z,H) be a finitely gener-
ated subrepresentation of the (Z,H). (Zo,Hy) = W(X,Y)/(T,L),
where (7, L) is a normal subrepresentation of W (X,Y)). By Propo-
sition 3.4 and Proposition 4.2, T is an action type (Z, H)-closed sub-
module and an action type (V, G)-closed submodule. Hence, by Proposi-
tion 4.2 and by Proposition 3.4, there exists a normal subrepresentation
(T,D) < W (X,Y) such that W (X,Y)/(T,D) € SC(V,G). Therefore
(Zo, Hy) € Q°Q"SC (V,G) and (7, H) € £LQ°Q"SC (V,G). The proof is
complete.

We shall denote (Z,H) < (V.G) if and only if (Z,H) €
£9°Q7SC (V,G). By consideration of action type closed submodules we
have
Proposition 5.1. The relation "<" is the preorder in the Rep — K.

By Corollary from the Proposition 4.1 we have
Corollary 1 from the Theorem 5.1. Let (V1,G1),(Va,G2) € Rep — K.
(V1,G1) ~ai. (V2, G2) if and only if (V1,G1) < (Va,G2) and (V2,G2) <
(V1,G1) i.e., if and only if (V1,G1) € LQ°Q"SC (Va, Go) and (Va,Gs) €
£2°QrSC (V1,Gy).

By (2.11), (2.5) and monotony of operators: 9", QV, L, S, C we have
Corollary 2 from the Theorem 5.1. Let (V1,G1),(V2,G2) € Rep —
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K. (Vi,G1) ~ai (Va,Ga) if and only if £Q°Q"SC(Vi,Gy) =
L£2°QrSC (Va, Go).
Corollary 3 from the Theorem 5.1. Let (V,G) € Rep— K. Then

£2°Q"SC (V,G) C ¢Varqs. (V,G).

Proof:
Let (Z,H) € £LQ°Q"SC (V,G). If

(V,Q) E ((/\wi:0> :>(w0:0)>,
el

then, by Proposition 4.4, wy € {w; |i€ I}(VV,VG)' Every action type
(Z, H)-closed submodule is also an action type (V, G)-closed submodule,
therefore {w; | i € I}(VZYH) DA{w;|i€ I}(VVYG) > wp. Thus,

(Z,H) E ((/\wi:()) = (w020)> :
el

The proof is complete.
Corollary 4 from the Theorem 5.1. If two representations (Vi,G1),
(Va,G2) € Rep— K are equivalent then they are action type geometrically
equivalent. In particular, every representation (V,G) € Rep— K is action
type geometrically equivalent to its faithful image (V, é)

Proof:

Let representations (Vi,G1) and (Va2, G2) be equivalent; then

Q°Q" (V1,G1) = Q°Q" (Va, Ga) .

So
£9°Q"SC (V1,G1) D Q°Q" (Va, Ga) 3 (V,Ga),

ie., (Va,G2) < (V1,G1). By symmetry the proof is complete.

6. Action type Noetherianity of representations

Definitions 6.1. We call a variety © C Rep — K action type Noetherian
if for every finite X and Y every KFg (Y)-submodule of Eg(X,Y) is
finitely generated.

It is clear that action type Noetherianity of the variety © is equivalent
to the ascending chain condition for K Fg (Y)-submodules of Eg (X,Y)
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for every X and Y. Action type geometrical Noetherianity of the repre-
sentation (V,G) is equivalent to the ascending chain condition for action
type (V, G)-closed submodules of Eg(X,Y"). So, by Proposition 4.3, every
representation (V, G) from the action type Noetherian variety © is action
type geometrically Noetherian.

Similarly to [Pl4, Proposition 7| one can prove that:

Proposition 6.1. A representation (V,G) € © is action type logically
Noetherian if and only if the union of any directed system of action type
(V, G)-closed submodules of Ego(X,Y) for every X and Y is also an
action type (V,G)-closed submodule.

Hence every action type geometrically Noetherian representation is
also action type logically Noetherian.

If (V,G) is an action type logically Noetherian representation, then,
by Proposition 4.4, every infinite action type quasi-identity (0.1’) can be
reduced to the finite action type quasi-identity (0.1).

We shall give some examples of these notions.

Proposition 6.2. The variety &" of representation over the Noetherian
ring K is the action type Noetherian variety for every n € N.
Proof:

We denote @ z(KF (Y)/A") = X (KF(Y)/A"), where A is the
rzeX
augmentation ideal of the K F (Y').

Wen (X,Y) = (XKF (Y) /@xM,F(Y)> ~ (X (KF(Y)/A"),F (Y)).

zeX

If |Y| = m, then, by the Taylor formula for Fox derivation ([Vvs]),

m
w = w* + Z 8Z1w yll - + Z 82122w y21 _1) (yi2 _1)+'-'
11=1 11,i2=1

o+ Z (O 0) iy — 1) e (Yiy — 1) +

115t —1=1

m
Z Dy, w) (Yir — 1) - (yi, — 1)
11yl =1

for every w € KF (Y) and for every k € N, where ¢ : KF(Y) — K
is the augmentation homomorphism, 0;,, . ;, : KF(Y) — KF(Y) is
the s-th Fox derivation by the variables y;,,...,v;, (1 < s < k). So,
KF (Y)/A"™ is the finitely generated K-module for every Y. Hence,
X (KF (Y)/A™) is the finitely generated K-module for every X and Y.
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K is the Noetherian ring, so, every K-submodule and every KF (Y)-
submodule of X (KF (Y)/A"™) is finitely generated. The proof is com-
plete.

Proposition 6.3. Every faithful finitely dimension representation (V,G)
over the field K 1is action type geometrically Noetherian.

This proposition we can prove by using ideas from [BMR, Theorem
B1J.

Corollary. FEvery finite dimension representation (V,G) over the field
K s action type geometrically Noetherian.

Proof: By Corollary 4 from the Theorem 5.1 and Corollary from the
Proposition 4.1.

Theorem 6.1. Let (V1,G1) and (Va,Ga) be action type logically
Noetherian representations. Then (Vi,G1) ~ay. (Va,G2) if and only if
GIdas. (Vi,G1) = qlday, (Va, Ga).

Proof: By Proposition 4.4, Corollary 1 from Proposition 4.4 and

Corollary from Proposition 4.1.
Corollary. In an action type Noetherian variety of representations ©
there is bijection between classes of action type geometrical equivalent
representations and action type quasi-varieties generated by one repre-
sentation.

Proof:

Let (V,G) € ©. We denote by [(V, G)] the class of all representations
in © which are action type geometrically equivalent to the representa-
tion (V,G). Tt is easy to check that the correspondence [(V,G)]? =
qVargs. (V,G) is well defined, and bijection.

Proposition 6.4. Let (V,G) be an action type logically Noetherian rep-
resentation. Then qVarqs (V,G) C LQ°Q"SC (V,G).

Proof:

Let (Z,H) € ¢Varg: (V,G) and T C XKF (Y) is the action type
(Z, H)-closed submodule, but not action type (V, G)-closed submodule.
Let w € T(Y/YG)\T. There is Ty = {w1,...,w,} C T, such that w €

(TO)(VV,VG) . Therefore,

(V,G)E <</\(wi—0)> :>(w—0)>

(Z,H) E <</\ (wi:0)> :>(w:0)>.

So w € (TO)(VZ?H) C T(VZVH), but w ¢ T. By this contradiction, T is
the action type (V, G)-closed submodule. By Theorem 5.1, the proof is

and
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complete.
Theorem 6.2. £LQ°Q"SC (V,G) = qVarys (V,G) if and only if (V,G)
18 an action type logically Noetherian representation.

Proof:

By Corollary 3 from the Theorem 5.1, we always have

L£LoYQ7S¢C (V,G) C ¢Varq:. (V,G).

If (V,G) is an action type logically Noetherian representation, then, by
Proposition 6.4,

£2°Q"SC (V,G) = qVara, (V,G).

Let
L£2°Q"SC (V,G) = qVara,. (V,G).

Let {T; | i € I} be a direct system of action type (V, G)-closed submod-

ules of XKF (Y)and T = |J T;.
i€l
Let (V,G) E q where q is an action type quasi-identity. By Proposition
4.2 and Proposition 3.4

(XKF (Y)/T;, F(Y)) € Q°SC (V,G) C qVara.. (V,G)

for every i € I, so, using the method of [P14, Theorem 1|, we can prove
that (XKF (Y)/T,F(Y)) E q. Hence

(XKF(Y)/T,F(Y)) € ¢Varq: (V,G) = £Q°Q"SC (V,G).
Consequently, there exists H < F' (Y), such that
(XKF(Y)/T,F(Y)/H) e SC(V,G).

Therefore, by Proposition 3.4 and Proposition 4.2 T is an action type
(V, G)-closed submodule. The proof is complete.

7. Action type quasi-varieties of representations

Definition 7.1. We say that a class of representations X is right hered-
itary if SpX = X.

In [Ma] it was proved that a class of algebras which contains the
unit algebra is a quasi-variety if and only if this class is closed under
the operators S and F. Later on in [Gv] this result was established for
the case of many sorted algebras. We use this fact in order to describe
the action type quasi-varieties of representations. It is clear that every
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non empty class of representations which is closed under the operators
S contains the unit representation ({0},{1}), so the non empty class of
representations is a quasi-variety if and only if this class is closed under
the operators S and F.

Let X be a class of representations. Denote by X the class of all KG-
modules Vg, such that the corresponding representation (V, G) belongs
to the class X.

Lemma 7.1. A class X is a saturated quasi-variety of representations
if and only if X is saturated, right hereditary and Xqg is a quasi-variety
of KG-modules for every group G.

Proof:

Let X be a saturated quasi-variety. It is clear that X is a right hered-
itary class.

If G is a group and M is a submodule of the KG-module V', then
(M, Q) is a subrepresentation of the (V,G). So SXq C X¢.

Let {(Vi)ka |i€ I} C Xg, § be a filter in the I. (V;,G) € X for
every i € I. The filtered product of the family {(Vi)x |i€ I} as

KG-modules is (H (Vi) KG) / ~g. The filtered product of represen-
icl

tations {(V;,G) | i € I} is ((H V> ~z (GT) / Ng). The representa-

el

tion ((H V) ~z, ) is its subrepresentation, because the diagonal
el

of (GI)/ ~zis isomorphic to G, so (H (Vi)KG> / ~z€ Xg. Therefore
i€l
FXa C Xg and, by [Mal, X¢ is a quasi-variety of KG-modules for every
group G.
Let X be saturated, right hereditary and Xg be a quasi-variety of
K G-modules for every group G. Let (M, H) < (V,G), (V,G) € X. Then
Vg € Xg and Mgy € SXig = Xg. Therefore SX = X.
Let {(Vi,G;) | i€ I} C X, § be afilter over the I. Denote HGi =G.
i€l
The filtered product of the family of representations {(V;,G;)|i € I}
S ((H%) |~z G/ Ng>. Let m; : G — G; be projections. Epi-
i€l
morphism 7; defines representation (V;, G) and (idy;, m;) is a homomor-
phism of representations for every i € I. Hence, (V;,G) € QX C X

and (V;) o € Xg for every i € I. So (H (V})KG>/ ~3z€ Xg and
el
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((H%)/Ng,G) € X. So, <<HV1>/N3,G/ Ng) e QX Cx
el el

Therefore X C X and, by [Gv], X is a quasi-variety. The proof is com-
plete.
Theorem 7.1. A quasi-variety of representations X is an action type
quasi-variety of representations if and only if X is a saturated quasi-
variety.

Proof:

Let X be an action type quasi-variety of representations. Let (V,G) €
X and a representation (M, H) is equivalent to the representation (V, G).
By Corollary 4 from the Theorem 5.1, (V,G) ~g¢ (M, H) and, by
Corollary 1 from Proposition 4.4, qld,; (V,G) = qldg. (M,H) , so
(M, H) € X. Therefore X is a saturated class of representations.

Let X be a saturated quasi-variety of representations. By Lemma
7.1, Xp(vy) is a quasi-variety of KF (Yp)-modules, i.e., Xp(y,) = ¢VarQ,
where Q = {q; |1 € I},

ki
j=1

Wi = Wi (T1, . Tnyy Yo - Ymy) € XoKF (Yp). In (7.1) we consider
x1,T2,... as variables and y1,yo,... as constants. But we can consider
Y1, Y2, ... also as variables. By this point of view, q; = Yyi ... Vym,q; is
an action type quasi-identity in Rep—K and the set Q = {g; | i € I} will
be a set of action type quasi-identities in Rep — K. We shall prove that
X =qVarQ.

Let (V,G) E 9. Let Gy < @ be a finitely generated subgroup of the
group G. Also, (V,Gy) F 9. There is an epimorphism 8 : F (Yp) — Go.
Denote by (V)4 the KF (Yp)-module defined by the homomorphism £
and by (V, F (Yp)) the representation corresponding to this module. Let
G € Q. The mapping a : {7 |l € Xo} — V can be extended to the
homomorphism of KF (Yp)-modules o : XoKF (Yy) — (V)z. It is clear
that in this situation the pair («, 5) will be a homomorphism of represen-
tations: (a, 8) : (XoKF (Yp), F'(Yo)) — (V,Go). The result wg; does not
depend on point of view on a:: as a homomorphism of K F' (Y;)-modules or
as a left component of homomorphism of representations. So (V, Gy) F g;
if and only if (V)4 F g;. Hence, (V)5 F Q. Therefore, (V); € Xp(y,)
and (V,Gp) € Q"X C X. X is a quasi-variety, so (V,G) € X, because all
quasi-identities which define X are checked in finitely generated represen-
tations.

Let (V,G) € X. Let (a,0) : (XoKF (Yo),F (Vo)) — (V,G) be a
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homomorphism of representation. Denote by (V)4 the K F (Yp)-module,
defined by the homomorphism (3, and (V, F (Yy)) - the representation
corresponding to this module. We have that (V,img) € X, (V, F (1)) €
Q% C X and (V)s € Xp(yy)- Therefore (V); F Q. Because a :
XoKF (Yo) — (V)z is a homomorphism of KF (Yp)-modules, as above,
(V,G) E Q. The proof is complete.
Corollary 1. ¢Var,; X = Q°Q"SFX for every class of representations
X.

Proof:

qVar,;. X = qVar (qld, %) is a quasi-variety, so qVar,; X is closed
by S and F. By Theorem 7.1, ¢Var,; X is a saturated class of repre-
sentations. Thus it is closed under Q% and Q™. ¥ C qVarg . X thus, by
(2.12),

QY Q"SFX C qVary. X.

Also, by (2.12), Q°Q"SFX is closed under S, F, Q° and Q". By The-
orem 7.1, QYQ"SFX is an action type quasi-variety of representations,
ie.,

QVO"SFX = ¢VarQ,

where 9 is the set of action type quasi-identities. Q°, Q", S, F are
operators of extension, so

X C QUQ'SFX =qVarQ.
Hence X F Q and ¢ld, ;X D Q. Therefore
qVare,. % C qVarQ = Q°Q"SFX%.

The proof is complete.
Corollary 2. ¢Var,:X = Q°Q"SCC,,X for every class of representa-
tions X.

Proof: By |GL], for every class of algebras X we have FX = CCp,pX.

8. Existing of continuum non isomorphic
simple Fy-modules

There is a continuum of non isomorphic simple 2-generated groups (|Cal).
Using this fact, R.Gobel and S. Shelah proved |GSh| that there is a non
logically Noetherian group.

K in this and the next section is a countable field such that charK #
2. We shall prove that there is continuum of non isomorphic simple
modules over K Fy, where F3 is the free group with 2 generators. And
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we shall deduce from this fact that there is a non action type logically
Noetherian representation.

Let A be the augmentation ideal of group algebra KG.
Proposition 8.1. Let G be a non periodic group, i.e. 3 g € G, such
that |g| = co. Then the set Q = {U S KGk¢ | U € A} is non empty
and has a mazximal element Ug which is a mazximal right ideal in KG.

Proof:

The element g + 1 is not invertible in KG, because |g| = oo. So,
(g+1)KG s KGkqg. Also (9+1)KG ¢ A. So, Q # @. By Zorn’s
lemma the set 2 has a maximal element Ug. It is easy to check that Ug
is a maximal right ideal in KG.

Corollary. KG/Ug is a simple KG-module in the situation of Propo-
sition 8.1.

The ideal Ug, of course, is not uniquely defined by the group G.
Proposition 8.2. If T' is a simple non periodic group, then the repre-
sentation (KT /anngr (KT'/Ur),T') is faithful.

Proof:

anngr (KT'/Ur) = Lr C Up, by Proposition 1.1. We consider two
representations: (KT'/Lp,T") and (KT /Uy, T').

(1+Ur)NnI'={gel|g—1e€Ur} D>(1+Lp)NnT.

{geT |g—1€Ur} #T, otherwise Up = A. By Corollary from Propo-
sition 1.2,
(1+Lp)NT =ker (KT'/Lp,T') < T

I" is a simple group, so ker (KT'/Lp,T") = {1}. The proof is complete.
Corollary. The group I' is embedded into the associative algebra
KT /anngr (KT'/Ur) in the situation of Proposition 8.2.
Proof:

ker (KT /Janngrp (KT'/Ur),I') ={g €T | g—1 € anngr (KT'/Ur)} = {1}.

Theorem 8.1. There exists a continuum of non isomorphic simple mod-
ules over K Fs, where Fy is a free group with 2 generators.

Proof:

Let R be the set of all non isomorphic simple 2-generated groups,
considered in [Ca| (|| = XN). By constructions of [Cal, every I' € R is
a non periodic group. So, by Proposition 8.1, we can choose for every
I' € R the maximal right ideal in KT": Ur < KT'gr. It holds that Ur # A.
KT'/Ury is the simple KT-module and the simple K F>-module defined by
the natural homomorphism F» — I'. After the choosing of Ur for every
I' € R, we define in R the equivalence: I'; = I'y if KT'1/Ur, = KT'5/Ur,
as K Fy-modules (I'1, Ty € R).
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If KT'y/Ur, = KT'y/Ur, as K F>-modules, then, by Proposition 1.4,
anngp, (KT'1/Ur,) = anngp, (KT'2/Ur,),
and by Corollary 2 from Proposition 1.3,
KTy /anngr, (KT'1/Ur,) = KTI'y/anngr, (KT'2/Ur,)
as associative algebras. By the Corollary from Proposition 8.2
I'y — KTy /anngr, (KT /Ur,) = KT'9/anngr, (KT'2/Ur,) ,

so I'y is isomorphic to one of the multiplicative subgroup of the
associative algebra KT'p/anngr, (KT'2/Ur,). |[KT2] = Ng, so
|KTy/anngr, (KT'9/Ur,)| < Ro and there is a countable set of 2-
generated subgroups of KT'y/anngr, (KT'2/Ur,). Therefore, the cardi-
nality of classes by equivalence "~" is not bigger than Ny. So, there are
N classes by equivalence "=". The proof is complete.

9. Non action type logically Noetherian representation of
the group F,

In this section we shall prove that there is a non action type logically
Noetherian representation. Let P C R be the set of all non isomorphic
simple 2-generated groups such that simple K Fy-modules { KT'/Up | T € P}
are non isomorphic. By the Theorem 8.1, |P| = .

If or : Fy — F»/H =T € P is the natural homomorphlsm of groups

then, by Proposition 1.3, KI'/Ur = KFQ/UQPF . Denote KFQ/USDF =
Vr. Vr is a simple K Fs-module.

Let {V;|j € J} be the set of all finitely generated right ideals in
KF,. V = [] (KFy/V;) is the KFy-module. So, we can consider the

jeJ

representation (V,Fy). |KF/V;| = Xg for every j € J, |J| = Rp, so
V] =Ro.
Theorem 9.1. The representation (V, Fy) is non action type logically
Noetherian.

Proof:

—1
We shall prove that there is T' € P such that US" < (KFy) g,

-1
is not action type (V, Fy)-closed. Let I' € P and Uffr be the action
type (V, Fy)-closed. By Proposition 4.2 and Proposition 3.4, there exists

1
H < F; such that (U{f’F ,H> (K Fy, Fy) and (Vr, Fo/H) € SC (V, F3).

So, there exists a homomorphism of representations (¢,n) : (Vp, F2) —
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(VI, le) (1 is the set of indices), such that ¢ is a monomorphism. Since Vp
is a simple K F>-module, we can conclude, that there exists an embedding
of K Fy-module Vp < (V'), where 7} is an endomorphism of F. [V| =Ry,
|End (Fy)| = Xg (every endomorphism is defined by values on generators).
In the module (V') there is a countable set of simple submodules (every
simple submodule is a cyclic, so it is defined by a generator). So only
the countable set of modules Vr can be embedded into the modules of
the kind (V)5. Therefore, by Theorem 8.1, there is I'g € P such that the

-1
right side ideal Ul‘fOFo is not action type (V, Fy)-closed.

On the other hand, by Proposition 4.2 and Proposition 3.4, Vj is
action type (V, Fy)-closed for every j € J. Therefore,

1
{vjueJ,ngU}";O}:{erjeJo}

is the direct system of action type (V, Fy)-closed modules, which unit
-1

UV = U;foro is not a action type (V, Fy)-closed module. So, the rep-
Jj€Jdo
resentation (V, Fy) is non action type logically Noetherian. The proof is
complete.

Corollary. There exists <\7,Fv2> an ultrapower of (V, Fy) which is not

action type geometrically equivalent to the (V, Fy).

Proof:

If Cyp (V, Fy) € £LQ°Q7SC (V, F3) then, by Corollary 2 from Theorem
7.1 and (2.11),

qVarae: (V,Fy) = Q°Q"SCC,, (V. F») C LQ°Q"SC (V, F).
So, by the Corollary 3 from Theorem 5.1,
anra_t_ (Vva FQ) = EQO QTSC (V, FQ)

and, by Theorem 6.2, (V, F») is action type logically Notherian. By this
contradiction, there exists (‘N/, E) an ultrapower of (V, F), such that

(17, E) ¢ £O°Q™SC (V, ).
On the other hand,
(V,E) € £Q°Q"SC (VE) :

SO

£Q°Q"S¢C (f/, E) £ £QQ"SC (V, F),
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and, by Corollary 2 from Theorem 5.1, <‘7, ﬁ;) ot (V, Fy). The proof
is complete.
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