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ABSTRACT. We define the canonical coarse structure on the
spaces of the form FX, where F' is a finitary normal functor of
finite degree and show that every finitary (i.e., preserving the class
of finite spaces) normal functor of finite degree in Comp has its
counterpart in the coarse category.

1. Introduction

The coarse category first introduced by J. Roe [1| turned out to be an
appropriate universe for different areas of modern mathematics (see, e.g.
[2], [3]). In [4] the authors considered the hyperspace functor in the coarse
category and established some properties of the monad generated by this
functor. In particular, it was proved in [4] that the G-symmetric power
functor can be extended onto the Kleisli category of this monad.

Both the hyperspace functor and the G-symmetric power functor have
their counterparts in the category Comp of compact Hausdorff spaces.
These functors in Comp are examples of normal functors in the sense of
Shchepin [5]. The theory of normal functors was developed by different
authors [6]; in [5] this theory was applied to the topology of nonmetriz-
able compact Hausdorff spaces and in [7] to the topology of infinite-
dimensional manifolds.

The aim of this paper is to show that every finitary (i.e., preserving
the class of finite spaces) normal functor of finite degree in Comp has
its counterpart in the coarse category. These functors are completely
determined by their restrictions onto the category of spaces of cardinality
< n, where n denotes the degree of the functor. We show, in particular,
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that our construction coincides with the Vietoris coarse structure on the
hypersymmetric power functors (defined in [4]).

2. Preliminaries

2.1. Coarse structures

For the convenience of reader we recall some definitions of the coarse
topology; see, e.g. [1], [8] for details.

Let X be a set and M, N C X x X. The composition of M and N is
the set

MN = {(z,y) € X x X | there exists z € X
such that (z,z) € M, (z,y) € N},

the inverse of M is the set M~! = {(z,y) € X x X | (y,2) € M}.

A coarse stucture on a set X is a family £ of subsets, which are
called the entourages, in the product X x X that satisfies the following
properties:

1. any finite union of entourages is contained in an entourage;
2. for every entourage M, its inverse M ! is contained in an entourage;

3. for every entourages M, N their composition M N is contained in
an entourage;

4. UE =X x X.

A coarse space is a pair (X, E), where € is a coarse structure on a set
X.

A coarse structure on X is called unital, if the diagonal Ax is con-
tained in an entourage. A coarse structure on X is called anti-discrete,
if X x X is an entourage.

If &, & are coarse structures on X, then & < & means that for
every M € & there is N € & such that M C N.

Two coarse structures £ and & are said to be equivalent, if £ < &,
and & < &. We usually identify coarse spaces with equivalent coarse
structures. The weight of the coarse structure is the cardinal number
w(&) =min{|€'| | £ and £ are equivalent }.

If £ is a coarse structure on X, then, obviously, the coarse structure
E1={M UM™Y | M € &} is equivalent to £ and is symmetric in the
sense that N~! € & for every N € &;.
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Given M € £ and A C X we define the M -neighborhood M (A) of A
as follows: M(A) = {z € X | (a,x) € M for sone a € A}. We use the
notation M ({a}) instead of M (a). A set A C X is bounded if there exists
z € X such that A C M(z).

Let (X;,&;), i = 1,2, be coarse spaces. A map f: X; — Xy is called
coarse, if the following two conditions hold:

1. for every M € &; there exists N € & such that (f x f)(M) C N;
2. for any bounded subset A of X3 the set f~!(A) is bounded.

Let f,g: X1 — X3 be coarse maps. If there exists U € & (here &, is
the coarse structure on X3) such that (f(z),g(z)) € U for every z € X3
then the maps f, g are said to be U-close.

Let (X, d) be a metric space. The family

Ei={{(zx,y) e X x X | d(z,y) <n}|ne N}

forms a metric coarse structure on X.

It is easy to see that the coarse spaces and coarse maps form a cat-
egory. We denote it by CS. Let U : CS — Set denote the forgetful
functor into the category Set of sets.

The product of coarse spaces (X1,E&1), (X2,&2) is the coarse space
(Xl X Xo,&1 X 52), where & X & = {Ul x Usy | Uy €&, Uy € 52} By
induction, we define the product of coarse spaces (X;,&;), i = 1,...,n.
We denote the n-th power of a coarse space (X,€) by (X", £"). Note
that X" can be naturally identified with C'(n, X), the set of all maps from
n to X; we say that f,g € C(n,X) are U-close whenever (f,g) € U™,
where U € £.

2.2. Normal functors

We briefly recall some notions from the theory of normal functors in the
category Comp of compact Hausdorff spaces; see, e.g., [5] for details. An
endofunctor F' in Comp is called normal if it is continuous , monomor-
phic, epimorphic, preserves weight of infinite compacta, intersections,
preimages, singletons and empty set.

Suppose that F' is a monomorphic functor that preserves the inter-
sections, and a € FX. The support of a is the set

suppr,x(a) = N{A C X | Ais closed and a € FA}.

In the obvious situation the notation suppr, x (a) is abbreviated to suppr(a)
or even to supp(a). We say that a functor is finitary if it preserves the
finite spaces.
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Examples of normal finitary functors are:
1) The hypersymmetric power functor exp,,. Here

exp, X ={AC X |1<A<n}, exp, f = f(A).

2) The G-symmetric power functor SPZ, where G is a subgroup of
the symmetric group S,. Define an equivalence relation ~g on X™ by the

conditions: (z1,...,xyn) ~a (y1,--.,Yyn) if and only if there exists o € G
such that z; = y,(;) for all i = 1,...,n. We denote by [z1,...,7,]c
the equivalence class that contains (z1,...,x,). By the definition, the

G-symmetric power of X is SPAX = X"/ ..
Given a map f: X — Y, we define a map SPAf: SPAX — SPLY
by the formula:

SPLf([x1, .- xn]a) = [f(x1), .-, flan)]a-

3) The subfunctor P, j of the functor of probability measures, k € N.
Let

n n
Di
Pn,k:{E ai51i|$17"'71'n6X7 ai:ivpie{oalw"?}aE alzl}
=1 =1

Let F' be a normal functor. The degree of a point a € FX is the
cardinality of supp(a), whenever supp(a) is finite and oo, otherwise. The
degree of a is denoted by deg(a). The maximal possible value of deg(a)
is called the degree of the functor F and denoted by deg(F). If F is
not a functor of degree n for any n € N then is said to be a functor of
infinite degree (this is denoted by deg F' = 00). Let F' be a finite normal
functor of degree n in the category Comp. For every normal functor
F : Comp — Comp construct the functorFg : Tych — Tych by the
following manner (Tych denotes the category of Tychonov spaces). For
every X € |Tych| let

F3X = {a € FBX |supp(a) C X} C F3X

(here 3X denotes the Cheh-Stone compactification of the space X).
Given a map f: X — Y of Tychonov spaces, we have F(Gf)(F3X) C
FgY. Let Fgf = FB|FgX : FgX — FgY, which is the restriction F'(3f)
on FgX. Obviously, Fjg is an endofunctor in Tych. By definition, Fj is
an extension of F' onto Tych. We keep the notion F for its canonical
extension onto Tych.

For every a € F'n, the subfunctor F, of F'is defined as follows:

F, = n{F’| F’ is a normal subfunctor of ' such that a € F'n}.



20 NORMAL FUNCTORS IN THE COARSE CATEGORY

Every functor of the form Fj, is a quotient functor of the power
functor (—)4°8(®) in the sense that there exists a natural transforma-
tion m,: (—)deg(“) — F, such that all the maps 7, X : Xdeg(a) [ oare
onto. Indeed, define 7, X as follows: 7, X(x1,...,z,) = Ff(a), where
f:{1,...,n} — X is the map sending i to z;. Note, that from the
normality of F', the preimages of the map 7, X are finite.

3. Normal functors in the coarse category

3.1. Construction

Let F' be finitary normal functor of degree n > 1, (X, &) a coarse space.
For any U € £ define

U ={(a,b) € FX x FX | there exist Wy,..., W) € &,
fiseoos for € C(n, X), c1,...,cx € Fnsuch that
Wi... W, C U, are fo;_1, fo; U-close, i =1,...,k,
i Ffi(c1) =a, Ffa(cr) =0,

Ffaj(cj) = Ffajpr(cier), j=1,....k =1}

Note that here we consider the set X as a discrete topological space, that
is why it is possible to consider the discrete space F'X, which is identified
with the underlying set.

Proposition 3.1. The family {U | U € £} forms a coarse structure on
FX.

Proof. It is easy to see that U-1= (U)~1.

Suppose that U,V € €. Let us show that for any W € & we have
UV c W. Let (a,b) € UV, this means that there exists ¢ € FX
such that (a,c) € U, (c,b) € V. There exist Uy, ..., U, Vi,..., V| € &,
al,...,Qak,b1,...,bp € Fn, and fl,fg,...,fgk,gl,gg,...,ggl: n — X such
that the following holds:

1. U;...U, CU, V...V, CV,

2. Ffi(a1) = a, Ffai(a;) = F fair1(ais1) for every i =1,2,...,k — 1,
Ffilar) = Fg1(b1) = ¢, Fgaj(bj) = Fg2jt1(bjt1) for every j =
1,2,...,0=1, Fgy(b;) =0,

3. the maps fo;_1, f2; are U;-close, i = 1,...,k and the maps go;_1,
g2; are Vj-close, j = 1,...,1.
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Since Uy ... UgVi ...V, C UV C W, from the definition of £ it follows
that (a,b) € W.

We are going to show that UE = FX x FX. Choose arbitrary a,b €
FX and 2 € X and check that (a,nx(z)) € U, (nx(z),b) € U for some
U € €. There exists U € & such that (y,z) € U for every y € supp(a).
Let @’ € F'n and f € X" be such that Ff(a’) = a. Denote by g: n — X
the constant map with value {z}. Since f and g is U-close, we see that
(a,nx(z)) € U. Similarly, one can show that (nx(z),b) € U for some
Ueét.

O

In the sequel, we will denote the defined above coarse structure on
FX by EF.

Proposition 3.2. The coarse structure Ep is unital if and only if so is £.

Proof. Choose an arbitrary a € F'X. Since £ is a unital coarse structure,
there exists U € & such that (x;,2;) € U for every i = 1,...,n, where
x; € supp(a).

Let us consider the map ¢ : n — X acting in the following way:
¢(i) = x; and b € Fn such that F¢(b) = a. Notice that F¢(b) = a and
for every i = 1,...,n, (¢(i),¢(i)) € U. Thus (a,a) € U. Therefore, we
obtain that Apyx C U

]

Lemma 3.3. Let (X,&) be a coarse space and F a finitary functor of
finite degree. Let a € FX, z € X and a € U(nx(x)). Then supp(a) C
U(x).

Proof. Since (a,nx(x)) € U, there exist Uy, ..., U, € E, a1,...,ax € Fn,
and maps fi, fa,..., for : » — X such that the following holds:

(1) U,...U,CU;

(2) Ffi(a1) = a,F for(ar) = nx(z), and Ffo(azi) = F faiy1(azit1)
forevery i =1,..., k= 1;

(3) the maps fo;_1, fo; are Us-close, i = 1,... k.

Let y € supp(a). By induction, one can find points z; € supp(a;), @ =
1, .. .,k‘, such that fl(zl) =Y, fgi(zi) = f2i+1(zi+1)7 1 = 1, e ,k — 1.
Since (foi—1(2i), f2i(z:)) € Ui, i = 1,...,k, we conclude that (y,z) €
Uy...U, CU. O

Let now f: (X, Ex) — (Y, Ey) be a coarse map between coarse spaces.
It is natural to define the map Ff: FX — FY.

Proposition 3.4. The map Ff: (FX,Exp) — (FY,EyF) is coarse if so
s f.
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Proof. Let us verify that the map F'f is coarsely uniform. Given Uecéxp
and (a,b) € U, find Uy,...,Us € &, ai,...,a; € Fn, and fi,..., for :
n — X such that the following holds:

() U,...U, CU;

(2) Ffi(a1) = a, Ffox(ag) = b, and Ffo;(azi) = Ffoiy1(azit1) for
every i =1,...,k—1;

(3) the maps fo;—1, fo; are Uj-close, i = 1,... k.

Since f is coarsely uniform, for every i = 1,..., k, there exists V; € &y
such that (f x f)(U;) C Vi. Find V € & such that Vi ... Vi C V. Let
gi = ffi : n — Y. With these g1,...,99%, V1,..., Vi and ay,...,a; we
see that (Ff(a), Ff(b)) € V. This means that (Ff x Ff)(U) C V and
the coarse uniformity of F'f is proved.

Let us demonstrate that the map F'f is coarsely proper. Suppose
that a set A is bounded in FY, i.e. there exists V € & and y € Y such
that A C V(ny(y)). Since f is coarsely proper, there exists z € X and
U € Ex such that f~1(Y(y)) c U(z) .

We are going to show that (Ff)~'(A) € V(nx(z)).

Suppose then there exists a € FX with Ff(a) = b € A. Since
(b,ny(y)) € V, by Lemma 4.2, supp(b) C V- and, therefore supp(a) C
U(x). Tt is obvious that then (a,nx(z)) € U. O

3.2. Hypersymmetric power

Let (X,&) be a coarse space. On the hypersymmetric power exp,, one
can consider, in addition to the Vietoris coarse structure, £, the defined
above structure £.

Proposition 3.5. The coarse structures £ and € on the set exp,, X are
coarsely equivalent.

Proof. Consider an arbitrary entourage U € £ and show that U c
U(A,B) € U. Given (a,b) € U, find ay,...,a € exp, n and fi,..., fox :
n — X such that the following holds:

(1) U,...U, CU;

(2) €XPp, fl (al) = G, €XpPy f2k(ak) = b, and
exp,, fai(a2i) = exp,, foip1(agip1) for every i =1,... k- 1;

(3) the maps fo;—1, fo; are Us-close, i =1,.. ., k.

For any = € a there exists ¢; € a; C n with fi(c¢;) = z. Since
exp,, fai(a;) = exp,, fai+1(ait+1), one can choose a sequence ¢; € a;, for
1=2,...,k so that (f27j—1(ci)7 fg,(cz)) eU;, 1=1,...,k. Let f2k~(02k) =
y. Then (z,y) € Uy...Uy C U. Therefore, a C U(b). One can similarly
show that b C U(a). This means that (a,b) € U.
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Let (a,b) € U, ie. a C U(b) and b C U(a). For every & € a, find
h(z) € b such that (z,h(z)) € U. Similarly, for every y € b, find g(y) € a
such that (¢g(y),y) € U. Denote by r : a — g(b) the retraction such that
r(z) = g(h(z)), for every x € a'\ g(b).

Let f1:n — X be a map for which fi(n) =a, fo=rf1, fi:n—X
be a map for which fy(n) =b, f3 = gfs, then

fa(n) =7rfi(n) = r(a) = g(b) = gfs(n) = f3(n).

Since, for every i € n, (f1(4), h(f1(i))) € U and (h(f1()), 9(h(f1(4)))) €

U, we see that (f1(i), f2(i)) € U?. Similarly, (f3(4), fa(i)) € U, therefore
the maps fi and f4 are U3-close. Finally, U C US.

O

3.3. G-symmetric power

The G-symmetric power functor SP/ is endowed with the coarse struc-
ture £ defined in the following way:

Meé& e M={([r,....x0)c 1, ..., yn]c) | there exist o € G,
such that for all i = 1,...,n, (%i,ys@;)) € M € E} (see [4] for details).

Further we will denote ggpg by £.

Proposition 3.6. The coarse structures & and € are equivalent.

Proof. Consider an arbitrary entourage M € £ and show that M and M
are coarsely equivalent.

Let ([z1,...,Zn)as [Y1,- -5 Unlc) € M, this means that there exists
o € @G such that (mi,ya(i)) € M for all i = 1,...,n. Taking the maps
fi:n — X sending ¢ to x; and fo : n — X sending i to y,;) we
obtain that SPZ f1([1,...,nlg) = [z1,...,2n]g and SPEfo([1,...,n]g) =
[Y1,...,Yn]c. Note that fi and fo are M-close.
Hence, ([x1,...,2n]c, [Y1,- -+, Yn]a) € M. -

To show that every ([z1,...,2Zn]a, [U1,-- -, YUn]a) € M is containing in
M we choose entourages Uy,..., Uy € &, points ay,...,ar € SPAn and
maps fi,..., for € C(n,X) for which

SPhfi(ay) = [z1,...,zn]la, SPEfor(ar) = [y1,-- -, ynla,

SngQz(az) = Spgf2i+1(ai+1) for i = 1, N and

foi—1, foi are U;-close for every ¢ = 1,...,k , where Uy -...- U C M.

We have (:L’Z,fg(l)) € Ul, (fg(l), f4(2)) S UQ, ey (fgk(i),yi) € Uk and

[f2i(1), ..., fai(n)]lg = SPG fai(a;) = SPE fait1(aiz1) =
= [f2it1(1), ..., fair1(n)]c-
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Therefore, we conclude that fo;(j) = fai41(j) for every i = 1,...,k and

j=1,...,n and that implies (z;,y;) € Uy -...- Uy C M.
Now taking o = e, where e is the identity permutation we obtain that
[1‘1,...,1‘71]@,[yl,...,yn](})GM. ]

4. Normality properties

In this section we define counterparts of the properties from the definition
of the normal functor for the functors in the asymptotic category.

Definition 4.1. Recall a map f: (X,Ex) — (Y, &) between coarse
spaces to be monomorphic, if there exists a map g: f(X) — Y such
that the following holds: there exists Ux € Ex, Uy € &y, such that for
every z € X, y € f(X) we have (z,gf(x)) € Ux, (y,f9(y)) € Uy.

Proposition 4.2. The functor F': CS — CS defined above preserves the
class of monomorphic maps.

Proof. Let f, g and U;, i = 1,2 be as above. The map Ff : FX — FY
is monomorphic, this follows from the commutative diagram:

e
// Ff Fg \A
FX Ff(FX) FX
Ffl TFf iFf
Ff(FX) ——=FX ——— F[(FX)
4

O

Definition 4.3. Recall a map f: (X,€x) — (Y,&) between coarse
spaces to be epimorphic, if the image f(X) is coarsely dense in Y. This
means that exists Uy € & such that Uy (f(X)) D Y.

Proposition 4.4. The functor F': CS — CS preserves the class of epi-
morphic maps.

Proof. Let f: X — Y be an epimorphic map. Show that F'f : FX — FY
is also epimorphic.

Fix an arbitrary b € F'Y. Since supp(b) = y1, ..., Yyn, there exists b* €
Fn such that Fo(b*) = b, where ¢ : n — Y acts in the following way:

o(i) = yi-
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The map f is epimorphic, this means that there exists Uy € &y for
which Y C Uy (f(X)). Hence, for every ¢ there exists yj with y; € Uy (y]).

Consider the map ¢ : n — X, (i) =z, ; € X and f(x;) = y;. Let
a = Fp(b*). Finally, we have to show that (Ff(a),b) € Uy. With this
alm we notice that:

1) Fy(b*) = a, fo(b*) = b;

2) ¢ and 9 are Uy-close, because ¢(i) = y;, ¥(i) = z; and f(x;) = y;.

We have (y;,y;) € Uy, so we are done.

O

Definition 4.5. Let f: (X,Ex) — (Y,&y) be a coarse map and B C Y.
A coarse preimage of the set B is the set A together with two maps
g:A— B,j: A— X for which the following holds:

if there are two coarse maps « :+Z — X, # : Z — B such that
fa ~ i3, then exists a map h: Z — A such that gh ~ 3, jh ~ a.

For the convenience of the reader let us introduce this definition by
the diagram:

i
A—1>x

B——=Y

(2

Proposition 4.6. Any two coarse preimages of B are coarsely equivalent.

Proof. Let (A,g,7),(A",¢,j") be different coarse preimages of the set B.
For the coarse preimage A put Z = A’, a = 5,3 = ¢’. We obtain that
fa=fj', ip=ig.
Since A’ is also a coarse preimage, fj’ ~ ig’ implies fa ~ 3. That is
why we can find the map h : A’ — A such that gh ~ ¢’ and jh ~ j'.
Similarly, one can show that for A’ there exists a map h' : A — A’
for which ¢’h/ ~ g and j'h' ~ j. Therefore,

g ~gh~ghh= h'h~idy
j~ j'H ~ jhh = hh ~idy

This completes the proof. O

Proposition 4.7. The functor F' preserves coarse preimages.
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Proof. Let f: X — Y be a coarse map and A be a coarse preimage for

B.

Lo
N
N 2
A——X
J
L
B c Y

We build the set I'y, = {(z,2)|z € suppa(z)} C Z x X. Note that
f(m2(Ty)) C B, where 73 is a projection map on the second factor of the
product. Since A is a coarse preimage of B, there exists §: Z — A such
that j3 ~ mo. Moreover, F f(a(Z)) C FB, whence supp(F fo«a(Z)) C B
and = f(suppa(Z)) C B. Put £(z) = F3 o a(z). This map is sending
any point z € Z to {(z) € FAie. £:Z — FA. It is easy to see that the
diagram

Z

e

FA——=FX

Fj
Fgl J/Ff
FB < FY
is commutative, thus FA = (Ff)~1(FB). This ends the proof. O

Definition 4.8. A functor F': CS — CS is normal in CS if:
1) F preserves weight;
2) F' is monomorphic;
3) F is epimorphic;
4) F preserves preimages;
5) F preserves () (i.e. bounded coarse spaces).

Remark 4.9. There is now sense to consider properties such as preserv-
ing intersections and continuity in coarse category. For example, simple
intersection between sets of odd natural numbers and even natural num-
bers is empty set, but in coarse category their intersection is equivalent
to all natural row.

Proposition 4.10. If F is a finitary normal functor of finite degree
n > 1, then F s normal in CS.

Proof. The preservation of weights is in a follows from the definition of
the coarse structure on F'X (see definition). All the other properties
follow from propositions 4.7, 4.9 and 4.12. O
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