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ABSTRACT. The semigroups of all increasing functions over N
and Z are considered. It is shown that both these semigroups do
not admit an irreducible system of generators. In their subsemi-
groups of cofinite functions all irreducible systems of generators are
described. The last semigroups are presented in terms of generators
and relations.

Introduction

Semigroups of order-preserving transformations are the object of per-
manent interest during the latter years. In particular, there are a few
interesting algebraic and combinatorial results concerning semigroups of
order-preserving partial injections defined on finite chains ([1, 2, 3]). The
semigroups of order-preserving transformations are also used for a de-
scription of generators in the full transformation semigroups on linearly
ordered sets ([4]).

In this paper we consider a countable set endowed with a linear order
such that the obtained poset is isomorphic to the set N of all natural
numbers or to the set Z of all integers with the natural order. We de-
fine subsemigroups O(N) and O(Z) of the full transformation semigroup
semigroup on the corresponding sets, as semigroups, which consist of
transformations preserving linear orders. In other terms O(N) and O(Z)
are nothing but the semigroups of all monotone increasing functions of
the sets N and Z respectively.
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The main goal of this paper is to investigate systems of generators in
O(N) and O(Z) and in some their subsemigroups.

The material is organized as follows. In Section 1 we introduce
semigroups O(N) and O(Z) and define their subsemigroups O, (N) and
O¢tin(Z) of cofinite functions (i.e. functions with finite complements to
their images). In Sections 2, 3 we prove that the semigroups O(N) and
O(Z) do not contain a minimal (in other terms irreducible) system of
generators. In Section 4 the unique irreducible system of generators of
Otin(N) is presented. In a similar manner in the same Section we describe
all irreducible systems of generators of Oy;,(Z). Then in Sections 5 and
6 we find presentations of Oy, (N) and Oy, (Z) respectively in terms
of generators and relations. Finally we prove that in finitely generated
subsemigroups of O, (N) and Oy, (Z) the word problem is solvable.

We refer the reader to [5] for all notions, which will not be defined in
this paper.

1. Main definitions and elementary properties

Let Z and N be the sets of all integers and all positive integers respectively
equipped with the natural linear order. Let M be the set N or the set Z.

Define O(M) to be the semigroup of all increasing functions from M to
M under usual composition. We use the notation fg for the composition
f(9). f,9 € O(M).

We call a mapping f : M — M co-finite if the set M\ f(M) is fi-
nite. It is easy to see that all co-finite functions from O(M) form a
subsemigroup. Denote it by Op(M). Note that O(N) and O(Z) are
uncountable, whereas Oy, (N) and Oy, (Z) are countable. For the con-
venience we will formally assume that f(0) = 0 for each f € O(N). Note
that all increasing functions are injections. Denote by id the identity
function. The element id is the unique invertible element of O(N).

For arbitrary integer k define the shift Ly € Ogy(Z) by Li(n) =
n+k,n € Z.

Note that LyL;(n) = Lg(n +1i) = n+ k + i, therefore LyL; = Ly;.
Denote L = {Lj : k € Z}. Hence L is a group, isomorphic to the group
(Z,+) and the mapping L,, — n is an isomorphism. It is easy to see
that L is the group of units in O(Z).

Let f € O(M) and n € M. Define Af(n) = f(n+1) — f(n) — 1.
Since f is increasing, we have Af(n) > 0.

Let us say that f has a jump in point n if and only if Af(n) > 0. In
this case we say that Af(n) is the height of the jump in n and n is the
point of the jump.
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Lemma 1. Let f € O(M) and n,m € M, n <m. Then f(m)— f(n) >
m —n. If f(m)— f(n) = m —n then for each integer k such that
n < k <m the equality f(k) = f(n) +k —n holds.

Proof. We will prove the statement for M = N. In the case M = Z the
proof is analogous. Let f € O(N) and n,m € N, n < m. Then

F(m) — £(n) = (Fm) — Flm— 1)) + (F(m— 1) — fm —2)) ...+
(fin+1)=f(n)=Af(m—-1)+...4Af(n)+m—n>m—n.

If f(m)— f(n) =m —n then Af(l) =0 for all n <1 < m and the

statements follows. O

Note that for any f € O(Z) the image of f is not bounded from above,
and for f € O(Z) the image of f is not bounded from below.

Lemma 2. Let f,g € O(M). If fg=f or gf = f then g = id.

Proof. Since any f is injective, fg = f implies g = id.

Let f,g € O(M) be such that gf = f. If g # id, we have g(z) # x
for some z. Assume g(x) > z (the case g(x) < z is analogous). Then
g(y) > y for any y > x since g is increasing, and hence gf(t) > f(t)
for any ¢ such that f(t) > x. Such t exists since the image of f is not
bounded from above (see remark above). A contradiction. O

Let f be from Oy, (M). Define |f| as the cardinality of M\ f(M).
Note that if f € Oy, (N) and |f| = 0 then f = id. If f € Ofn(Z)
and |f| = 0 then f € L.

2. There is no minimal system of generators in O(N)

Let us define an order on the semigroup O(N).

For fi, fo € O(N) set f1 < fo if and only if f1 # f2 and fi(n) < fa(n)
for arbitrary n.

Lemma 3. Let f € O(N), f #id. Then
1) for arbitraryn € N : f(n) > n;
2) there erists N € N such that f(n) > n for arbitrary n > N.

Proof. Since f is injective, we have |f({1,...,n})| = n for every n. Since
f is increasing, this implies f(n) > n. If f # id, there should exist x such
that f(z) # x and hence f(z) > z, implying f(y) >y forally > z. O

Lemma 4. Let fi € O(N),fo € O(N), g = fifs, f1 #id, fo # id. Then
fl <9, f2 =<g.
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Proof. By Lemma 2 g # f; and g # fo. By Lemma 3 we have f1(f2(n)) >
fa(n) for arbitrary n. Hence fa < g.

fa(n) > n and fi is increasing imply fi(f2(n)) > fi(n). Therefore
fi=yg. O

Lemma 5. Let f € O(N) and one of the following statements hold:
1) f has at least 2 jumps;
2) f has only 1 jump, moreover, the height of this jump is at least 2.

Then there exist f1, fo € O(N) such that f = fifa, fi # id, f2 # id

Proof. 1) Let f have at least two jumps. Let nj,ng,... be all points of
jumps and n; < ng < ... Define f1, fo € O(N) by the following equalities

_n, n <np
filn) = n+ Af(ni1), n>n,

f n), n S n
fn) =Af(n), n>m
Then f = f1f2 and fi1, fo # id.
2) Let f have exactly 1 jump, moreover, assume that the height of

this jump is at least 2. Let ny be the point of this jump. Define f1, fs by
the following equalities

fi(n) = {n, n<n

n+1, n>n

_n, n <nj
fo(n) = {n+Af(n1)—1, n>n
Then f = f1f2 and f1, fo # id. O

Theorem 2.1. There is no minimal system of generators in O(N).

Proof. Let G be a system of generators of O(N). It is easy to see that
the elements of the O(N) are in one-to-one correspondence with infinite
subsets of N. Hence the semigroup O(N) has uncountable cardinality.
Therefore G is uncountable. The set of functions that have exactly 1
jump is countable. Hence there exists a function f € G such that f has
more than 1 jump.

By Lemma 5 there exist fi, fo € O(N) such that f; # id, fo # id,
f = fif2. Since G is a system of generators, f; and fy are products of
elements from G:

flzgl...gn,fQZhl...hm,

where g1,...,9n,h1,... hy € G.
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By Lemma 4 ¢; < fi < f,i=1...n, hj < fo < f,j =1...m. This
implies that f does not coincide with any of the functions from

gla---gnahla---hm-

Hence G\{f} is a system of generators of O(N), implying that G is not a
minimal system of generators. O

3. There is no minimal system of generators in O(Z)

Denote by S; the set of all functions from O(Z) such that the set of jump
points of each function from S is bounded from below, i.e. f € S; if and
only if there exist N € Z such that Af(n) = 0 for arbitrary n < N,n € Z.
Denote by So the set of all function from O(Z) such that the set of
jump points of each function from S5 is bounded from above.
It is easy to see that Sy, Se are subsemigroups of O(Z).

Lemma 6. The set O(Z)\S1 is an ideal of O(Z).

Proof. Let f € O(Z)\ S1 and g € O(Z). Then the set of jump points
of f is not bounded from below. Note that n € Z is a jump point of g f
provided that n is a jump point of f. Then gf € O(Z) \ Si. Since the
image of ¢ is not bound from below, for arbitrary jump point n of f there
exists m € Z such that g(m) < n < g(m + 1). Then m is a jump point
for fg. This implies fg € O(Z) \ S1. O

Lemma 7. Let H be a semigroup and K be a subsemigroup of H such
that H\K s an ideal. If there are no minimal systems of generators in
K then there are no minimal systems of generators in H.

Proof. Assume that K does not contain any minimal system of genera-
tors. Let G be a system of generators of H. Since H\K is an ideal, each
element from K can be expressed only as a product of elements from K.
Hence G contains system of generators of K. Hence G K is a system of
generators for K, which can not be minimal by assumptions. Thus G is
not minimal either. O

For f € O(Z) define p(f) = sup Af(n). Note that p(f) < +o0.
neZ

Lemma 8. Let f1, fo € S1.
1) If p(f1) < oo and p(f2) < oo then max(p(f1), p(f2)) < p(fif2) <

(p(f1) +D)(p(f2) +1) — 1.
2) If p(f1) = oo or p(f2) = oo then p(fif2) = oco.
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Proof. 1) There exist ni,n2 € Z such that p(fi1) = Af(ni),p(fe) =

Af(n2). Let f= fife.
Then

A(fif2)(n2) = (fif2)(ne +1) = (fif2)(n2) — 1>
fa(n2 +1) = fa(n2) — 1 = Af(na).

Hence p(f) = p(f2)-
There exists m € Z such that fa(m) <nj; < fa(m+1). Then

A(fif2)(m) = fi(fa(m +1)) — fi(f2(m)) —1 >
filni+1) = fi(n1) = 1= Afi(n).

Hence p(f) = p(f1), and thus max(p(f1), p(f2)) < p(f1.f2).
We have

fa(nt1)-1
A(fif2)(n) = fi(fa(n+1) = fi(fa(n) 1= > (Afi(k)+1)-1 <
k=fa(n)

(p(f1) + D(fa(n+1) = fa(n)) =1 < (p(f1) + D(p(f1) +1) =1

Thus p(fifs) < (o(f1) + D(p(f2) + 1) — 1.
2) Let p(f2) = oco. Then there exist a sequence {n : k > 1} C Z such

that limg_oo Afa(ng) = co. From the proof of part 1) of this Lemma
Af(ng) > Afa(ng). Therefore limy_, o0 Af(ng) = oo and p(f) = co.
If p(f1) = oo then the proof is analogous. O

Define T'= {f € Si|p(f) < co}. By Lemma 8 T is a subsemigroup of
Si.

Lemma 9. The set S1\T is an ideal in S;.

Proof. If f € S1\T then p(f) = co. For g € S; by Lemma 8 we have
p(fg) = pgf) = oc. O

Lemma 10. If f € T is such that p(f) > 1 then there exist f1,fo € T
such that fifo = [ and inequalities p(f1) < p(f), p(f2) < p(f) hold.

Proof. Let n1 < ngo < ... be the all jump points of f. Define f1, fo in the
following way
f(n), if n<mny

fl(n):{f(n)_ka ifnk<n§nk:+1ak217

o) = 1™ n < f(ni)
n+k, f(hg)—k+1<n< f(ngs)—k.
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The set of jump point of fi is bounded from below by ny as f € S;.
One verifies that f = fafi, Afi(n) = Af(n) — 1 and Afa(n) < 1. Then

p(f1) =p(f) —1>0and p(f2) =1 < p(f). O

Define T1 = {f € T|p(f) < 1}. This means that the height of an
arbitrary jump of function from 77 is equal to 1.
From Lemma 10 it follows that T} is a system of generators for T .

Lemma 11. The set T\T} is an ideal in T.

Proof. The statement is an immediate corollary of the part 1 of Lemma 8.

O]

Let f € T1 and n; < mng < ... be all jump points of f. Define

T(f) = rgl;?(nkﬂ —nyg) if f has at least two jump points and 7(f) = 0

otherwise.

Lemma 12. Let fi1, fo € T1. If the product f = fifo is contained in Ty
then equalities T(f) < 7(f1),7(f) < 7(f2) hold.

Proof. Let n; <ng < ...and m; < mg < ... be all jump points of f1,fo
respectively. Since f has jumps in my, for each k > 1 then 7(f) < 7(f2).
For arbitrary k > 1 there exists I}, such that fo(lx) < ng < fo(lx +1).

If for some k > 1 we have fo(lg) < ny then [j is a point of jump of fo and
Af(le) = Alfa(lk +1) = fi(f2(lk) =1 = folle +1) — folle) =2 > 1.
We have f ¢ T1. Hence fo(l) = ng. It is easy to see that f has jumps in
lk, k > 1 and Nk+1— Nk = fz(lk+1)—f(lk) > lk+1—lk. Then T(f) < T(fl).
O

Lemma 13. If f € T} then there exist f1, fo € T1 such that f = fifs
and T(f) < 7(f1), 7(f) < 7(f2).

Proof. Let n1 < ng < ... be all jump points of f. Define fi, fo by
equalities
fi(n) =n+ [{I > 1] f(na) < n}|

and
fa(n) = f(n) — {l = 1|ngy < n}|

for n € Z.

One verifies that f = fifo. The set of all jump points of fo is
{nok—1 : k > 1}. Hence 7(f) < 7(f2). The set of all jump points
f1is {fa(nar) : k > 1}. Since between the jump points nogio and nay
of f there is exactly one jump point of fo we have fo(nogi2) — fa(ner) =
Nok+2 — Mok + 1. Hence 7(f) < 7(f1). O
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Theorem 3.1. There is no minimal system of generators in O(Z).

Proof. Let G be a system of generators of T. By Lemma 11 the subsemi-
group generated by G = G (71 contains 7.

Let f € G1. By Lemma 13 there exist f1, fo € 11 such that f = fifo
and 7(f) < 7(f1),7(f) < 7(f2). There exist elements

gl...,gn,hl,...,hmegl

such that fi = g1,...9n, fo = h1...hy. We have

f=fifoe=91-..gnh1... .

From Lemma 12 it follows that

T(f) <7(g1) - 7(f) <7(gn)s 7(f) <7(h1) e 7(f) < 7(hm)-

Hence f does not coincide with any element of gi,...,gn,h1,-.., hm.
Therefore G\{f} is a system of generators of 7. Hence G is not a minimal
system of generators of T'.

By Lemmas 7 and 9 we have that there are no minimal system of
generators in S7.

By Lemmas 7 and 6 we have that there are no minimal system of
generators in O(Z). O

4. Minimal systems of generators in O;,(N) and Oy;,(Z)

Lemma 14. Let M be the set N or the set Z. Then for arbitrary fi, fo €
Ofin(M) the equality | f1f2| = |fi] + |f2| holds.

Proof. By the definition of | - | we have |f1fo| = |M \ (fif2)(M)], |fi| =
(M fL(M)], [fa| = [M\ f2(M)].

Let © € M\ (f1f2)(M). This means that x € M\ fi(M) or z € f1(M)
and the pre-image f; ' (2) belongs to M\ fo(M).

Hence |f1f2| = |f1] + | f2]- O
Lemma 15. 1) For arbitrary f € Ofin(N) there exist fi,fa... fn €
Otin(N) such that |fi| =|f2] =...=|fu| =1 and f = fifa... fn, where
n=|fl.

2) Let f € Opin(N) and |f| = 1. Then the equality f = fi1fo implies
f1 =1id or f2 = 1id.

Proof. 1) We prove this statement by induction on |f|. If |f| = 1 the
statement holds. Let |f| > 1. By Lemma 5 there exist fi, fo € O(N),
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[fil # 0,[f2] # 0 such that f = fif;. By Lemma 14 |f[ = [fi] + | f2|.
Hence |f1| < |f],|f2] < |f| and the statement follows.

2) Let |f| =1 and f = f1f2. By Lemma 14 |f| = |f1| + | f2]. Hence
|fil =0 or |f2| = 0. O

Theorem 4.1. There exists the unique minimal system of generators in
Oytin(N), namely {id,eq, ez, ...}, where

(n) n, n<k
eLln) = 5
g ntl, n>k

Proof. 1t is easy to see that the set eqg, eq, .. . is the set of all function from
O tin(N) which have exactly 1 jump, moreover, this jump has height 1.

Let G = {er : k > 0} J{id}. Let us prove that G is the unique
minimal system of generators of O ¢, (N).

All elements of Oy;,, (N) are products of elements from G by the first
part of Lemma 15. Hence G is a system of generators.

By the second part of Lemma 15 each element of G is indecomposable
into a non-trivial product of non-identity elements of Oy, (N). Hence G
is minimal.

Let Gi be a minimal system of generators of Oy;,(N). By part 2 of
Lemma 15 G; contains all elements of G. Hence G=Gj.

O

Lemma 16. 1) For arbitrary f € Oyin(Z) there exist fi,fa... fn €
O¢in(Z) such that |fi| = |fa] = ... = |ful = 1 and f = fifo... fn,
where n = |f|.

2) Let f € Oyin(Z) and |f| = 1. Then the equality f = fifo implies
fieL or fyeL.

Proof. The proof is analogous to that of Lemma 15. O

Theorem 4.2. Let G be a minimal system of generators of Oin(Z).
Then G has the form G = {f, L, Li,, ... L;, }, where the function f has
exactly one jump which, additionally, has height 1, and the set of indices
{i1,12,...in} 18 @ minimal system of generators of the semigroup (Z,+).

Proof. Let G be a minimal system of generators of O, (Z). The comple-
ment of L in Oy;,,(Z) is an ideal. Hence the intersection G (L contains a
minimal system of generators of L. By Lemma 16 the elements with ex-
actly one jump, which, additionally, has height 1, can not be decomposed
into a nontrivial product of noninvertible element of Oy;,,(Z). Therefore
G must contain some element f such that |f| = 1.
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For this element we have

f(n):{n—kl, ngll

n—ki+1, n>11’

for some k1,11 € Z.
Then for arbitrary ks, lo we have

n—]{?Q, n§l2

Liy—ty gt f L1, = '
lo—l1+ks klf hi=la {n/{?2+17 n >l

Therefore all elements that have exactly one jump belong to the sub-
semigroup, generated by f and L, by Lemma 16. So the set, described
in the statement of the theorem is a generating system.posmnucars

This implies that G = {f, L;,, Li,, ... L;, }, where the function f has
exactly one jump which, additionally, has height 1 and the set {i1,i2,...4,}
is a minimal system of generators of the semigroup (Z, +). O

5. Defining relations for Oy;,(N)

Consider the semigroup Oy, (N).
n, n<k
n+1, n>k
By Section 4 {ey : k > 0} U{id} C Ofin(N) is the unique minimal
system of generators of Oy, (N).

Let ex(n) =

Lemma 17. The hollowing equalities hold in O ¢, (N)

exe = €416, k<l (1)
Proof. Let k <.
n, n<k
ek(n)v TLSZ
exer(n) = (it 1) o= n+1, k<n<lI
ex(n , n
{ n+2, n>l
(n) <k n, n<k
err1(n), n <
€l+1€k(n)—{l+1< o T n+1, k<n<l
err1(n , n
bl n+2, n>lI

Hence ere; = €416k ]
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Let F' be the free semigroup generated by the set {zy : k > 0}.
We call an element w of F' canonical if it has the form

bogle gbe  memy <mg<...<mngt;>01<i<n. (2)

xn1 n9g tng?

We say that an element, g = e; €;, ... €, from O, (N) is written in a
canonical form if the word x;, z;, . .. x;,, is canonical.

m

Lemma 18. Fach element of Ofin(N) can be uniquely written in a canon-
ical form.
Proof. Let g = ell el .. elt be an element in a canonical form. Then the
function g has jumps in points nq, . . . ng of heights ¢4, ts . . . t; respectively.
Since any function from Oy, (N) is uniquely determined by the jump
points and their heights, each function from Oy;,(N) can not have more
than one canonical form.

Let us prove that each function f € Oy;,(N) has a canonical form. Let
ny < ... < ng be all points of jumps of f and t1,...,tr be their heights.

One easily checks that f = el ef2 ... ef{fk is a canonical form. O

We say that the words w = wizpajws and w' = wiz 1 pwe k <1,
wi,we € F are obtained from each other by an elementary transforma-
tion.

Define a binary relation ~ on the semigroup F'. For wi,ws € F let
wi ~ wy if and only if w; can be obtained from ws by a finite number
of elementary transformations (possibly none). It is easy to see that ~ is
an equivalence.

Lemma 19. The set of all canonical words forms a cross section of the
equivalence classes of the relation ~ introduced above.

Proof. Let w = ®p,Zn, ... Ty, be a word from the free semigroup F.
Call z;x; an inversion if 7 > j. Given w with at least one inversion
we can change this inversion to z;x;_1 by an elementary transformation,
reducing the total number of inversions in w. The proof is completed by
induction. O

Theorem 5.1. The semigroup O, (N) has the following presentation by
generators and relations:

(ro, 21, ... |TpT; = Tp128, K < 1)

Proof. Define a homomorphism ¢ : ' — Oy;,(N) by the rule p(x) =
€Lk, k > 0.
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Since the set {e;, : £ > 0} is a system of generators of O, (N) then
Imp = Opin(N).

Let us prove that Keryp =~. Let wi,wy € F.

If w1 ~ wy then p(w;) = ¢(wz) by Lemma 17.

From Lemma 19 canonical words form a cross-section for the equiva-
lence classes with respect to ~. They are mapped to different elements
in O(N) by Lemma 18. The statement follows. O

Consider Richard Thompson’s group F'. It has the presentation
F = (xg, 21, ... |x1xp = 22141, K < 1)

(see for example [6]). Then we directly obtain that the semigroup, anti-
isomorphic to Oy, (N), is a homomorphic image of the semigroup having
the same presentation as the group F.

6. Defining relations for Oy;,(Z) with respect to 3 genera-
tors

Consider the semigroup O (Z).
: <0 .
Define f € O(Z) as follows f(n) = " n=r By Section 4
n+1, n>0

{f,L1,L_1} is a minimal system of generators of Oy;n(Z). Set f =
LEfLF |k € Z, where LF = L~F for k< 0, t = +1.
We have

fe(n) = (LY FLE ) (n) = LE(f(n = k)) = {Z,—i- 1, Z i Z '

Lemma 20. The following equalities hold in O i, (Z)
fefi = firife, k<l (3)
Proof. Direct calculation. O
It is easy to see that the following equalities hold in O, (Z):
LiL_y = L_1L, = id. (4)

Let g € Ofin(Z), m1 < ... < ny, be all points of jumps of g and
t1,...,tx be their heights. For arbitrary n < n; we have g(n) —n =
g(n1) —ni. We say that h = g(n1) — nq is an initial height of g. We have

n—+h, n<n
fn)=qn+h+1 Af(n), nj<n<nji,1<j<k.
n+h+ S8 Af(n), np<n
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Hence the elements from Oy, (Z) are in a one-to-one correspondence
with the triples (h, {n1,...,ng}, {t1,...,tx}), where his the initial weight,
{n1,...,nx} are jump points, and {ny,...,ng} are heights of the jumps.

Let F be the free semigroup generated by the set {z,y1,y_1}. Define
Ty = y’f:vyﬁl,k € 7, where yF = y:f, for k < 0,t = +1. We call an
element, w, of F' canonical if it has the form

y;”xﬁ}lx%...xffk, geny; <ng <...<ngt;>0,1<i<n. (5
We say that an element g = LY fi, fi, . .. fi,, from O, (N) is written in a
canonical form if the word yfz;, 2, . ..x;,, is canonical.

Lemma 21. Each element of Opfin(Z) can be uniquely written in a
canonical form.

Proof. Let g =y fiL fi2 ... fi& be an element in a canonical form. Then
the function g has the jumps of heights t1,to...%; in points ni,...nk
respectively and the initial height is mg. Since each function from O, (Z)
is uniquely determined by the jump points, their height and the initial
height, each function from Oy;,(Z) can not have more then one canonical
form.

Let us prove that each function f € Of;n(Z) has a canonical form.
Let n; < ... < ng be all jump points of f and t;...%; be their heights
and m be initial height of f. We have f = hL’;L(m) fifiz s a
canonical form (where sgn(m) is a sign of m). O

We say that the words w = wyzpxjwe and w' = wizizpwe k <1,
w1, we € F are obtained from each other by an elementary transforma-
tion.

Define a binary relation ~ on the semigroup F. For wy,ws € F' let
wy ~ wsg if and only if w; can be obtained from wsy by a finite number
(possibly none) of elementary transformations. It is easy to see that ~ is
an equivalence.

Lemma 22. The set of all canonical words forms a cross section of the
equivalence classes of the relation ~ introduced above.

Proof. Let w = yf)%xyf}lx...xyzg, where p; = £1,t; > 0,0 < i < n.
Using elementary transformations we obtain

to Tin
(N VS

t/
to tm—1,,tm tm tm to my tm tm
Ypol =+ - TYp,, 1 Ypp, (y—pmxypm) ™~ YpoL - - - xyp;nl (y—pmwypm) ~
' !/

t/
to my my my k
Yol -+ Ypr (y*pinlxypinl)x_pm NN YT Ty Ty

/
m
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We can transform obtaining word to canonical how in proof of Lemma
19.
O

Theorem 6.1. The semigroup O (Z) has the following presentation by
generators and relations:

(x,y1, y—1|zre = vz, k < Lyiy—1 = Ly—1y = 1).

Proof. Define a homomorphism ¢ : F' — Oy;n(Z) by the rule ¢(z) =
fre(yn) = Ly, o(y—1) = L1

Analogously to the proof theorem 5.1 we have

1)Im90 = Ofin(Z)

2)Kerp =r~.

The statement of the theorem follows. O

Corollary 1. The word problem is solvable in each finitely generated
subsemigroup of Ofin(N) and O i, (Z).

Proof. Let us proof the statement for Oy;,(N), the proof for O, (Z) is
analogous.

Let H be a finitely generated subsemigroup of O, (N) and hy, ..., hy,
be generators of H. Let {ey : K > 0} be the minimal system of generators
of Oin(N) from Section 4. Let h; = ey, e, ... €, for some 1 < i <
n,n; > 0. Denote by N the largest number among /;;,1 <¢:<n,1 <j <
m;. Then the semigroup H is contained in the subsemigroup of O¢;, (N),
generated by eg,e1...en.

Let hj hiy ... hi, and hj hj, ... hj, be words over the generating sys-
tem of H, which represent some elements w and v from H. We can
represent w and v over egp,...,en. Using elementary transformations
from Section 5 we can write w and v in canonical forms. Since any ele-
ment of O, (N) has a unique canonical form then w = v if and only if
their canonical forms are the same. O
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