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ABSTRACT.  The properties of primitive matrices (matrices
for which the greatest common divisor of the minors of maximal
order is equal to 1) over Bezout B - domain, i.e. commutative
domain finitely generated principal ideal in which for all a, b, ¢ with
(a,b,c) = 1,c # 0, there exists element r € R, such that (a+rb,c) =
1 is investigated. The results obtained enable to describe invariants
transforming matrices, i.e. matrices which reduce the given matrix
to its canonical diagonal form.

The notation of elementary divisor ring, as rings over which every ma-
trix admits diagonal reduction were introduced by I. Kaplansky in 1949
[1]. Such concept has appeared rather effective at the decision of many
tasks in different areas of modern algebra. The whole direction in the
theory of rings was formed in which the properties of rings of elementary
divisor are studied, new classes of rings were described which possess the
property of a diagonal reduction [2-5]. With current of time the interest
to such rings has not died away — a lot of publications regularly occur
in mathematical journals [6-9]. One of examples of a class elementary
divisor ring are the Bezout B—rings, i.e. commutative domain of finitely
generated principal ideal in which for all a,b, ¢ with (a,b,c) = 1, ¢ # 0,
there exists an element r € R, such that (a + rb,c¢) = 1 [10]. This paper
is devoted to study of Bezout B—domain from the point of view of re-
search of properties of their elements, and also to describe the invariants
of transformable matrices, i.e. invertible matrices which the given matrix
reduces to its canonical diagonal form.

2000 Mathematics Subject Classification: 15421.
Key words and phrases: elementary divisor ring, Bezout B—domain, canonical
diagonal form, transformable matrices, invariants, primitive matrices.



V. P. SHCHEDRYK 47

Let R be Bezout B—domain. A matrix is called primitive if the great-
est common divisor of minors of the maximal order is equal to 1. In the
first part of this paper the properties of primitive rows and columns are
studied.

Property 1. If (a1,...,a,) = 1,a, # 0,n > 3, then there are elements
U9, ..., Up_1, such that

(a1 + ugag + ...+ Up—1an—1, an) =1

Proof. Let (ag,...,an—1) = 7. Then there are elements vo,...,vy—1 ,
such that
V2092 + ...+ Up—1Qp—-1 = 7.
Since (a1,7,an) = 1, there is an element r € R, for which (a1 + rv,a,) =
1. Thus
(a1 + (rva)ag + ... + (rvp—1)an—1,a,) = 1.
O

Property 2. If (a1,...,an) = 1,a, # 0,n > 3, then there are invertible
matrices of the form

ai (%] V2 oo Un—2 Up—1

a 1 0 Ny 0 0

as 0 1 0 0 _vy
an—1 0 0 1 0

an 00 0 Un

Up, 0 0 0 wup—1

0 1 0 0 wup_2

0 0 1o ow | Y

0 0 .o 0 1 Ul

an Ap—1 ... Qg a ai

Proof. First we shall show, that the elements v1,...,v, can be chosen

such that the matrix V will be invertible. By property 1 there are ele-
ments v1,...,U,_9 , such that

(a1 —via2 — ... — vp_2ap_1,a,) = 1.

Since det V' = v, vp—1 — Un—1ay, where v,_1 = a1 —viag —... —vp_20,_1,
and taking into consideration (v,-1,a1) = 1 we can choose elements
Un—1, Un SO, that det V' = 1. It is similarly shown, that there are uy, ..., u,
for which detU = 1.

O
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Since R is finitely generated principal ideal domain then for all finitely

set of relatively prime elements ai,...,an,n > 2, there are elements
Ui, ..., Uy, such that

wuial + ... +una, = 1. (1)
Write the elements uq,...,u, as Hu1 unH We shall say that el-
ements of the row Hu1 unH satisfies equation (1). The following

statement suggests a method of finding of such all rows with elements
which satisfy the equation (1).

Property 3. Let (ay,...,a,) =1,n > 2, and A be any invertible matriz
for which Ha1 anHT 1s its first column. The set

U={|t 22 ... a||4A7 25 €eRi=2,...,n}
consist of all rows with elements which satisfy equation (1).
Proof. Let |jv; ... v,|| €U, ie.
for oo v =1 ws e @] AT
where z; € R,i =2,...,n. Then
o1 val|flar - an]" =1 @2 e ma| AT o o a] =

=t @ o ow 0 ..o

=1.
This means that elements of all rows from U satisfy equation (1).

Let elements of the row Hul e unH satisfy equation (1) and A~ =
l|bi;]]7 - Consider the matrix

(75} u9 oo Up
bar b2 ... ban|| _ U
bnl bn2 v bnn
Then
1 29 Ty
0 1 0
UA =
0o 0 ... 1
It follows from this that Hu1 e unH € U. This concludes the proof of

our statement.

O]
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Property 4. If (a1,...,a,) = 1,n > 2, and e1|es|...|ex,ei # 0,0 =
1,...,k, 1 <k <n, then

((Ilgk;,aaffk;_l, ceey AREL, Akt 1, - - 7a’n) — (51437 A28k —1y -+, AKEL, Af41,5 - - - (Zn) .
Proof. Denote (ai1ek,a2ek—1,...,05E1, Akt1,---,0n) = Of. In order to

prove this statement it suffices to show that Jx|ex. In the case where
k =1 we have

51 = (CL1€1,CL2, s ,an) = (a1€1, (CLQ?‘ . 'aan)) = (61, (CLQ, s aan)) .

So d1]e1. Hence the results holds for k = 1. Let k > 2 and suppose that
the result is established for m < k. Then

O = (a16k, A2€k—1, - - s QKEL, Afy1, - - -, An) =
€k €2
=\e1\@1—y..., 0g—1—50k | ,Qk415---,0n | .
€1 €1
Since £ |51 e |61 we have by the induction hypothesis
&k &2 €k
A1 =5y Q15 Ak, Ak 415 - - -, 0n :dl - -
€1 €1 €1
Therefore
£k £2
a1ZE a1, a
0 = di 51<181’ e k) Bhet1 an =
dq "\ dy T dy
QK41 G,
:dl <€17< d1 7"'7dl>>_d1d27
where ds|e1. Thus 6 = dldg\i—’l“el = ¢p. O

Property 5. Let (a,b, ) = (a1,b1,p) = 1,abarbrp # 0. If
aby; = a1b(mody),

then
(az +b,¢) = (a1 + b1, ¢)

for all x € R.
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Proof. Set (a,¢) = a.. Then (a,b) = 1. As ab; — a1b = ¢t, we have aa;b.
By the property 4 ala;. Hence, a|(a1,¢) = ai. From similar reasons
a1|(a, ) = a. Hence a = a1. As

(ai(az +b), ) = (a1az + a1b, ) = (a1az + (a1b + @t), ) =

= (arax + a1b, p) = (a(a1z + by1), ),

(ﬂ(a:c +b), f) = (g(am + b1), g) .

o «

SO

Therefore o o
(a:z: +b, a) = (alx + by, a) = 4.

Since ala and «alap, and also (a,b) = (a,b1) = 1 then for all elements
x € R the equality

(ax +b,a) = (a1x + b1, ) =1
holds. Hence
_ LA ? e
5—<ax+b,a)—(ax+b,aa) (ax +b,p).
Similarly 6 = (a1z + b1, ¢) . O

Property 6. Let (a1,...,a,) =1,n > 2, and € R be any fixed nonzero
element, which is not unit. Then there are elements uq,...,u,, which
satisfy the following conditions simultaneously:

a) uiay + ...+ upa, = 1;
b) (ui,...,u;) =1, for any fired 2 < i < n;
c) (ui, ) =1, for any fixred 2 < i < n.

Proof. Consider the invertible matrix A with first column Ha1 ...oap HT .
Let’s show, that matrix A can be chosen in such a way that the elements
of the matrix A=! = |bi; |7 satisfy bz = ... = by; = 0. Indeed, let Ay
be any invertible matrix with first column Ha1 ... anHT LA = HBHH?
and among elements by, . . ., by; there is at least one not zero. Then there
is such a matrix D € GL,,_1(R), that

Db - "=y 0 ... of.
Thus, the matrix

(teD)ATH) ' =A41eD =4
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will be found.
Let the matrix consisting of the first ¢ columns of the matrix A~! has
the form

bir ... bii—1 by
bor ... boi1 vy
b3r ... bzi—1 O
bil bi,i—l 0 = HNH 4
biy11 .. biy15-1 O
bnl .. bn,i—l 0
By property 3 every set of elements uq, . . ., u, satisfying condition a) can

be presented as follows:
lur oo ]| =[]V 22 ] AT

where x; € R,7 = 2,...,n. In order that the our statement be valid it is
sufficient, that there are elements x5 ... x,, such that

M
I o2 ... ‘NH —
where (q1,...,¢) = (¢, ¥) = 1.
Let v = 0. Since the matrix ']\]\/‘;‘ is primitive, we conclude that

b1; € U(R). Therefore byq,...,b1; will be found elements.

Let y#Oand byj #0,i+1 <t <n,1 <j <i—1.As (b;,7) = 1 then
(b14,7,%bj) = 1. Therefore there is element [, such that (by; +vI, b)) =
1. This equality implies

i) (di, ) =1; (2)
i) (dis, byy) = 1,

where dy; = by; + I # 0. Then (dlj, btj,dh‘) = 1, where dlj = b1j + bgjl.
Therefore, there is m, such that (dy;+bym, di;) = 1. Taking into account
equality (2), we are convinced, that elements of the first row of the matrix

1 7 0 ... 0 m
o 1 0 ... 0 O

)

M

1
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where E,_; is identity (n —t) X (n — t) matrix, will satisfy to all the
requirements of our statement.

If N =0, ori=n (in this case matrix N is empty) it follows from
invertibility of a matrix A;, that M € GL;(R). Therefore (by;,7y) =
1, so (b1;,7,%) = 1. As well as in the previous cases there is r, that
(b1; +~r, 1) = 1. Hence, the elements of the first row of the matrix

1 r
0 1

also will be found elements. The statement is proved. O

& Ei—?) M

By the theorem 5.2 of [1] R is elementary divisor domain. Therefore
for every nonsingular n x n matrix A over R exist invertible matrices P
and @ (further we shall call them as transformable matrices), such that

PAQ = diag(¢1,...,0n) = ®, 0il@ir1,i=1,...,n— 1. (3)

Denote P 4 the set of invertible matrices P, which satisfy equality (3). In
a final part of this paper the properties of set of transformable matrices
P4 will be studied. It was shown in papers [11-13], that P4 = GgP,
where P be any fixed matrix from equality (3), and G is multiplicative
group, which consists of all invertible matrices of the form

h11 hia ... hn—1 hin
2
%hﬂ haa ... h2n-1 haon
Pn $n Pn
o1 hnl 02 h22 C ont hn,nfl hnn

In [12,14] it is proved that the group Gg and the set of left trans-
formable matrices P4 play the main role in the description of the asso-
ciated matrices, which have the given canonical diagonal form ®.

Proposition ([12, 14]). Let A = P '®Q ", B = P5'®Q4'. The follow-
g are equivalent:

a) A and B are right associates (B = AU, U € GL,(R));
b) Pp = HP4, where H € Gg;
C) PB = PA.

We apply the obtained results to describe the properties of trans-
formable matrices. Denote
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& =B, & =diag | 22, P11 i=2,... 0
®1 Pi—1 ~—~—
n—i+1
Definition 1. Let Hal anHT be primitive column and
T T
illar .. an]T~ s 0 o)
1=1,...,n. The column H(Sl (5nHT 1s called ® — rod of the column
T
lar ... an|”
Theorem 1. If H € Gg, then ®-rods of columns Hal an’T,
T .
HHa1 anH coincide.
Proof. Since j column of the matrix H has the form
s ho. Biflp. . Pnp . T :
yo-ee Ny TG e ol 1< 7 <n—1,
then ®;h; =
:‘gﬁun.gﬂ@;m Lhy Bhyirg . Ly P By
_ ¥ L1y LI A o PR Pnp T
_@j o Mg e G -1 R ij or Vil e 5 ng

Hence, ﬁ@ihj,i =2,...,n,5j=1,...,n— 1,9 > j. It means that the
Pj

equalities

H = K;®;, (4)

1=2,...,n, holds. As all the matrices ®; are nonsingular, and the matrix
H is invertible, then from equality (4) follows K; € GL,(R). Therefore

(I)Z'H Hal N anHT = Kiq)i Ha1 e anHT ~
~ il a5 0 o]
1=2,...,n. It remains to note that 41 = 1 which concludes the proof of

the theorem. O
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Theorem 2. Let H(51 e (5n||T be ®-rod of the primitive column
Ha1 anHT. Then there is a matrizc H € Gg for which
T T
Hllar ... anl| =|b 62 ... &l -
Proof. Property 6 implies that there are elements uq, ..., u,, such that
PR ar 4 o 2ty 11 + Untn = Oy,
¥1 Pn—1
where (un, %) = 1. Since ﬁ|ﬁ . |%, taking in account the prop-

erty 4

(Qpn $n > _ (Qpn $n $n ) B
—Ul, .- Up—1,Up | = | —, —UQ, ooy ——Up_1,Up | =
®1 Pn—1 Y1 P2 Pn—1

_ (‘Pn Pn < (Pn)> .
=\ —uz..., Unp—1, | Un, —— =L
P2 ¥n—1 ¥1

By property 2 we shall complete a primitive row H %ul e sai:

to an invertible matrix H, in which this row will be last, and other el-
ements of this matrix, which lies under the main diagonal will be zero.
Then H,, € G and

Up—1 Un

Hyllar o anl|" =[br o bar "

By theorem 1 this column will have again ®-rod H51 e 5nHT. There-
fore
Oy Hy llar v an|" ~ 00 0 ..o 0"

Hence, there are elements vq,...,v,, such that

Pr—1 v1by +... + i £
®1 Pn—2

Un—an—Q + vn—lbn—l + Unfsn — On—1-

Moreover, as it follows from property 6, these elements can be chosen in

such a manner that (vi,...,v,—1) = 1 and <vn_1, 50:211) = 1. Thus we

have

Pn—1 Pn—1
< Vlyevry Unz,vn1> =1.
¥1 Pn—2
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It means, that in the group G there is a matrix H,,_1 with the following
two last rows:

99:;;1,01 iz:; Un—2 Upn—1 Up
0 0 0 1
Consequently,
T T
Hyp 1 Hyllar ... anl|” =|ldi ... doce duo1 6| -
Continuing the described process, on (n-1) step we shall receive the matrix
H=Hy---H, € Gg, such that HA = Hb 0o ... 6nHT. The theorem
is proved.
O
Denote

2 a; (279 .
A; = , , ,i=2,...,n. 5
’ <<Pi—1 di—1 51—1) (5)

Theorem 3. Let H(51 e 5nHT be ®-rod of the primitive column
Hal anHT. Then the elements §; satisfy the following conditions:
a) 51 :AQ"'Ai,i:2,...,n;
b) M%,i =2,...,n.

Proof. Since 61 = 1, we obtain from property 4

0y = <ﬂa1,a2, . ',an> = Ao,
®1

_ (@3 ¥3 > N <803 <<P2 ) > .
3= | —ai,—a2,a3,...,0n | = |\ —\ —0a2|,43,...,0n | =
¥1 ¥2 Y2 \P1

ﬂ
P P eall) S =0a (G ) = e
R N A N '

Having continued on analogy our reasons, we obtain §; = Ag---A;,1 =
2,...,n.

By (5) Ai|¢fj1,i =2,...,n. Hence

51':AQAg-'-Ai_lA”ﬂ@“'(pi_l L :ﬁ,i:l...,n.
P12 Pi—2 Pi—1 ©1
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The following corollary follows from the theorems 2 and 3.

Corollary 1. If H(51 6nHT be ®-rod of the primitive column
Hal anHT, then there is a matrizc H € Gg, such that
b
T AQ
HHa1 anH = A2A3 s
AsAs--- A,
where Aﬂ@ﬁl,i =2,...,n.

Definition 2. Let P € GL,(R) and pi,...,pp be its columns,
[ 5mHT is ® —rod of column p;,i = 1,...,n. The matriz ||0:||}
1s called ® — rod of the matriz P.

Theorem 4. ®-rods of matrices from P4 coincide.

Proof. Let P, be any matrix from P 4. Since P4 = Gg P then there exists
a matrix H € Gg, such that P, = HP. According to the theorem 1 -
rods correspond columns of matrices P and P; coincide. Therefore will
be ®-rods of these matrices coincide. O

Since all matrices of the set P 4 have identical ®-rods, it is possible to
speak about ®-rod of set of transformable matrices P 4, having identified
it with ®-rod of any matrix of this set. Using the theorem 2, we obtain.

Corollary 2. Let ||0;;]|] be ®-rod of the set P 4. Then there is matriz
P; € P4, which have i column of the form H* o1 ... (5mHT ,1<i<n.

Corollary 3. If the matrices A and B have the canonical diagonal form
® and are right associates, then ®-rods of sets P 4 and Pg coincide.

Proof. By proposition P 4 = Pg, so that ®-rods of these sets coincide. [
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