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ABSTRACT. We have introduced the concept of neighborhood-
prime labeling and investigated it for paths, cycles, wheels and union
of such graphs earlier. In this paper, we construct neighborhood-
prime labelings for graphs that are cartesian or tensor product of
two paths.

1. Introduction

All graphs considered in this paper are simple, finite and undirected.
We begin with the definition of prime labeling and prime graphs.

Definition 1. Let G be a graph with n vertices. A bijective function
f:V(G) —{1,2,3,...,n} is said to be a prime labeling, if for every pair
of adjacent vertices u and v, ged (f(u), f(v)) = 1. A graph that admits a
prime labeling is called a prime graph.

The notion of prime labeling for graphs originated with Roger Entringer
and was introduced in a paper by Tout et al. [6] . After the introduction of
prime labeling, varieties of graphs or families of graphs have been tested
for primality and it has been an active area of research for more than
thirty years now. See [1] for a summary on prime labelings and prime
graphs. Our definition of neighborhood-prime labeling is motivated by the
definition of prime labeling.
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Definition 2. Let G be a graph with n vertices and for v € V(G), let
N (v) denote the open neighborhood of v. A bijective function f : V(G) —
{1,2,3,...,n} is said to be a neighborhood-prime labeling on G, if for every
vertex v € V(G) with deg(v) > 2, ged {f(u) : u € N(v)} = 1. A graph
that admits neighborhood-prime labeling is called a neighborhood-prime
graph.

Remark 1. If in a graph G, every vertex is of degree at most 1, then
such a graph is neighborhood-prime vacuously.

The notion of neighborhood-prime labeling was introduced in [3] where
we showed that the path P, is a neighborhood-prime graph for all n and
the cycle C,, is a neighborhood-prime graph iff n # 2 ( mod 4). We also
showed that certain path and cycle related graphs are neighborhood-prime
graphs. In [4], we characterized neighborhood-prime graphs amongst the
class of union of two cycles. Further in the same paper, we proved that
the union of two wheels and the union of a finite number of paths are
neighborhood-prime graphs. Our present work is motivated by some of
the results on prime labelings of product of paths, but the strategy is
completely different over here. We consider two types of graph products.

Definition 3. The cartesian product G x H of graphs G and H is a graph
such that its vertex set is V(G x H) = {(u,v) :u € V(G),v € V(H)};
and any two vertices (u,v) and (v/,v") are adjacent in G x H if and only
if either v = v’ and v is adjacent to v’ in H, or v = v/ and u is adjacent
to v’ in G.

Definition 4. The tensor product G® H of two graphs G and H is a graph
such that its vertex set is V(G ® H) = {(u,v) :u € V(G),v € V(H)};
and any two vertices (u,v) and (u/,v") are adjacent in G ® H if and only
if u is adjacent to v/ in G and v is adjacent to v’ in H.

Sundaram et al. [5] proved that the grid P,, x P, is prime when n is
prime and n > m. In the same paper they proved that P, x P, is prime
when n is prime. Later, Kanetkar [2] proved that few other grids are also
prime. In this paper, we show that the grid P, x P,, and the graph P, ® P,
are neighborhood-prime graphs. We also show that the tensor product of
a path and a wheel P,, ® W,, is neighborhood-prime. But so far we have
not been able to get a neighborhood-prime labeling for the tensor product
of two arbitrary paths of different order.
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2. Main results

Theorem 1. The cartesian product of two paths is a neighborhood-prime
graph.

Proof. Let G = P,, x P,. Without loss of generality we may assume
that n < m. Let uy, ug, ..., uy and vy, v, ..., v, denote the (consecutive)
vertices of the paths P,, and P, respectively. Thus

V(G) = {(ug,vj) :k=1,2,...,mand j=1,2,...,n}.

Note that the vertices (u1,v1), (u1,vn), (tm,v1) and (umy,,v,) are of de-
gree 2 and the other vertices in G are of degree 3 or 4. For | =2,3,...,m+
n, we introduce the sets

Dy = {(ug,vj) e V(G) : k+j =1},

which form a partition of the vertex set V(G). The sets D; are called
diagonal sets and can also be expressed as

D; = {(uk,vl,k) S V(G) ke Sl}
where

(1,2,...,1—-1} if2<1
Si=<q{l-n,l—n+1,...,1-1} ifn+2
{l—n,l—n+1,...,m} ifm+2<l<m+n.

n+1
I < m+1 (collapses if m=n)

N IN

Two vertices (ug, vj—x) and (ug, v;_g) of the set D; are called consecutive
vertices if |k — k| = 1. Further, the vertex (ug, v;_) is called the first (last)
vertex of Dy if k is the minimum (maximum) value of the corresponding
set .S].

Now we define a bijective function f : V(G) — {1,2,...,mn} by
defining it on the diagonal sets D;. For (ug,v;_) € Dy,

fug,vi—g) = filug, vi—)

where
(=20 4 g if2<i<n+1
filug, o) = 4 (n— 1)1 — =002 4 g ifn+2<i<m+1
2
(l—m)(m—l+3)+22l(n—1)—n(n—l—l) 4k ifm+2<I<m+n
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One can observe that any two consecutive vertices of a diagonal set D; are
mapped to consecutive integers under f. More precisely, if (ug,v;—x) and
(ugr, v;_gr) are the vertices on the same diagonal set D; and say k' > k,
then

Silug,vimi) = filug, vi—g) + (K" — k). (2.1)

Further, it may be easily verified that if (ug,v;_x) is the last vertex of D
and (up/, v(41)—k) is the first vertex of Djyq, then

Sivr (uers vagay—i) = filug, vieg) + 1. (2.2)

From (2.1) and (2.2), it follows that f; may also be defined recursively.
For better understanding of these formulas, we illustrate the labeling of f
on Py x Py in Figure la below. Now in view of (2.1), if w = (ug, v;_x) is
an arbitrary vertex of G different from (uy,v,) and (um, v1), then

ged{f(p) :p € N(w)} =1 (2.3)

because such N(w) contains at least one pair of consecutive vertices. But
(2.3) may not hold for the vertices (u1,vy,) and (uy,,v1). For instance, in
case of the graph Py x P,

N(ui,vyn) = N(ui,ve) = {(u1,vs), (u2,ve) }.

But f(u1,v5) = 11 and f(uz,v6) = 22 and so f does not define a
neighborhood-prime labeling on G. Similar problem occurs for the vertex
(tm, v1) of this graph. To eliminate this problem, we modify f and show
that the modified function is a neighborhood-prime labeling on G. The
strategy is to bring consecutive labels on the two neighbors of (tu,,v1)
whereas to overcome the problem of (uj,v,) we exchange the label of
(u1,v1) (which is 1) with the neighbor (u1,v,—1) of (u1,v,). This is for-
mally explained by the definition of g below but for the better under-
standing of the effect of g we refer the reader to Figure 1. Now define
g:V(G) —{1,2,...,mn} as follows. For (ug,v;_x) € Dy,

f(uk,vl k) ifl#Q,n,m—&—l,m—i—Q
flur,vp—1) ifl =2
fug,vr) ifl=nand k=1
g(ug, vi—k) = ,
(uk,vl k) ifl=nandk>1
(= 1)@mt2on) |}, ifl=m+1
(1— n)(n+2§+2m(n+1) —k ifl=m+2.
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It may be verified that any two consecutive vertices of the set D;, none of
which is (u1,v,—1), are mapped to consecutive integers under g. We now
verify that ¢ is a neighborhood-prime labeling on G by considering the
following cases.

Case 1. w # (um,v1), (u1,v,), (U1, vp—2).
In this case N(w) contains at least one pair of consecutive vertices
none of which is (uj,v,-1) and so (2.3) holds.

Case 2. w = (u1,vy), (U1, vp—2).

This case may be dispensed by observing that N (w) contains (u1, v,—1)
and g(u1,vp—1) = f(u1,v1) = 1.
Case 3. w = (U, v1).

Here N(w) = {(tm—1,v1), (Um,v2)}. Observe that (u,,vs) € D; with
Il =m+2 (and k = m) and therefore

(I-n)(n+2)+2m(n+1)

g(umﬂvQ): 9 —k
_ (I1=n)(n+2)+2m(n+1) o
2
= Dt2)
2

Now (wpm—1,v1) € D; with { = m (and kK = m — 1) and so to determine
g(Um—1,v1) we have to consider the following two sub-cases.

Sub-case 1. n<l=m <n+ 1.
Here

(1—2)2(l—1)+k
_ (m—2)2(m—1)+(m1)

m(m — 1)

2

g(Um—1,v1) =

Now if m = n or n + 1, then it can be easily verified that

9(um;v2) = g(um—1,v1) =1 (2.4)

and so we are through.

Sub-case 2. l =m >=n + 2.
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In this sub-case

g(Um—1,v1) = (n — 1)l — W +k
= (n—l)m—(n_l);nmﬂm—l)
N et | G ) Y
2
and thus (2.4) holds. 0

Example 1. The labelings f and g of Py X Ps are given in Figure 1a and
Figure 1b respectively.

Our next result is about the tensor product of two paths of same order.

Theorem 2. Let P, be a path graph. Then the graph G = P, ® P, s
neighborhood-prime.

Proof. We note that the graph P, ® P, is neighborhood-prime vacuously
because all its vertices are of degree 1. Thus we may assume that n > 2.
Let {uy,ug,...,uy} and {v1,ve,...,v,} denote the vertex sets of the two
paths involved in the product graph G so that

V(G) = {(ui,vj) 01 < ’i,j < n}

Note that the vertices (u1,v1), (u1,vpn), (un,v1) and (uy,v,) are of degree
1 and the other vertices in G are of degree 2 or 4. Our method of obtaining
the neighborhood-prime labeling for G is different for odd and even n .
So first we prove the theorem assuming that n is odd.

We define a bijective function f: V(G) — {1, 2,..., n2} as

fugi—1,v25) = (i — 1)n +j, 1<z<n7+1, 1<]<”T_1,
f(U2i,’U2j—1):n;1+(i—1)n+j, 1<z<nT_1, 1<‘7<n7+1’
fugio1,v25-1) = n22_ ! + (i —n+j, 1<2‘<%—H, 1<j<nT+1,
f(U2z',Uzj)=n(n2~|_l)+(i—1)n+j, 1<z’<%_1, 1<j<n7—1'

In order to show that f is a neighborhood-prime labeling on G, we need
to verify that if w is an arbitrary vertex of G with degree at least 2 and
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Uy, vy)

(Uy.Vg)

(Ug V)

Uy V)

(Ug, v4)
1 3 6 10 15 21 27 33 39
2 5 9 14 20 26 32 38 44
4 8 13 19 25 31 37 43 48
7 12 18 24 30 36 42 47 51
11 17 23 29 35 41 46 50 53
(ug, vg)
16 22 28 34 40 45 49 52 54
(a) The labeling f of Py x Ps.
(Ug, Vq)
M1 3 6 10 15 21 27 33 44
2 5 9 14 20 26 32 43 34
4 8 13 19 25 31 42 35 48
7 12 18 24 30 41 36 17 51
1 17 23 29 40 37 46 0 53
(ug, vg)
16 22 28 39 38 45 49 52 54

(b) The labeling g of Py x Ps.

F1cUurE 1. Labeling of Py x P under f and g.

L={f(p):pe€ N(w)}, then the ged of the integers appearing in the set

L is 1. This is justified by considering the following cases.

Case 1. w = (uj,v5), 1 <i<n,1<j<n.
In this case L contains f(uit1,vj—1) and f(uit1,v;41) which are con-
secutive integers by the definition of f, and so we are through.

Case 2. w = (up,vj), 1 < j <n.
Here L contains f(up—1,vj—1) and f(up—1,v;41) which are again con-

secutive integers.

Case 3. w = (u;,v1), 1 <1< n.
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Here we observe that L = {f(u;_1,v2), f(uit1,v2)}. But these two
numbers of the set L are relatively prime since

f(uig1,v2) — f(uj—1,v2) = n and also f(u;y1,v2) = 1(mod n).

Case 4. w = (u;,vy), 1 <i < n.
In this case L = {f(uij—1,vn-1), f(Uit1,vn—1)}. But
n—1
2

J(uiy1,vn—1)—f(ui—1,vn—1) = n and also f(uj11,vn-1) = (mod n)

and so the two numbers in L are relatively prime.
Now we assume that n is even. Consider a bijective function f :
V(G) — {1, 2,... ,n2} which is defined as

i

N
N

n, 1

N
N

N A

f(ul‘,’l)gj) = (Z — 1)n + 7, 1 J

f(ui,vgj_1) (21 — 1) + 7, 1<i<n, 1<7<

2
Note that f does not work as a neighborhood-prime labeling on G since for
the vertices (uj,vy,), 1 < i < n, N(us,v,) = {(wi—1,0n-1), (Wit1,0n-1)};
but f(ui—1,vn—1) = (20—=3)n/24n/2 and f(uit1,vn—1) = (2i+1)n/2+4n/2
are both even . So we modify f by exchanging the labels of the vertices in
the set {(uj,vn—1) : 1 <i < n} with the set {(u1,v;) : 1 < j < n}. More
precisely, consider a bijective function g : V(G) — {1, 2,... ,n2} which is
defined as

f(ui,vp) ifi;él r#mn—1
fug,vi) fl<i<n, r=n-1
g(ui,vr) = § f(ur,vp—1) 1fz:1,7‘7$1,n—1,n
fup,vp—1) ifi=1r=1
(f(un—1,vp—1) ifi=17=n.

We illustrate the effect of f and g on Pg3 ® Ps in Figure 2a and Figure 2b
respectively. Now we show that g works as a neighborhood-prime labeling
on (. For this we consider the following cases and justify that the ged of
the integers in the set L = {g(p) : p € N(w)} is 1 for all w with degree at
least 2.
Case 1. w = (uj,vp),1 <i<n, 1 <r<n,r#n-—2

Here L contains g(uit+1,vr—1) and g(u;+1,vr+1) which are consecutive
integers by the definition of f since g(ujt1,vr—1) = f(uiy1,v,—1) and
9(Uit1,Vr41) = fUiv1, Vri1).
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Case 2. w = (up,v,),1 <1 < n.

Here L = {g(un—1,vr-1), g(tn—1,vr4+1)}. If 7 % n — 2 then once again
the two integers in the set L are consecutive by the definition of f. If
r =mn — 2, then we observe that

Q(Un—h Un—3) = f(un—lyvn—?)) = n(n - 1) -1

and
g(unfla 'Unfl) = f(ulavnfl) =n
which are relatively prime numbers.

Case 3. w = (uj,v1), 1 <i<n.

Here L = {g(uj—1,v2),9(uit1,v2)}. Now if i = 2, g(ui,ve) =
f(u2,v,—1) = 2n and g(us,v2) = f(us,v2) = 2n+ 1 which are consecutive
integers.

If 2 < 7 < n, then the ged of the two integers in L is 1 because their
difference is 2n and they are congruent to 1 modulo n and as n is even.

Case 4. w = (uj,vp—2),1 < i < n.

Note that if ¢ = 1, then L contains g(ug,v,—1) = f(u1,v2) = 1 and so
we are through. If 1 < i <n, L contains g(uj—1,vn—1) = f(u1,v;—1) and
g(uit1,vn—1) = f(u1,v;+1) which are consecutive integers.

Case 5. w = (u;,vp),1 < i < n.

In this case L = {g(uij—1,vn-1), g(ti+1,vn—1)} which are consecutive

integers as observed in Case 4. ]

Example 2. The labelings f and g of Py ® Ps are given in Figure 2a and
Figure 2b respectively.

So far we have seen that the cartesian product of two paths (of same
or different orders) is a neighborhood-prime graph and the tensor product
of two paths of same order is a neighborhood-prime graph. Although,
we believe that the tensor product of two paths of different orders is
neighborhood-prime, we do not have a general proof for this. However, we
do have a neighborhood-prime labeling for the tensor product of a path
and a wheel.

Theorem 3. If W, is a wheel graph, then the graph G = P, @ W, s
neighborhood-prime.

Proof. 1t is quite easy to show that the graphs P, ® W,, and P3 @ W,
are neighborhood-prime and so we assume that m > 4. Let ui, usg, ..., U
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(b) The labeling g of Py ® Ps.

F1GURE 2. Labeling of Py ® Pg under f and g.

denote the vertices of the path P, and vg,vy,vs,...,v,_1 denote the
vertices of the wheel W,, where v is its apex vertex. Then

V(G) ={(uj,vj) : 1 <i<mand 0< j <n—1}.

We shall see that if we define the labels of the vertices (u;,vp), (where
1 < i <'m) carefully then it generates a neighborhood-prime labeling on
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G since the neighborhood of every vertex (u;,v;), (where j > 0), contains
at least one vertex from the set {(u;,vp) : 1 <i < m}.

Let pp be a randomly chosen prime number lying strictly between mn /2
and mn; which exists due to Bertrand’s postulate which states that
there is always a prime number between any number and its double.
Obviously py is relatively prime to every integer (different from pg) of the
set {1,2,...,mn}. Define a bijective function f: V(G) — {1,2,...,mn}
by first defining it on the set {(u;, vo) : 1 <7 < m} as follows.

If m is even

fugi, vo) =1, 1<i<%
f(u2i—17710):%+i, 1gi<%
f(um—1,v0) = po;
and if m is odd
[ (u2i,v0) =1, 1<i<m2_1
f(u2i71,vo)=mT_3+i, 1<i<mT+1

f(um—1,v0) = po.
The remaining vertices may be labeled from the set
{m,m+1,...,p0—Lipo+1,...,mn}

such that f(u;,v1) and f(u;,v2) are two consecutive integers for each 7.
(Note that this can be done in many ways).

Now we consider the following four cases in order to verify that the ged
of the integers in the set L = {f(p) : p € N(w)} is 1 for every w € V(G).
Case 1. w = (uj,vj);1 <i<mand1<j<n—1

Here L contains f(u;—1,vo) and f(u;+1,v0) which are either consecutive
integers (if i ## m—2) or one of them is a (Bertrand) prime pg (if i = m—2).
Case 2. w = (u1,v5),1 <j<n—1.

In this case L contains f(ugz,vg) = 1.
Case 3. w = (um,vj), 1 <j<n—1

Here L contains f(t,—1,v9) which is (Bertrand) prime py.
Case 4. w = (u;,vp), 1 <i < m.

For 1 <i <m, L contains f(u;+1,v1) and f(u;t+1,v2) which are con-
secutive integers by the definition of f. For ¢ = m, L containsf(um—1,v1)
and f(u;,—1,v2) which are also consecutive integers. O
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Concluding remarks. Let H be a subgraph of G such that V(H) =
V(G) and suppose deg(v) > 2 for every vertex v. Then from the definition
of neighborhood-prime labeling it follows that every neighborhood-prime
labeling on H is also a neighborhood-prime labeling on G. Therefore in
view of Theorem 1, the graph obtained by taking the cartesian product
of any two cycles is also neighborhood-prime. But a similar conclusion
cannot be made for the tensor product of two cycles (of same order) via
Theorem 2 because P, ® P, contains vertices of degree 1. For instance,
it may be verified that the neighborhood-prime labeling of Pj4 ® P4 as
defined by Theorem 2 does not work for C14 ® C14. Thus right now it is
an open question to obtain a neighborhood-prime labeling for the tensor
product of two cycles of same or different orders.
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