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Abstract. A finite connected graph G is called square-

Hamiltonian if G2 is Hamiltonian. We prove that any join of

the family of Hamiltonian graphs by tree is square-Hamiltonian.

Applying this statement we show that the line graph and any

round-about reconstruction of an arbitrary finite connected graph

is square-Hamiltonian.

Let G be a finite connected graph with the set of vertices V (G) and
the set of edges E(G). Given any vertices u, v ∈ V (G), we denote by
d(u, v) the length of the shortest path between u and v. A graph G is
called Hamiltonian if there exists the numeration v1, . . . , vn of V (G) such
that

d(v1, v2) = ... = d(vn−1, vn) = d(vn, v1) = 1.

By [3], the cube G3 of every finite connected graph is Hamiltonian.
In other words, there exists the numeration v1, . . . , vn of V (G) such that

d(v1, v2) ≤ 3, . . . , d(vn−1, vn) ≤ 3, d(vn, v1) ≤ 3.

For application of this fact to the partitions of groups see [5, Chapter
3].

A finite connected graph G is called square-Hamiltonian if G2 is
Hamiltonian, i.e. there exists the numeration v1, . . . , vn of V (G) such
that

d(v1, v2) ≤ 2, . . . , d(vn−1, vn) ≤ 2, d(vn, v1) ≤ 2.
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By Fleishner’s Theorem, every finite 2-connected graph is square-Hamil-
tonian. A graph G is called 2-connected if the graph

G[V (G) \ {a}]

is connected for every v ∈ V (G), where G[A] is the induced subgraph
of G with the set of vertices A ⊆ V (G). This theorem was proved in
the chain of papers ended in [2]. The proof of Fleishner’s Theorem was
simplified by Riha [7]. This proof can be find also in [1, Theorem 10.3.1].
Another sufficient condition was done by Mathews and Sumner [4]: every
K1,3-free graph is square-Hamiltonian. By [6], a finite tree is square-
Hamiltonian if and only if there exists the path v1, . . . , vk in G such that
G[V (G)\{v1, . . . , vk}] is the disjoint union of singletons. For proof see
also [5, Theorem 4.1].

In this paper we consider some general construction, the join of the
family of graphs by tree, which allows us to produce the square-Hamil-
tonian graphs from the Hamiltonian graphs. Applying this construction
we show that the line graph and any round-about reconstruction of an
arbitrary finite connected graph is square-Hamiltonian. These statements
are not covered by the above sufficient conditions for graph to be square-
Hamiltonian.

Let G1, . . . , Gn be connected graphs, T be a finite tree, V (T ) =
{v1, . . . , vn}. It is supposed that the sets V (G1), . . . , V (Gn), V (T ) are
pairwise disjoint and |V (Gi)| ≥ ρ(vi), i ∈ {1, ..., n}, where ρ(v) is the
degree of v. For every edge (vi, vj) ∈ E(T ), we take some vertices u ∈ Ui,
u′ ∈ Uj and introduce the new edge (u, u′). It must be done in such a
way that any two new edges corresponding to distinct edges of tree have
no common vertices. The resulting connected graph G is called the join
of G1, . . . , Gn by T . Clearly, G1, . . . , Gn are the induced subgraphs of G.
It should be mentioned that we can obtain some distinct joins from the
fixed family G1, . . . , Gn and T .

Theorem. A join G of any family of Hamiltonian graphs G1, . . . , Gn by

an arbitrary tree T is square-Hamiltonian.

Proof. Every vertex v ∈ V (G) is the vertex of some graph Gi. We say
that v is isolated if either |V (Gi)| = 1 or v is adjacent in G to only
vertices from V (Gi). We show that G has at least one isolated vertex.
To this end we take an arbitrary terminal vertex vk of T . If |V (Gk)| = 1,
V (Gk) = {v}, then v is isolated. If |V (Gk)| > 1, we choose the vertex u,
which is adjacent to some vertex from V (Gj), j 6= k. Then all vertices
from V (Gk) \ {u} are isolated.

Using induction by n, we prove that, for every isolated vertex v of
G, there exist the adjacent vertex u and the Hamiltonian circle in G2
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with the first vertex v and the last vertex u. For n = 1 the statement
is evident because G1 is Hamiltonian. Let we have proved the statement
for all joins by trees with < n vertices.

Hamiltonian circle in G2 with the first vertex v and the last vertex u.
For n = 1 the statement is evident because G1 is Hamiltonian. Let we
have proved the statement for all joins by trees with less than n vertices.

Let V (T ) = {v1, . . . , vn} and v is an isolated vertex of G. Then v is
the vertex of some graph Gi and we consider two cases.

Case |V (Gi)| = 1. Since v is isolated, vi is a terminal vertex of T . Let
u be the vertex of G adjacent to vi. After deletion of v we get the graph
Γ, which is the join by tree with n−1 vertices, and u is isolated in Γ. By
the inductive hypothesis, there exists the Hamiltonian circle u1, . . . , um

in Γ2 such that u = u1 and (u1, um) ∈ E(Γ). Then v, um, um−1, ..., u1 is
the Hamiltonian circle in G2.

Case |V (Gi)| > 1. Let u1, . . . , uk be the Hamiltonian circle in Gi

such that u1 = v. After deletion of the edges E(Gi) we get the pairwise
disjoint (by vertices) graphs Γ1, . . . ,Γk such that u1 ∈ Γ1, . . . , uk ∈ Γk,
V (Γ1) = {u1}. Every graph Γj is the union by tree with ≤ n vertices
and uj is terminal vertex of Γj . By Case 1, for every j ∈ {2, ..., k}, there
exists a Hamiltonian circle in Γ2

j with the first vertex u′

j adjacent to uj

and the last vertex uj . Then u1, C2, . . . , Cn is the Hamiltonian circle in
G2.

Let G be a graph. For the set of vertices of the line graph L(G) we
take E(G) and (e1, e2) ∈ E(L(G)) if and only if the edges e1, e2 have the
common vertex in G.

Corollary 1. The line-graph L(G) of every finite connected graph is

square Hamiltonian.

Proof. First we suppose that G is a tree. For every vertex v ∈ V (G), let
K(v) be the complete graph with ρ(v) vertices. Then L(G) is the join of
the family {K(v) : v ∈ V (G)} of Hamiltonian graphs by the tree T and
we can apply Theorem. If G has a circle C, we take two adjacent vertices
u, v of G, delete the edge (u, v), but add new edges (u, w), w /∈ V (G).
After this reconstruction the set of vertices of L(G) does not change but
the set of edges decreases, so we can reduce the general case to the case
of trees.

For every finite connected graph G, we describe its round-about re-
construction. First, we replace every edges (u, v) ∈ E(G) by three edges
(u, u′), (u, v′), (v′, v), where the new vertices (u′, v′), do not belong to V .
Second, we delete every vertex u ∈ V but connect in some circle all new
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vertices adjacent to u. The resulting graph R(G) is called a round-about

reconstruction of G. It should be mentioned that the fixed graph G could
have a few round-about reconstructions, because on the second step we
have some possibilities to organize the circle.

Corollary 2. Every round-about reconstruction R(G) of an arbitrary

finite connected graph G is square-Hamiltonian.

Proof. If G is a tree, then R(G) is the join of the family of circles by the
tree G, and we can apply Theorem. If G has a circle C, we take two
adjacent vertices u, v from C, replace the edge (u, v) by the edges (u, u′),
(v, v′), where the new vertices u′, v′ are terminal in the obtained graph
G′. If a round-about reconstruction of G′ is square-Hamiltonian, then
R(G) is square-Hamiltonian. Thus, we can reduce the general case to the
case of trees.
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