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ABSTRACT. In this work first we study the properties of near-
semirings to introduce an a-radical. Then we observe the role of
near-semirings in generalized linear sequential machines, and we
test the minimality through the radical.

Introduction

Holcombe used the theory of near-rings to study linear sequential ma-
chines of Eilenberg [1, 4]. Though the picture of near-rings in linear
sequential machines is a natural extension of the syntactic semigroups,
the decomposition of linear sequential machines, which is different from
the one given by Eilenberg, enabled Holcombe to study these machines
thoroughly using near-rings [4]. Holcombe established several properties
of machines using near-rings. Indeed, he has introduced an a-radical
of affine near-rings which plays an important role to test the minimal-
ity of linear sequential machines [5]. The construction of the radical is
motivated by Theorem 4.6 of [4], which can be read as:

Let M = (Q, A, B, F,G) be a linear sequential machine. If M is min-
imal then there is no proper nonzero N-submodule K of Q such that
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Go(K) = {0}, where N is the syntactic near-ring of M and Go(q) =
G(q,0) Vq € Q.

However, with the hypothesis of the above result, one can observe
that there is no proper nonzero N-submodule of @ (c¢f. Theorem 4).
This observation enables us to obtain an improvement in the a-radical.
Indeed we are able to introduce an improved a-radical for near-semirings
in a more general setup to study linear sequential machines. In order
to extend the work for near-semirings, we formulated generalized linear
sequential machines by replacing modules with semimodules in linear
sequential machines. Even in this generalization, without losing much
information, we could get all the results that have been obtained by
Holcombe for linear sequential machines. Moreover, the radical obtained
is much simpler.

This paper is organized in four sections. In Section 1, we introduce
fundamental notions in the theory of near-semirings, and prepare the
background to study sequential machines. The tools and techniques
of universal algebra [3| have been used to extend the notions of near-
rings. Following van Hoorn, we have extended some of the notions of
ideals for near-semirings, which have been defined for zero-symmetric
near-semirings [6]. Section 2 is dedicated to introduce and study the
properties of a-radicals of near-semirings. In Section 3, we generalize the
notion of linear sequential machines and study the role of near-semirings
via Holcombe’s decomposition of sequential machines, through minimiza-
tion. Finally, in Section 4 we state how the a-radical provides a necessary
condition to test the minimality of generalized linear sequential machines.

1. Near-semirings

An algebraic structure (.S, +,-) is said to be a near-semiring if

1. (S,+) is a semigroup with identity 0,
2. (S,-) is a semigroup,
3. (z+y)z=2z+yzVr,y,z€ S, and

4. 0s=0Vse S.

Let (T, +) be an additive semigroup with zero. The set of all functions
f: T — T, denoted by M(T), is a near-semiring with respect to point
wise addition and composition of mappings. A near-semiring is a semiring
if + is commutative, z(x +y) = zx + zy Vo,y,z € S, and sO0 =0 Vs € S

[2]-
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In what follows S always denotes a near-semiring and I' denotes an
additive semigroup with zero.

The notions of homomorphism and subnear-semiring can be defined
in the usual way, respectively, as a mapping that preserves both the
operations along with zero, and a subset with zero which is closed with
respect to both the operations.

The set of all constant mappings on I' and the set of all mappings on I"
which fixes zero have importance in this work. In fact, they are subnear-
semirings of M(I"). Let us define these substructures in an arbitrary
near-semiring S as follows.

Define S, = {s € S| s0 = s} and Sy = {s € S | s0 = 0}. Note that S,
and Sy are subnear-semiring of S. Moreover, S.5 = S, = 5S.. In a near-
semiring S, S, and Sy are said to be constant and zero-symmetric parts
respectively. A near-semiring S is said to be a constant near-semiring
(zero-symmetric near-semiring) if S = S, (S =Sp).

Remark 1. S;={se S |st=s, Vt € S}.

Define Sy = {x € S | z(y + 2) = zy + zz Vy,z € S}. Note that Sy
is a semigroup with respect to multiplication and 0 € S;. A subnear-
semiring of S is said to be distributively generated if it is generated by
a subsemigroup of S;. Also, observe that Sg + S, is a semigroup with
respect to multiplication and 0 € Sy + S..

Remark 2. If + is commutative in (S, +, -) then Sy is closed with respect
to + and hence Sy is a subnear-semiring of S which is distributive. Also,
in this case Sq + S, is a subnear-semiring of S.

Proposition 1. Suppose T'= Ty + T, is a subsemigroup of Sq+ S such
that dt € T for alld € Ty and t € T, where Ty C Sq and T, C S.. If
0 € T then the subnear-semiring of S generated by T,

<T> = {itl | t; ET,TLZ 1}.

i=1

Proof. Since (T') is contained in any subnear-semiring of S that contains
T, and is closed with respect to addition, it is enough to observe that (T")

is closed with respect to multiplication. For d;,d; € Ty; ¢;, ¢ € T, with



K. V. KrISHNA, N. CHATTERJEE 33

1<i<n,1<j<m, consider

- dZZ(d’—l—c) + ¢
i=1 j=1
n m—1
= (di(d; + ;) +di(d, +chy) + ¢
i=1 \ j=1
n m—1
= (di(d; + ) (di+c)(d, +ch)

@
Il
-
<.
Il
—

Since T' is a subsemigroup and Ty;7T C T, for each 1 < ¢ < n,1 < j <

—1; (di + ¢;)(d;, + ¢,) and d;(dj + ¢;) are in T. Thus the above
expression is a finite sum of elements of 7', so that (T') is closed with
respect to multiplication. Hence the result. ]

Corollary 1. The subnear-semiring of S generated by Sq + S,

(Sq+ Se) = {ZSZ | si € Sq+ Se,n > 1}.
i=1

Let us denote the set of endomorphisms of I' by EndI". It is clear that
Endl is a semigroup. Note that each element of Endl is a distributive
element of M(T"). Moreover, Endl’ = IMM(T")4. Indeed, if f € M(T) is
distributive then for v1,v € T,

fon+72) = f() +%0) = fh+92)0)
= (n+f2)(0) = f(m) + fre),

where 41, 42 are constant maps on I' which take the values 71, 2 respec-
tively and v € T' is arbitrary.

Let ConI' be the set of all constant functions of 9MM(I"). Conl is a
subnear-semiring of 9M(I") and

M(IC)ConI’ = ConI’ = ConI'M(T).

Furthermore, ConI' = 9MM(T").. (cf. Remark 1).
An element of M(T") is said to be an affine mapping if it is a sum of an
endomorphism and a constant map on I'. The set of affine mappings on
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I', denoted by Mag(I), i.e. Mag(I') = Endl’ + Conl’, is a subsemigroup
of M(T"). The near-semiring generated by the semigroup Endl’ + Conl’,
denoted by EC(I'), is defined as the affinely generated near-semiring. It
is clear from the Corollary 1 that a typical element of EC(I") is of the

form
n

Z(ei +¢;) for e; € Endl, ¢; € ConT.
i=1

Remark 3. If (T', +) is commutative, then the set of affine mappings on
I, Mag(I), is subnear-semiring of M(T'). That is

maﬁ(r) = EC(F)
In this case we call M.¢(T") as affine near-semiring.

In general, a near-semiring S is said to be affine near-semiring if there
exist a semiring £ C S, and a constant near-semiring C' C S such that
S=F+C.

A semigroup (I',+) is said to be an S-semigroup if there exists a
composition (x,v) +— zy of S x I' — T" such that for all z,y € S,y €T,

L (x4+y)y =2y +y,

2. (zy)y = z(y7), and

3. 0y = 0p, where Or is the zero of I.

It is clear that I' is an S-semigroup with S = 9(I"). The semigroup
(S,+) of a near-semiring (.5,+,-) is an S-semigroup. We denote this
S-semigroup by ST.

A subsemigroup A of an S-semigroup I' is such that SA C A then
we say it is an S-subsemigroup of I'. An S-morphism of an S-semigroup
I’ is a semigroup morphism ¢ of ' into an S-semigroup I"” such that
o(zy) = zp(7y) for all vy € I and = € S. Note that ¢(0r) = Ops. Indeed,
¢(0r) = ¢(00r) = 0¢(Or) = Op.

Following van Hoorn, we extend some of the notions of ideals, which
are appropriate in this context, from zero-symmetric near-semirings to
near-semirings. For details on ideals of zero-symmetric near-semiring one
may refer [6].

An ideal of a near-semiring is defined as the kernel of a near-semiring
homomorphism. The kernel of an S-morphism is called as S-kernel of I.
The S-kernels of the S-semigroup S are called left ideals of S. A right
invariant left ideal of S is called as a weak ideal of S. Note that every
ideal of S is a weak ideal.
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Theorem 1. The annihilator A(A) of a non-void subset A of an S-
semigroup T is a left ideal of ST.

Proof. Since A(A) = (N{A(d) | 6 € A}, it is enough to show that, for
d € A, A(0) is an S-kernel of ST. Observe that the mapping z — zd:
ST — T is an S-morphism whose kernel is A(d), so that A(J) is a left
ideal of S*. Hence A(A) is a left ideal of S+. O

Further, since A(I") is right invariant in S we have A(T") is a weak
ideal of S. Indeed, for any = € S, s € A(I"), and v € T'; (sz)y = s(xy) =
sy" = Op, where v/ = zy € T, so that A(T")S C A(T").

A(y) A(y)

Remark 4. For v € I, the relation = on ST defined by z ="y if and
A
only if 7y = y is a congruence on S*. Kernel of g) is A(y).
. AM) .. A)
Remark 5. The relation =" defined on the near-semiring S by s =" s

if and only if sy = s for all v € T is a congruence on S. Moreover,

A(T A A(T
(E): ﬂ (57) so that the kernel of (E) is A(T).

vyel’

Thus, by identifying A(T") as the kernel of canonical homomorphism
from S to S/ 4y we have:

Theorem 2. The annihilator A(T') of an S-semigroup I' is an ideal of
S. O

2. The a-radical

Let (B, +) be a commutative semigroup and let S = E + C be an affine
near-semiring in which + is commutative, where F is a semiring and C
is a near-semiring of constants. A pair (S, «) is called a B-pair if

1. a: (S,4+) — (B, +) is a semigroup morphism, and
2. EC Ker a.

In the following by =, < =, we mean, whenever ¢(z) = ¢(y) then
Y(x) =1 (y). Consequently, =, < =y = Ker ¢ C Ker 1.
An S-semigroup I' is said to be an (S, a)-semigroup if

A(gp)

<

(e %)

where =, is the congruence induced by the morphism a.
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Theorem 3. Let I' be an (S, a)-semigroup and = be a congruence of S
AT
such that = < (E). Then there exists an & : S/= — B such that T" is

an (S/=, &)-semigroup.
. A) .
Proof. Since = < =", by setting [z|y = 2y V[z] € S/=, v € T', one can
observe that it is well-defined, and consequently, I" is S/=-semigroup.
Define a : S/= — B by

A(T)

for all [z] € S/=. Suppose [z] = [2/], i.e. x = 2/, then since = < and

AD_ ﬂ Ag), we have = < =) Thus < =,, so that a(z) = a(2’).
er
Hence,7 a is well-defined. Moreover, & is a semigroup morphism.

It is clear that S/= is an affine near-semiring. To show the rest of the
result, i.e. (S/=,a) forms a B-pair, it is enough to show that semiring
part of S/= is in Ker &. If [z] is in semiring part of S/=, then [z][0] = [0],
i.e. [z0] = [0].

=

AT
[20] = [0] = 20 = 0 = 20 (5)0:>(x0)7:07 Vyel
. : L . A(Or)
In particular, (x0)0pr = 00r, i.e. z0p = 00p. Which implies z =" 0, so
that a(z) = «a(0). Hence, a([z]) = @(]0]) as desired. O

Corollary 2. Let (S,a) be a B-pair and I' an (S, «)-semigroup, then I’
is an (S/ aw), @) -semigroup.

Let S be a near-semiring. An S-semigroup I' is said to be zero-
generated if

' = S0r.

Theorem 4. If an S-semigroup I is zero-generated, then I" has no proper
S-subsemigroups.

Proof. Suppose there exists a proper S-subsemigroup A of I'. Note that
Or € A, as it is a subsemigroup of I'. Since I' is zero-generated, for
v € I'\ A, there exists s € S, such that v = sOp. But since A is an
S-subsemigroup, sOr € A for all s € S. A contradiction to v &€ A. O

Note that I' = SOr if and only if I' = S.0p. In particular, if S = E4+C,
an affine near-semiring, then I' = SOr if and only if I' = COr.
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An (S, «)-semigroup is zero-generated if it is zero-generated as S-
semigroup. Given a zero-generated (5, «)-semigroup I' we define the
function ¢ : I' — B by ¥(vy) = «(c), where v = c0p, for ¢ € C.
Thus we have:

Proposition 2. ¢ : I' — B is a semigroup morphism.

A

—~
o

r)

Proof. Let v = cOr = ¢Or, for ¢,d € C. Then ¢
A(Or)

alc) = a(d), as =" < =,. Hence 1 is well-defined, and since « is a
semigroup morphism, we have ¥ is a semigroup morphism. O

c’, which implies

An (S, a)-semigroup I is said to be B-minimal if T is zero-generated
and =, the congruence induced by 1, is the identity relation.

Theorem 5. Let (S,a) be a B-pair and I an (S, a)-semigroup. Suppose

AT
= is congruence of S such that = < (E). Then the (S/=,@)-semigroup

T is B-minimal if and only if the (S, a)-semigroup T is B-minimal.

Proof. If the (S, a)-semigroup I' is zero-generated then so is the (5/=, @)-
semigroup I" and conversely. Also, the function ¢/ : I' — B defined by a
equals the function ¢ : I' — B defined by «. Thus, (S, a)-semigroup I
is B-minimal if and only if it is B-minimal as an (S/=, &)-semigroup. [J

Now we define a-radical of a near-semiring as follows:
Given a B-pair (S, «) an a-radical of S, denoted by R,(S), is defined
as the intersection of annihilators of all B-minimal (.5, «)-semigroups, i.e.

Ra(8) = () A(T).

res
where B is the class of all B-minimal (S, «)-semigroups.

Remark 6. R,(S) is an ideal of the near-semiring S.

Ra

—~

. S) Ra(S)
Define the congruence relation on Sbyzx =
A(T) Ra(9) .

="y forall I' € B, so that the kernel of = "1is R,(S5).

y if and only if

X

Theorem 6. Let (S,a) be a B-pair and = a congruence of S such that

Ra(S)
=< =". Then we have

Ra(S/=) € (Ra(S))/=-
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Proof. Let I be a B-minimal (S, a)-semigroup, so that R, (S) C A(L).
We have seen that I' is a B-minimal (S/=, &)-semigroup. Let [z] € S/=
be such that [z]I' = (Or) then zI' = (Or) and so x € A(I"). Thus the
annihilator of I in S/= is contained in A(T")/=. If we write A(T')* to
denote the annihilator of I" in S/= then

Ra(S/=) < () ATY",

res

where B is the class of B-minimal (S, o)-semigroups, and each A(I')* C
A(T)/= so

Ra(S/=)

N
D)
=
2
i

= ([ AD)/= = (Ra(8))/=.

res

Corollary 3. Ra(S/r.(s)) = [0], the zero of S/ g, s)-

This is a justification for calling R, (S) an a-radical of S. In the
following we observe that a-radical is not always zero. In order to observe
this, first we extend the notion of the radical J, gy of zero-symmetric
near-semirings, introduced by van Hoorn [7], to near-semirings, then we
prove that J(50y(S) € Ra(S) for any a. Since many examples are known
where J(30)(.5) is nonzero, it is clear that R,(S) is not always zero.

An S-semigroup I" # {Or} is said to be essentially minimal or of type
(2,0) if ST # {Or} and the only S-subsemigroups of I" are SOp and T
The radical J(30)(S) of a near-semiring S is defined as the intersection
of the annihilators of all S-semigroups of type (2,0).

Theorem 7. Let (S,a) be a B-pair. Then J(50)(S) C Ra(S) for any a.

Proof. From Theorem 4 one can ascertain that every B-minimal (S, «)-
semigroup is essentially minimal, and so

J,0)(8) = [ AT) C [ A(T) = Ra(S),
e T'eB

where € is the class of essentially minimal S-semigroups, and B is the
class of B-minimal (S, a)-semigroups. O
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3. Generalized linear sequential machines

Let R be a semiring. A generalized linear sequential machine over R is a
quintuple M = (@, A, B, F, G), where

Q, A, B are R-semimodules,

F:QxA— Qand G:Q x A— B are R-homomorphisms.

In what follows M always stands for a generalized linear sequential
machine (Q, A, B, F, G) over a semiring R.

We call ) as the set of states, A as the input alphabet and B as the
output alphabet. Let A*, B* be the free monoids generated by the sets
A, B, respectively. The empty word A will be regarded as a member of
both A* and B*.

For x € A*, we define the function F}, : Q — @, called the next state
function induced by x, by

Fale) = g
Fo(q) = F(Fy(q),a) forze A* ac A.

Proposition 3. For x = ajas...a, € A",
Fp = F§' + (Fy ' Gay + F§ " *Gan + - + FoGan 1 + Gay);
where g 1 Q — Q is the constant map given by ¢,(p) = F,(0g) Vp € Q.

Proof. We prove this result by induction on the length of the string z.
Let a € A and g € Q.

Fo(q) = F(g,a) = F(q,0) + F'(0q,a)
= Fo(q) + Fa(0q).

Therefore F, = Fy + ¢4, so that the result is true for n = 1. Assume the
result is true for n =k — 1, i.e.

Falag...ak,l = F(;C—l + (F(?*anl + F(;CquaQ + + FO@ak,g + Qakfl)'
Now,

Falag...ak = Fakaag...ak_l

= (Fo+ qay)Faras...aps

= FoFujay..ap_1 t Qo Faras...an_y

= Fo(Fy + (F¥ 2oy + FY 2 Gay + o+ Folay_y + Gar_y)) + Gay
= FY 4+ Fy oy + F¥ 2Guy + oo + FoGay_, + Gay-

Hence the result by induction. O
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Note that the function Fy : Q — @ is an R-endomorphism of Q.
Thus we have:

Corollary 4. For x € A* the function F, is an affine function of Q.

The set of all affine functions of @, M.x(Q), is a near-semiring under
pointwise addition and composition of mappings (cf. Remark 3). Con-
sider the syntactic monoid M of M, i.e. M = {F, | z € A*}, a submonoid
of Maw(Q). Note that My = {F] | n > 1}, the endomorphism part of
M.

Proposition 4. M;M C M.

Proof. Let F}' € Mg and F, € M with x = ajaz...a;. Choose y =

n times

—
aijas...a; 00...0 € A*. Then by Proposition 3,

F, = F/F o (Bl + FoR=2g,, + o+ FV M e, + FGa,
+F Yo+ F %00 + ...+ Qo)
= FMR (B lg,, + B2, 4 B G+ FR )
= FY(FF + (Ff oy + Fy 2oy + oo + Fola,_, + Gay))
= FJF,.

Thus, for any n > 1 and = € A*, Fj'F, € M. O

The subnear-semiring of M,x(@), generated by M is defined as the
syntactic near-semiring of M, denoted by Sy.

Remark 7.

n
1. Every nonzero element of Sy¢ can be written as Z m; for m; € M
i=1
(cf. Propositions 1 and 4).

2. The state set QQ of M is an S-semigroup with S = Sy.

3. Syt is an affine near-semiring.

For ¢ € @, the sequential function defined by q, fq : A* — B* is
defined inductively as

)

= A
fq<a) = G(q7a)a
fo(za) = fq(x)sz(q)(a) for x € A*,a € A.
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For a € A and ¢ € @ note that

fola) = Glg,a) = G(q,0) + G(0g,a)
= GO(Q)"‘GCL(OQ),

by adapting the notation of the state function F,.

Let M = (Q,A,B,F,G) and M' = (Q', A, B, F',G") be generalized
linear sequential machines. A generalized linear sequential machine mor-
phism, denoted by ¢ : M — M/, is an R-homomorphism ¢ : Q — @’
such that

(Fu(q)) = Fole(q),
Gu(q) = Gulelg)) for e Q,ac A

Remark 8. For z € A*, ¢(F,(q)) = FL(¢(q)).
The following result establishes the interrelation between M and Sy.

Theorem 8. If o : M — M’ is a surjective generalized linear sequential
machine morphism, then there exists a near-semiring homomorphism ) :
Syt — Sy such that, for ¢ € Q,s € Sy,

e(sq) = 1(s)((q))-
Furthermore, for q € Q, fq = f(;(q).

Proof. Let M and M’ be the syntactic monoids of M and M’ respectively.
By a standard result in automata theory, there exists a monoid morphism
n: M — M’ such that ¢(mq) = n(m)p(q) for ¢ € Q,m € M. Define a
zero fixing mapping ¥ : Syt — S by

k k
w(z m;) = Zn(mi), for m; € M.
i=1 i=1
k l
For m;, m; € M, assume Zmi = Zm; That means, they are equal
i=1 j=1

at every point of (). By applying the morphism ¢, we will arrive at
k l

O nmie(@) = O n(m))(e(g) for all ¢ € Q. But since ¢ is
i=1 Jj=1

k l
surjective, we get Zn(mz) = Zn(m;) Thus, v is well-defined. Also,
i=1 j=1

it can be easily observed that v is a near-semiring homomorphism.



42 NEAR-SEMIRINGS IN LINEAR SEQUENTIAL MACHINES

k
For g € Q,s = Zml € Sy, we have
i=1

k

@(SQ) = Zmzq Z sz)

_ mei)(@(q» - (zmmo) (¢(a))
=1 =1

= P(s)(e(q))-
Now we show by an induced argument that for ¢ € @, f;(q) = fq. For
a€ A, fola) =Ga(q) = Gi(p(q) = f;(q) (a). Further, for x € A*; a € A,

fo(za) = fq(fn)fo(q)(a)
= o @ o @)(@)
= Jot(@Fi(p@ (@), by Remark 8
= Jog(@a).
Thus f,(x) = f;(q) (x) for all z € A*. O

In the following we discuss the role of syntactic near-semiring Sy in
the minimization of M.
Define the relation ~ on @) by

q~q if and only if GoFJ(q) = GoF§(¢') for all n > 0.
Theorem 9. For q,q' € Q, if ¢ ~ ¢ then fq, = fy.

Proof. We prove this by induction on length of x € A*. Since fy(a) =
Gola) + Gal0Q); F(@) = Go(d')+ Gal0g); and Golg) = Go(g') from the
hypothesis, we have fy(a) = fy(a) for all a € A. If fy(x) = fy(x), where
T = aiay...ay, then fi(za) = fy(v)fr, (g (a), and

fragla) = G(Fe(q), )=Go( () + Ga(0q)

= GoFy(q ZGOF” "(4a;) + Ga(0g)-
=1

Similarly,

fro(q)(@) = GoFy'(q ZGOF” "(da;) + Ga(0q),

=1
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so that

fq(ma) = fq(m)sz(q)m) = fq’(x)me(q’)(a) : fq’($a)-

Theorem 10. The relation ~ is a congruence relation on Q).

Proof. Since Fy : Q — @ is a composition of R-homomorphism Fj
with itself for n times, we have Fj is an R-homomorphism Vn. Also,
since G : Q — B is an R-homomorphism, we get GoF{j : Q — B an
R-homomorphism Vn. Hence the relation ~ is a congruence on @, as it
is the intersection of induced congruences of GoFjy for all n. O

A machine M is said to be reduced if the relation ~ defined on @ is
trivial, i.e. ¢ ~ ¢ = q = ¢ for all ¢, ¢’ € Q. Thus we have:

Corollary 5. The generalized linear sequential machine M, = (Q', A, B,
F'.G") is a reduced machine of M, where Q' = Q/ ~, F'([q],a) =
[F(q,a)], and G'([q],a) = [G(g, a)], for all ¢ € Q, a € A.

As in Eilenberg’s work [1], we assume O¢g € Q to be the initial state of
M. A generalized linear sequential machine M = (Q, A, B, F, G) is called
accessible if given any g € @ there exists x € A* such that F,(0g) = ¢,
i.e. any state is reachable from the initial state Og.

Remark 9. If M is accessible then the S-semigroup @ is zero generated,
ie.
Sylg 2 M0g = Q.

Consequently, the S-semigroup ) has no proper S-subsemigroups.

A generalized linear sequential machine M is called minimal if it is
accessible and reduced. In the following section we obtain a necessary
condition to test the minimality of M using an a-radical of Sy.

4. The radical applied to machines

Assume that M = (Q, A, B, F,G) is a generalized linear sequential ma-
chine over a semiring R. Let S = Sy be the syntactic near-semiring of
M. We have observed that S is an affine near-semiring, say S = E + C,
and @ an S-semigroup. Furthermore, G defines an R-homomorphism
Gp: Q@ — B. Define o : S — B by

a(s) = Go(s0g) Vs e S.
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Note that, o is a semigroup morphism and a(e) = Go(e0g) = Go(0g) = 0
Ve € E, so that (S,«) is B-pair. Moreover, ) is an (S, «)-semigroup,
because Vs, t € S,
A(0g)
s = t = s0g =109 = GQ(SOQ) = Go(tOQ)
= as) =a(t) = s=,t.

—~

Now we examine the a-radical R, (S), which is the intersection of anni-
hilators of all B-minimal (S, a)-semigroups.

If M is minimal, then the state set ), which is an (S, @)-semigroup,
is zero-generated and the equivalence relation ~ is trivial. Consequently,
@ is B-minimal. But the annihilator of @),

AQ) = {s€S5[s¢=0 VYqeQ}
= {se€S|s=0}=(0)

so that the a-radical of S,

Ra(S) = () A(T) € A@) = (0),

I'eB

where B is the class of B-minimal (S, o)-semigroups. Thus R, (S) = (0).
This can be summarized as follows:

Theorem 11. If M is minimal then R,(S) = (0). ]

The converse of Theorem 11 is not necessarily true, as there exist
non-minimal machines with a zero radical [5].
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