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ABSTRACT. The extensions of hypersubstitutions are map-
pings on the set of all terms. In the present paper we characterize
all hypersubstitutions which provide bijections on the set of all
terms. The set of all such hypersubstitutions forms a monoid.

On the other hand, one can modify each hypersubstitution to
any mapping on the set of terms. For this we can consider map-
pings p from the set of all hypersubstitutions into the set of all
mappings on the set of all terms. If for each hypersubstitution o
the application of p(o) to any identity in a given variety V is again
an identity in V', so that variety is called p-solid. The concept of
a p-solid variety generalizes the concept of a solid variety. In the
present paper, we determine all p-solid varieties of semigroups for
particular mappings p.

1. Basic Definitions and Notations

We fix a type 7 = (n;)ier, n; > 0 for all ¢ € I, and a set of operation
symbols 2 := {f; | i € I'} where f; is n;-ary. Let W.(X) be the set of
all terms of type 7 over some fixed alphabet X = {x1,z9,...}. Terms in
W (X,) with X,, = {x1,...,2,}, n > 1, are called n-ary. For natural
numbers m,n > 1 we define a mapping S : W (X,) x Wr(Xn)" —
W-(X) in the following way: For (t1,...,t,) € W (X,,)" we put:
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(i)  Sp(xit1,...,ty) =1t for 1 <i < mn;
(11) S%(fi(sl, ce >3ni)7t1; ce ,tn) = fi(SgL(Slatla cee ,tn), Ceey an(sni,
t,...,tp)) fori eI, si,...,sn, € Wr(X,) where S}, (s1,t1,...,tn),
oy SP(Snyy 1, - .., ty) will be assumed to be already defined.

If it is obvious what m is, we write S™. For t € W,.(X) we define the
depth of ¢ in the following inductive way:

(i) depth(t) :=0 for t € X

(ii) depth(t) := max{depth(ti),...,depth(t,,)} + 1 for t = fi(t1,...,
tn,)With i € I ty, ... t,, € W-(X) where depth(t1),...,depth(ty,)
will be assumed to be already defined.

By ¢(t) we denote the length of a term ¢ (i.e. the number of the
variables occurring in t), var(t) denotes the set of all variables occurring
in t and cv(t) means the number of elements in the set var(t). Instead
of 1,29, x3,... we write also z,y, z, . . ..

The concept of a hypersubstitution was introduced in [2].

Definition 1. A mapping o : Q@ — W.(X) which assigns to every n;-ary
operation symbol f;, i € I, an n;-ary term is called a hypersubstitution
of type T (shortly hypersubstitution). The set of all hypersubstitutions of
type T will be denoted by Hyp(T).

To each hypersubstitution o there belongs a mapping from the set
of all terms of the form f;(x1,...,zy,) to the terms o(f;). It follows that
every hypersubstitution of type 7 then induces a mapping o : W, (X) —
W, (X) as follows:

(i) ofw] :=w for w € X;

(i) olfi(ti,... tn,)] :=S™(a(fi),0[t1],...,0tn,]) for i € I, t1,... tn,
€ Wr(X) where o[t1],...,0[tn,] will be assumed to be already
defined.

By o1 o 09 := 7] 0 09 is defined an associative operation on Hyp(7)
where o denotes the usual composition of mappings. By & we denote the
hypersubstitution with e(f;) = fi(z1,...,2y,;) for i € I, where € deals
as identity element. Then (Hyp(7);op,e) forms a monoid, denoted by

Hyp(7).
2. Bijections on W, (X)

By Bij(r) we denote the set of all 0 € Hyp(r) such that o : W.(X) —
W.-(X) is a bijection on W,(X). Such hypersubstitutions have a high
importance in computer science.

The product of two bijections is again a bijection. Further, for two
hypersubstitutions o1 and o2 we have

(0’1 Op, Ugj\: 6'\1 [¢] (/7'\2
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(see [3]). So we have the following result.
Proposition 1. (Bij(1);op,€) forms a submonoid of Hyp(T).

For the characterization of Bij(7) we need the following notations:

(i) B denotes the set of all bijections on {2 preserving the arity.

(ii) Let S, be the set of all permutations of the set {1,...,n} for
1<neN.

(iii) A== U Sn.

1<neN
(iv) P:={p € Al | p(i) € Sp, fori € I}.
The following theorem characterizes Bij(7) for any type 7.

Theorem 1. Let 7 = (n;);er, ni > 0 for all i € I, be any type. For each
o € Hyp(7) the following statements are equivalent:
(i) o € Bij(r).
(ii) There are h € B and p € P such that
(fz) = h(fl)( p(i)(1)s -+ > Tp(i) (ny )) forall ¢ € I.

Proof. (ii) = (i) : We show by induction that & is injective and surjective.

Injectivity: Let s,t € W-(X) with &[s] = T]t].

Suppose that the depth(s) = 0. Then depth(t) = 0 and s,t are vari-
ables with s = o[s] = o[t] =t.

Suppose that from o[s‘] = o[t‘] there follows s* = t¢ for any s‘,t‘ €
W-(X) with depth(s‘) < n.

Let depth(s) = n+ 1. Then depth(t) > 1 and there are i,j € I with

s = fi(s1,-.,8n,;) and t = f;(t1,...,5,;). Now we have
als] = S™(h(fi) (Tp@i)(1)s - =5 Tpi)(n )) [s1],. .., 0[sn,])
and
E[t] = S"(h (fj)(ac (G)(A)s > Tp(§)(n; )) A[tl], .. .,8[tnj]). From 8[8} =

olt] it follows that h(f;) ( ) and thus f; = fj, i.e. ¢ = j, since h is a
bijection Hence S™i(h (fl)( p(Z (1) > Tp(i)(ni))» O 151, - -+, O [Sn;])

S (R(fi)(Tp@iy(1)s -+ Tpli)(ni))s Olt1], - - -, T[tn,]) and, consequently,
a[sk] = oty for 1 § k: § n;. By our hypothesis we get s = ty for
1 <k <n;. Consequently, s = fi(s1,...,8n;) = fi(t1,...,tn;) =t

Surjectivity: For w € X we have ojw] = w.

Suppose that for any s € W, (X) with depth(s) < n there is an
5 € Wo(X) with o[s] = s.

Let now t € W-(X) be a term with depth(t) = n 4+ 1. Then there
is an ¢ € I with t = fi(t1,...,tn,) and by our hypothesis there are
t1, ... tn, € Wo(X) such that G[ty] = t;, for 1 < k < n,;. Further there
is a j € I with h(f;) = fi; and n; = n;. Now we consider the term
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_fj( ()=1(1)s - '7%;(3')‘1(1%))' There holds

~

3[77] :5"1( (D @p(i)1)s -+ () ng)s Olpy -1 )]s - <50 lEpi) -1 (ni)]) =
S (fi(@p() 1)+ - Tp()(ma)) Ep(G) =2 (1) -+ - > Ep(i) = ()

(by hypothesis)

= filt1,...,tn,) = 1.

(1) = (4i) : Since o is surjective for each j € I there is an s; €
Wi (X) with &[s;] = fj(@1,...,2n;) which is minimal with respect to the
depth. Obviously, the case depth(s;) = 0 is impossible. Thus there are
akelandry,...,r, € W (X) with s; = fr(r1,...,m,). So d[s;] =
olfi(ri,. .. )] = S™ (o (fr),olr1], -+, 0rn,]) = fij(@1,...,25,). This
is only possible if o(fx) € X or o(fx) = fj(a1,...,an;) with a1,...,a,; €
{@1,.. o mp )y | {a1,.. . an,} |= nj, and thus ny, > n;. But the case
o(fx) € X is impossible. Otherwise there is an i € {1,...,n;} with
o(fx) = z; and 0[s;] = &[r;] where depth(s;) > depth(r;), this contradicts
the minimallity of s;. This shows that for all j € I there are a k(j) € I
with ny;) > nj and ay,...,an; € Xp, , with | {a1,...,a,,} [= n; such
that O‘(fk(J)) = fj(al, ce ,anj).

Assume that ny) > nj for some j € I. Then there is an z €
Xy \var(o(fr(y))), i-e. @ is not essential in o(fy(;)) and thus 7 is
not a bijection on W (X) (see [1], [6]), a contradiction. Thus ny;y = n;
and O'(fk(j)) = fj(xﬂj(l), L ,CCﬂ.j(nj)) for some T € Snj~

Assume that there are j,0 € I with [ # k(j) such that f;is the
first operation symbol in o(f;). We put ¢t := o[fi(z1,...,2p,)]. Then
t = fj(t,... ty,) for some t1,...,t,, € Wr(X). Since 7 is surjective,
there are 31,...,snj € Wr(X) with &[s;] = ¢t; for 1 < ¢ < n;. Then

o fri) (s, Tty Sﬂ—j_l(n]))]
Snj( (fr(j)) als ]—1(1)] ~-a3[57r].—1(nj)])

k(4)

= Sng(f]( Tl ,...,:L'Tr].(nj)),tﬁj—l(l),...,tﬂj—l(n]_))
= fj(tl, e ,tnj).
Since fk(j)(sﬂ;1(1), e Sﬂ;l(nj)) # fi(z1,...,2p,), 0 is no injective, a

contradiction. Altogether this shows that the mapping h : Q — Q where

h(f) is the first operation symbol in o(f) is a bijection on ) preserving
the arity. Further, let p € A? with p(i) := 7; for i € I. Then p € P.

Consequently, we have o (fi) = h(fi)(pg)(1)s - - - Tp(i)(ny)) for alli € 1.

O

Let us give the following examples.
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Example 1. Let 2 < n € N. We consider the type 7, = (n), where f
denotes the n-ary operation symbol. For w € S, we define:

or: fr f(mﬂ(1)7"'7$71'(n))'

These hypersubstitutions are precisely the bijections, i.e. Bij(t,) =
{o | ™€ Sp}.
In particular, if n =2 then Bij(m2) = {e,04} where o4 is defined by

oq: [ f(x2,21).

Example 2. Let now 7 = (2,2) where f and g are the both binary op-
eration symbols. Then we define the following eight hypersubstitutions
01y...,08 by

[ g—
o1: f(xr,22) g1, 22)
g9 . f($1,$2) g(.l‘g,:lﬁl)
o3: fl(wo,x1) g(1,72)
os:  flzo,z1) g(x2,271)
o5: g(wy,m2)  f(wy,22)
o6: g(r1,z2) flxg,21)
(%4 g(a:g,a:l) f((L‘l,l'Q)

og: g(wa,x1) fla2,11)

These hypersubstitutions are precisely the bijections, so
Bij(r) = {o1,...,08}.

3. p-solid varieties

In Section 1, we mentioned that any hypersubstitution o can be uniquely
extended to a mapping & : W, (X) — W,(X) (6 € W (X)V=(X)). Thus
a mapping p : Hyp(t) — Wo(X)"=(X) is defined by setting p(c) = & for
all o € Hyp(7).

In [4], the concept of a solid variety was introduced. By Birkhoff, a
variety V is a class of algebras of type 7 satisfying a set 3 of identities,
i.e. V.= ModX. For avariety V of type 7 we denote by IdV the set of all
identities in V. The variety V is said to be solid iff 7[s] ~ 7[t] € IdV for
all s =t € IdV and all e € Hyp(7). For a submonoid M of Hyp(7), the
variety V' is said to be M-solid iff 7[s] ~ o[t] € IdV for all s ~ t € IdV
and all o € M (see [3]). If M = Hyp(7) then we have solid varieties.

In this section we will study mappings p : Hyp(t) — W, (X)W~ (X)
and generalize the concept of an M-solid variety to the concept of an
M-p-solid variety. For convenience, we put o := p(o) for o € Hyp(7).
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Definition 2. Let p : Hyp(t) — W (X)"*X) be a mapping and V be a
variety of type T and M be a submonoid of Hyp(7). V is called M -p-solid
iff oP(s) = oP(t) € IdV for all s~ t € IdV and all c € M.

If M = Hyp(7) then V is said to be p-solid.

Example 3. Let p: Hyp(t) — WA(X)WV~(X) be defined by p(c) =& for
all 0 € Hyp(7). Then the p-solid varieties are exactly the solid varieties,
which is clear by the appropriate definitions. L. Poldk has determined all
solid varieties of semigroups in [5]. Besides the trivial variety, exactly the
self-dual varieties in the interval between the normalization ZV RB of the
variety of all rectangular bands and the variety defined by the identities
22~ 2t 22’2 = 2?yalyz, vyt ~ ry2lyL?, and xyzyx ~ xyrzeyx as
well as the varieties RB of all rectangular, N B of all normal, and RegB
of all reqular bands are solid.

In Section 2 we have checked that Bij(7) forms a monoid. For par-
ticular mappings p : Hyp(1) — W, (X)"7(X) the Bij(7)-p-solid varieties
are of special interest, in particular for type 7 = (2) and semigroup vari-
eties. They realize substitutions of operations in terms which are useful in
some calculational aspects of computer algebra systems. In the following
we will consider such mappings p : Hyp(t) — W, (X)Wr(X),

Definition 3. Let
fa: Hyp(r) — Wo(X)"* ) and sa : Hyp(r) — W, (X)W (X

be the following mappings: For o € Hyp(T) we put

(i) ofe(z):=0%(z) =z forz € X;

(i) ol (filtr,. .. tn,)) == S (a(f;),0%(t1),. .., 0% (ts,)) and
o5 (filtr, ... tn)) = fi(af(t1),...,0l%ty,)) fori e I and
..oy tn, € Wo(X) where 0% (t1), ..., 0% ty,),al%(t1), . . .,
ol (t,, Ywill be assumed to be already defined.

If we consider M-p-solid varieties of semigroups we have the type 7 =
(2) and thus p : Hyp(2) — Wg)(X)"V@®) (where Hyp(2) :== Hyp((2))).
If one considers semigroup identities, we have the associative law and we
can renounce of the operation symbol f and the brackets, i.e. we write
semigroup words only as sequences of variables.

Theorem 2. The trivial variety TR and the variety Z of all zero semi-
groups (defined by zy & zt) are the only sa-solid varieties of semigroups.

Proof. Clearly, TR is sa-solid.
We show that for any o € Hyp(2) and any t € W, (X) there holds
o%(t) ~ t e ldZ.
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If t € X then o°*(t) = t.

Ift ¢ X then t = f(t1,t2) for some t1,t2 € W(9)(X). Thus c(t) >
and t ~ zy € IdZ. Further, there holds o*%(t) = f(a/%(t1),a/%(t2))
xy € IdZ. Consequently, 0%%(t) ~t € IdZ.

This shows that 0%(s) =~ s ~ t =~ 0%*(t) holds in Z for all s~ t € [dZ
and all 0 € Hyp(2), i.e. Z is sa-solid.

Conversely, let V be an sa-solid variety of semigroups. By o, (0,) we
will denote the hypersubstitution which maps the binary operation sym-
bol f to the term zq (z2). Then o2*(f(f(x,v),2)) =~ o3*(f(x, f(y,2))) €
IdV. This provides zz ~ xy € IdV. From o,*(f(f(z,y),2)) =~
o, (f(x, f(y,2))) € 1dV it follows yz ~ xz € IdV. Both identities
rz &~ zy and yz ~ xz provide yz ~ xt, i.e. V C Z. But TR and Z are
the only subvarieties of Z. O

2

Proposition 2. A variety V' of semigroups is Bij(2)-sa-solid iff

(1) V C Mod{x(yz) = (zy)z, xyz ~ zzxy} and

(it) V. C Mod{z(yz) ~ (xy)z, xyz ~ xzzy ~ zxy} if there is an
identity s =t € IdV with cv(s) = c(s) = 3 and ¢(t) # 3 or cv(t) # 3 or
var(t) # var(s).

Proof. We have already mentioned that Bij(2) = {e,04}.

Suppose that V is Bij(2)-sa-solid. ~ Then o3*(f(f(x,y),2)) =
o5t (f(x, f(y,2))) € 1dV, so yxz ~ xzy € IdV. Let now s = t € IdV
with cv(s) = ¢(s) = 3.

If ¢(t) < 2 then %(t) =t.

If c(t) > 4 then 0(t) =~ t € IdV is easy to check using yrz ~ xzy €
1dv.

If ¢(t) = 3 and cv(t) = 1 then 03*(t) =~ t € IdV is obvious.

If ¢(t) = 3 and cv(t) = 2 then there are wi,ws € X such that
t = (wyw2)wy or t = (wowi)we or t = (wawz)wy or t = wi(waws)
or t = wy(wyws) or t = wy(wowi). Using yrz ~ xzy € IdV we get that
W1WoWe R WowiWe ~ wowowy 1 V. This shows that J;}“(t) ~teldV.

From cv(s) = ¢(s) = 3 it follows s = (wjwa)ws or s = w;(waws) for
some wi,wy, w3 € X. Without loss of generality let s = wi(wows), so
g (s) = wiwzws.

If ¢(t) # 3 or cv(t) # 3, from o*(s) ~ o*(t) € IdV it follows
wiwswe ~ t € IdV. Consequently, wywswy ~ wiwows € IdV.

If cu(t) = ¢(t) = 3 and var(t) # var(s) then there is a w € var(t) \
var(s). Substituting w by w? we get s ~ r € IdV from s ~ t € IdV
where ¢(r) = 4. Then we get xyz =~ zxy € IdV as above.

Suppose that (i) and (ii) are satisfied. Let s ~ t € IdV. Then
e%*(s) = €% (t) € I1dV. We have to show that o*(s) =~ o3*(t) € IdV and
consider the following cases:
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1) If ¢(s) # 3 or cv(s) # 3 and ¢(t) # 3 or cv(t) # 3 then we have
o3(s) = s € IdV and 03(t) = t € IdV as we have shown already. This
provides 05%(s) = o3*(t) € IdV.

2.1) If cv(s) = ¢(s) = 3 and ¢(t) # 3 or cv(t) # 3 or var(t) # var(s)
then xyz ~ xzy ~ zzy holds in V (by (ii)) and it is easy to see that
o (s) = s e IdV and 03*(t) =t € IdV, so 03 (s) = o3(t) € 1dV.

2.2) If cv(s) = ¢(s) = 3 and ¢(t) = 3 and cv(t) = 3 and var(t) =
var(s) then there are wy,ws, ws € X such that s,t € {ry,...,r12} where
r1 = wa(wiws) 12 = (wowi)wsz 13 =wz(wawr) 1= (Wzw2)w1
r5 = wi(wswz) 16 = (wiwz)wz r7=w2(wzw1) s = (Wows)ws
rg = wi(wiwz) 110 = (wswi)wy 111 = wi(wawz) T2 = (Wiwa)ws.

Then o3%(r1) = 17, 05%(r2) = ri2, 05%(r3) = rg, o (ra) = rs,
o (rs) = riu1, 034 (re) = r10, 05%(r7) = 11, 0 (18) = 14, 05 (1r9) = 73,
o (r10) =716, 05 (111) = 15, and 05 (r12) = ro. This shows that 0% (r;) ~
o (r;) € IdV for 1 < i, <6 or 7 <i,j <12 by xyz = zoxy € 1dV.
Ifriy = r; € IdV with 1 <7 <6 or 7 < j < 12 or conversely, then
xyz ~ xzy € IdV. Together with xyz ~ zaxy € IdV it is easy to check
that then o3*(r;) = r; € IdV and o3%(r;) = r; € IdV, ie. o(r;) =
o3(rj) € IdV. Altogether this shows that ¢}%(s) = o5%(t) € IdV.

3) If cv(t) = c(t) = 3 then we get dually o*(s) = o*(t) € IdV. O

Theorem 3. TR is the only fa-solid variety of semigroups.

Proof. Clearly, TR is fa-solid. Let V be an fa-solid variety of semi-
groups. From Uga(f(f(x,y),z)) ~ aga(f(x,f(y, z))) € IdV it follows
zy ~ x € IdV. Moreover, o} (f(f(z,y),2)) =~ o3 (f(z, f(y, 2))) € IdV
provides z ~ yz € IdV. Both identities xy ~ = and z ~ yz give z ~ y,
ie. V=TR. O

Proposition 3. A variety V' of semigroups is Bij(2)-fa-solid iff

(1) V C Mod{x(yz) = (zy)z, xyz ~ zzxy} and

(i1) V is a variety of commutative semigroups if there is an identity
s~ t e IdV with cv(s) = c(s) = 2 and c(t) # 2 or cv(t) # 2 or
var(t) # var(s).

Proof. We have already mentioned that Bij(2) = {¢,04}.

Suppose - that V' is Bij(2)-fa-solid. Then o}*(f(f(z,y),2)) =~
Uga(f(a:,f(y,z))) € IdV, so zzxy ~ yzax € IdV. Let now s = t € IdV
with cv(s) =¢(s) = 2.

If ¢(t) =1 then o"(t) =t.

If ¢(t) > 3 then 07%(t) ~ t € IdV is easy to check using zaxy ~ yzz €
Idv.

If ¢(t) = 2 and cv(t) = 1 then 0" (t) ~ ¢t € IdV is obvious.
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From cv(s) = ¢(s) = 2 it follows s = wyws, so Uz;a(s) = wowj.

If c(t) # 2 or cv(t) # 2 from o}%(s) ~ az;a(t) € IdV it follows
wow ~ t € IdV and, consequently, wiwe ~ wowi € IdV.

If co(t) = ¢(t) = 2 and var(t) # var(s) then there is a w € var(t) \
var(s). Substituting w by w? we get s ~ r € IdV from s ~ t € IdV
where ¢(r) = 3. Then we get xy ~ yz € IdV as above.

Suppose that (i) and (ii) are satisfied. Let s ~ t € IdV. Then
ef?(s) ~ ef(t) € IdV. We have to show that o7}"(s) ~ a(];a(t) € Idv
and consider the following cases:

1) If ¢(s) # 2 or cv(s) # 2 and ¢(t) # 2 or cv(t) # 2 then we have
aga(s) ~ s e IdV and 0°(t) =t € IdV as we have shown already. This
provides U(Jica(s) = Uga(t) € IdvV.

2.1) If cv(s) = ¢(s) = 2 and ¢(t) # 2 or cv(t) # 2 or var(t) # var(s)
then V' is a variety of commutative semigroups (by (ii)) and it is easy to
see that 0;"(s) =~ s € IdV and 0.°(t) =~ t € IdV, so aga(s) = chlfa(t) €
1dv.

2.2) If cv(s) = ¢(s) = 2 and ¢(t) = cv(t) = 2 and var(t) = var(s)
then there are w1, wy € X such that s = wyws or s = wowy and t = wiws
or t = waw;.

If s =t then aga(s) = Jga(t).

If s # t then s ~ t is the commutative law and we have acj;a(s) R~
ol (t) € 1dV.

3) If co(t) = c(t) = 2 then we get dually aflc“(s) ~ af;a(t) erdv. O

Definition 4. We define a mapping v, : Hyp(t) — Wo(X)W=X) for
each natural number n as follows: For o € Hyp(t) we put
(i) o :=a;
(i) o (z):=z forxe X and1 <neN;
(i) o (fi(tr, ..., tn;)) = fi(ce"=1(t1),..., 0" 1 (ty,)) for 1 <n €N,
iel, andty,... t,, € W (X).
We put Hyp™ (1) := {o™ | ¢ € Hyp(1)} for n € N.

For the hypersubstitution ¢ € Hyp(7) (the identity element in
Hyp(7)) there holds e’ = € for all n € N. This becomes clear by
the following considerations: We have €7 = £ and suppose that ¢’» =&
for some natural number n then there holds e'+!(z) = x = €[z| and
eMmti(fite, ... tn,))

= fi(gﬁm(h)v R 7€7n(tni))

= fi(at1]7 ) é\[tnz])

= fi(t1,... ;)

= é\[fi(tl, e 7tni)]~
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Proposition 4. The monoids (Hyp™ (7);0,8) and Hyp(7) are isomor-
phic for each natural number n.

Proof. Let n be a natural number. We define a mapping h : Hyp(1) —
Hyp™ (1) by h(o) := o' for o € Hyp( ) We show that h is injective.
For this let 01,09 € Hyp(r) with 0]" = 0J". Assume that o1 # o2. Then
there is an i € I with o1(f;) # o2(fi) and we have o1[fi(z1,...,2n,)] #
oo(fi(x1,...,zpn,)]. Then we define:
(i) to:= filz1,...,xn,);
(11) tpr1 = fi(tp,l‘g, ceey xm) for p e N.
It is easy to check that 0" (t,) # 03" (t,) because of 71[to] # o2[to],
which contradicts o]" = o3". This shows that / is injective.
Clearly, h is surjective. Consequently, h is a bijective mapping.
It is left to show that h satisfies the homomorphic property. We will
show by induction on n that h(oj0p02) = h(o1)oh(o2), i.e. (o10,09)" =
Y” o J;”.

If n = 0 then we have 0]° 0 03° =1 002 = (01 0}, 02 = (01 0f 02)7°
(see [3]).
TYm __

For n = m we suppose that o]™ o0 6™ = (01 op, o2)7™ .

Let now n = m + 1. Obviously, we have (o]""" o o)™ )(
(01 0p 02)7m+1 ().

Let i € I and ty,...,t,, € W;(X). Then there holds

(o™ 003m+1)(fz(t17 cstn)) = 0" (fil03" (1), -, 03" (tn,))

= fi((o{™ 0 03™)(t1), - ., (0]" 0 03™)(tn,))

= fi((al op o)™ (tl), ...y (o1 04 02)7 (ty,;)) (by hypothesis)

= (0'1 Oh 0’2)’Ym+1 (fz(tla s 7tni))'

Altogether, this shows that o' o oy™ ™" = (01 oj, 09)Im+1 . O

x) =1z =

By definition, a variety V of type 7 is M-yp-solid iff V' is M-solid.
The class of all solid varieties of semigroups was determined in [5]. We
will now characterize the 7,-solid varieties of semigroups for 1 <n € N.
Here we need some else notations. For a fixed variable w € X we put:

Fo = {f(f(w,y),z) ~ f(xvf(yv Z))} and

Fng1 = {f(s,w) = f(t,w) | smt € Fp} U{f(w,s) = f(w,t) | s~
t € Fy} formeN.

Theorem 4. Let 1 < n € N and V be a variety of semigroups. Then V'
is yn-solid iff
Tl - Tptl T YL ---Ynt1 € 1AV

Proof. Suppose that V is ~y,-solid.
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Since the associative law is satisfied in V there holds F,,_; C IdV.
Since V is 7y,-solid the application of o™ to the identities of Fj,_{ gives

again identities in V:

I = {wzzuw’ = wzyw® | a,b €N, a +b=n—1} C IdV.
The application of o to the identities of F},_1 provides

I = {wyzw® ~ wzzw’ | a,b €N, a +b=n—1} C IdV.

It is easy to check that one can derive xy...Tpy1 = Y1...Ypy1 from
LUl Thus ... Zpt1 Y1 .. - Ynt1 € 1dV.

Suppose now that 1 ...Zpr1 Y1 ... Yny1 € IdV. We show that for
any o € Hyp(2) and any t € W9)(X) there holds o7 (t) ~ t € IdV.

If t contains at most n operation symbols then o7 (t) = ¢ by definition
of the mapping o7.

If ¢ contains more than n operation symbols then c¢(t) > n + 1 and
t~x1...2p41 € IdV because of x1...2p41 = Y1...Ynt1 € IdV. Since
t contains more than n operation symbols, by definition of the mapping
o7, the term o7 (t) contains at least n operation symbols and thus
c(o™(t)) >n+1. Using z1...Tpt1 R Y1 ... Ynt1 € 1dV we get o7 (t) ~
x1...Tpy1 € IdV. Consequently, o7 (t) =t € IdV.

This shows that 07 (s) & s &~ t &~ o7(t) holds in V for s ~ t € IdV
and o € Hyp(2), i.e. V is y,-solid. O

Corollary 1. TR and Z are the only ~1-solid varieties of semigroups.

Proof. By Theorem 4, a variety V' of semigroups is 7yi-solid iff x1x9 =
y1ye € IdV, i.e. 'V C Z. But TR and Z are the only subvarieties of
Z. O
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