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ABSTRACT. We prove that the semigroup of matrix units is
stable. Compact, countably compact and pseudocompact topolo-
gies 7 on the infinite semigroup of matrix units By such that (By, )
is a semitopological (inverse) semigroup are described. We prove
the following properties of an infinite topological semigroup of ma-
trix units. On the infinite semigroup of matrix units there exists
no semigroup pseudocompact topology. Any continuous homomor-
phism from the infinite topological semigroup of matrix units into
a compact topological semigroup is annihilating. The semigroup
of matrix units is algebraically h-closed in the class of topological
inverse semigroups. Some H-closed minimal semigroup topologies
on the infinite semigroup of matrix units are considered.

In this paper all topological spaces are Hausdorff.

A semigroup is a set with a binary associative operation. The semi-
group operation is called a multiplication. A semigroup S is called in-
verse if for any x € S there exists a unique y € S such that zyxr = =
and yry = y. An element y of S is called inverse to x and is denoted by
x~1. If S is an inverse semigroup, then the map which takes x € S to
the inverse element of x is called the inversion.

A topological space S that is algebraically semigroup with a separately
continuous semigroup operation is called a semitopological semigroup. If
the multiplication on S is jointly continuous, then S is called a topological
semigroup.
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A topological (semitopological) inverse semigroup is a topological (se-
mitopological) semigroup S that is algebraically an inverse semigroup
with continuous inversion. Obviously, any topological (inverse) semigroup
is a semitopological (inverse) semigroup.

If 7 is a topology on a (inverse) semigroup S such that (S,7) is a
topological (inverse) semigroup, then 7 is called a (inverse) semigroup
topology on S.

We follow the terminology of [6, 7, 11, 16|, and [22].

If S is a semigroup, then by E(S) we denote the subset of idempotents
of S. By w we denote the first infinite ordinal. Further, we identify all
cardinals with their corresponding initial ordinals.

Let S be a semigroup and I be a set of cardinality A > 2. On the
set B)(S) = I, x S' x I, U{0} we define the semigroup operation ’ - ’ as
follows
(a,ab,0), if B =1,

0, if B # 7,

and (a,a,8)-0=0-(a,a,8) =0-0=0 for a,3,7,6 € I, a,b € S*.
The semigroup By(S) is called a Brandt-Howie semigroup of the weight
A over S [13] or a Brandt \-extension of the semigroup S [14]. Obviously
By(S) is the Rees matrix semigroup MY(S'; I, I, M), where M is the
I, x I identity matrix. If a semigroup S is trivial (i.e. if S contains only
one element), then B)(S) is the semigroup of I\ x Ix-matriz units [7],
which we shall denote by Bj.

A semigroup B(p, q) generated by elements p and ¢ which satisfy the
condition pg = 1 is called bicyclic. The bicyclic semigroup plays the
important role in the Algebraic Theory of Semigroups and in the Theory
of Topological Semigroups. For example the well-known O. Andersen’s
result [1] states that a (0-) simple semigroup is completely (0-) simple if
and only if it does not contain the bicyclic semigroup (see Theorem 2.54
of [7]). L. W. Anderson, R. P. Hunter and R. J. Koch in [2] proved that
the bicyclic semigroup cannot be embedded into a stable semigroup. Also
any I'-compact topological semigroup (and hence compact topological
semigroup) does not contain the bicyclic semigroup [15] and therefore
every (0-) simple I'-compact topological semigroup is completely (0-)
simple.

(a,a,ﬁ) ’ (776’5) = {

In this paper we discuss semigroup topologies on the semigroup of ma-
trix units. At the beginning we shall prove that the semigroup of matrix
units is stable. Further we shall show that on any semigroup of matrix
units B) there exists a unique compact topology 7 such that (By,7) is a
semitopological semigroup. Also we shall prove that on the infinite semi-
group of matrix units there exists no semigroup pseudocompact topology
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and this implies the structure theorem for O-simple compact topological
inverse semigroups. Moreover, any continuous homomorphism from the
infinite topological semigroup of matrix units into a compact topological
semigroup is annihilating. Also we shall prove that if a topological inverse
semigroup S contains a semigroup of matrix units By, then B} is a closed
subsemigroup of 5, i.e. B) is algebraically h-closed in the class of topo-
logical inverse semigroups. Some H-closed minimal semigroup topologies
on the infinite semigroup of matrix units will be considered.

Lemma 1. Let a,b € S, a, 8 € I,. Then the following conditions are
equivalent:

(i) aS* CbS'  [S'a C S'b);
(“) (a,a, ﬁ)B)\(S) - (a7b7 6)3/\(5) [B)\(S)(O‘7aaﬁ) C B/\(S)(Oé,b,,@)]
Proof. (1)=(ii).

(a,a, B)B)\(S) =
= U (a,a8" ) U0} C | (@,58",7) U{0} = (a,b,8)BA(S).

YEIN YEIN
(ii)=(i). Let (e, a, B)Bx(S) C («, b, 3)Bx(S), then

U (e,a8", 1) 0 {0} € | (a,05",7) U {0}

vEI vElN

and hence U,yefk(oz,aSl,v) C Uﬂ/eh(a,bsl,'y). Therefore, aS' C bS™.
The proof of equivalency of the dual conditions is similar. O

A semigroup S is called stable if and only if
(i) for a,b € S, Sa C Sab implies Sa = Sab;
(i) for ¢,d € S, ¢S C dcS implies ¢S = dceS.

Stable semigroups were first investigated by R. J. Koch and A. D. Wal-
lace in [17]. A semigroup S is called weakly stable if St is stable [20].
Every stable semigroup S is weakly stable [17]. If S is a regular semi-
group, then the converse holds. L. O’Carroll [20] proved that the converse
does not hold in general.

Theorem 1. A semigroup S is weakly stable if and only if Bx(S) is stable
for each cardinal X\ > 2.
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Proof. (<=) Suppose aS! C baS* [Sta C S'ab] for a,b € S'. By Lemma 1
we get

(a7a>ﬁ)B>\(S) C (a’bv oz)(a,a,ﬁ)BA(S) = (a’ ba, B)B)\(S)

[BA(S)(OZ,CL,ﬁ) - BA(S)(O[’CL?ﬂ)(ﬂa baﬁ) = BA(S)(a7aba B)]

for all a, 3 € I). Since the semigroup B)(S) is stable for each cardinal
A > 2, then

(avavﬁ)Bk(S) = (a’bv Oé)(Oé,CL,,B)B)\(S) = (O[, ba?ﬂ)B)\(S)

[BA(S)(OZ,CL,ﬂ) = B)\(S)(Ot, a’ﬁ)(ﬁa bvﬂ) = BA(S)(OZ,CLb,ﬁ)]

and by Lemma 1, aS* = baS! [S'a = S'ab]. Therefore, the semigroup S
is weakly stable.

(=) Let A > 2. Suppose (a, a,3)Bx(S) C (v,b,0)(a,a,3)Bx(S) for
a,B3,7,0 € Iy, a,b € S'. Obviously, « = v = §. Thus («,a, 3)B\(S) C
(o, ba, B)BA(S). By Lemma 1 we get aS! C baS!. Since S is a weakly
stable semigroup, then aS' = baS'. Then by Lemma 1 we get

(a,a,ﬂ)B)\(S') =
= (a,ba,ﬁ)B,\(S) = (Oé,b, a)(a,a, ﬁ)B)\(S) = (’7? b, 5)(O‘7avﬁ)B)\(S)'

The proof of the dual statement is similar.
Therefore, the semigroup By (.S) is stable for all cardinals A > 2. [

Corollary 1. For every cardinal A\ > 2 the semigroup B), is stable.

In [10] C. Eberhart and J. Selden proved that the bicyclic semi-
group B(p,q) admits only the discrete Hausdorff semigroup topology.
M. O. Bertman and T. T. West generalized this result and showed that
any Hausdorff topology 7 on B(p, q) such that (B(p,q), ) is a semitopo-
logical semigroup is discrete [5]. Lemma 2 implies that the semigroup of
matrix units has similar properties.

Further by 0 we denote the zero of the semigroup Bi.

Lemma 2. Let 7 be a topology on By such (Bx,T) is a semitopologi-
cal semigroup. Then any nonzero element of By is an isolated point of
(B, 7).

Proof. Since (By,T) is a semitopological semigroup, every left internal
translation ls: By — B) and every right internal translation rs: By —
B, are continuous maps for any s € B). Thus for s = (a,a) € By

the sets ;1(0) = {0} U{(%,8) | v € I\ \ {a},8 € L,} and r;1(0) =
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{0}y U{(v,08) | v € In,B € I\ {a}} are closed in (By, ), and hence the

sets By \ 1;1(0) = {(a,7) | v € I\} and By \ r;1(0) = {(7v,@) | v € I\}
are open in (By, 7) for any a € I). Therefore any nonzero element of By
is an isolated point of (Bj, 7). O

In [5] M. O. Bertman and T. T. West showed that the bicyclic semi-
group is embedded into a compact semitopological semigroup. The next
example shows that on the infinite semigroup of matrix units B) there ex-
ists a topology 7. such that (B, 7.) is a compact semitopological inverse
semigroup.

Example 1. Let A > w. A topology 7. on Bj is defined as follows:
a) all nonzero elements of B, are isolated points in By;

b) B(0) = {A C By, | 0 € Aand |B) \ 4] < w} is the base of the
topology 7. at the point 0 € Bjy.

Lemma 3. (B),7.) is a compact semitopological inverse semigroup.

Proof. Obviously, 7. is a compact topology on B).
For any U = By \ {(a1,61), ..., (an, Bn)} € B(0), where aq, ..., an,
B1, ..., 0n € I we have

1) Ui -A{(e, 8)} = {0 U{(7,8) [ v € I\ {a1,...,an}} C U, where
Uy =U\{(a1,01), ..., (an,an)} € B(0);

2) {(.B)} U = {0} U{(.8) | v € )\ {B1,...,Bn}} C U, where
Uy =U\A{(B1,51);+- - (Bn: Bn)} € B(0);

3) {(a,B)} - {(. )} ={0} S U if B # 3

4) {0}-U ={0} CU and U - {0} = {0} C U;

5) {(e,8)} - {(8,7)} = {(e, 1)}

6) (Us)™' C U, where Us = B\ \ {(B1, 1), .., (Bn, )} € B(0).

Therefore, (B), 7.) is a compact semitopological inverse semigroup. [J

Remark 1. In [21] A. B. Paalman-de-Miranda proved that the zero of a
compact completely O-simple topological semigroup S is an isolated point
in S. Example 1 implies that the zero of a completely 0-simple compact
semitopological inverse semigroup (B),T) is not necessarily an isolated
point in (By, 7).

Lemmas 2 and 3 imply
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Corollary 2. If A > w then there exists no other topology T on B
different from 1. such that (Bx,T) is a compact semitopological semigroup.

A topological space X is called countably compact if any countable
open cover of X contains a finite subcover [11]|. A topological space X is
called pseudocompact |discretely pseudocompact] if any locally finite [dis-
crete] collection of open subsets of X is finite. Obviously any countably
compact space and any discretely pseudocompact space are pseudocom-
pact.

Theorem 2. Let A > w and let T be a topology on the semigroup of
matriz units By such that (B, T) is a semitopological semigroup. Then
the following statements are equivalent:

(i) (Bx,T) is a compact semitopological semigroup;

(i) (Bx,T) is a countably compact semitopological semigroup;

(Bx, 7)
(B, 7)
(11i) (By,T) is a discretely pseudocompact semitopological semigroup;
(iv) (Bx,T) is a pseudocompact semitopological semigroup;

(B, 7)

(v) (Bx,T) is topologically isomorphic to (By, Tc).

Proof. The implications (i) = (ii), (1) = (i), (it) = (iv) and (dii) =
(1v) are trivial.

(iv) = (i) Suppose there exists a topology 7 on the infinite semi-
group of matrix units B) such that (B),7) is a pseudocompact non-
compact semitopological semigroup. Then there exists an open cover
U = {Us}aea which contains no finite subcover. Let U,, € U such that
Ua, 2 0. Then the set By \ U,, is infinite. We put

U ={Uy } U{z |z € By \ Uy}

Then U* is an infinite locally finite family, which contradicts the pseudo-
compactness of the topological space (B, 7).
Corollary 2 implies the equivalency (i) < (v). O

Since the bicyclic semigroup B(p,q) admits only discrete semigroup
topology [10], B(p,q) admits no compact (countably compact, pseudo-
compact) semigroup topology. The next proposition is a similar result
for the infinite semigroup of matrix units and it follows from Theorem 2.

Proposition 1. If A > w, then there exists no compact (countably com-
pact, pseudocompact) semigroup topology on By.
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A topological semigroup S is called I'-compact if

[(x) ={z,22,23,...,2",...}

is a compact subsemigroup of .S for every x € S. Obviously every compact
semigroup is I'-compact. J. A. Hildebrant and R. J. Koch proved that
every I'-compact topological semigroup and hence compact topological
semigroup does not contain the bicyclic semigroup [15]. Since for any
element a of the semigroup of matrix units we have either aa = a or
aa = 0, the semigroup of matrix units is I'-compact.

Question 1. Does there exist a compact topological inverse semigroup
which contains the semigroup B, ¢

In this paper we give a negative answer to Question 1. Moreover, we
show that if A > w, then every continuous homomorphism of the topolog-
ical semigroup B, into a compact topological semigroup is annihilating
and B) as a topological inverse semigroup is absolutely H-closed in the
class of topological inverse semigroups.

Lemma 4. Let T be a dense subsemigroup of a topological semigroup S
and 0 be the zero of T'. Then 0 s the zero of S.

Proof. Suppose that there exists @ € S\ T such that 0-a = b # 0.
Then for every open neighbourhood U(b) # 0 in S there exists an open
neighbourhood V'(a) # 0 in S such that 0-V'(a) C U(b). But |V (a)NT| >
w, and hence 0 € 0-V(a) C U(b), a contradiction with the choice of U (b).
Therefore 0-a =0 foralla e S\ T.

The proof of the equality a - 0 = 0 is similar. O

Lemma 5. If A is non-singleton in By, then 0 € A - A.

Proof. Suppose |A| = 2. Obviously if 0 € A, then 0 € A - A.
Let 0 ¢ A and A = {(a, 8), (7,9)}. If (0, 5), (7,6) are idempotents
of By, then « = 8, v = 6, B # ~, and hence 0 = («, ) - (7,0). If

the set A contains a non-idempotent element (a, (), then a # [ and
0:(0476)'(0‘75)6‘4"4' O

Lemma 6. Let A > w and let By, be a dense subsemigroup of a topological
semigroup S. Then a-a =0 for alla € S\ By.

Proof. Suppose a-a = b # 0 for some a € S\ By. Then for any open
neighbourhood U (b) Z 0 in S there exists an open neighbourhood V'(a) Z
0 in S such that V(a) - V(a) € U(b). But |V(a) N By| > w and by
Lemma 5, 0 € V(a) - V(a) C U(b), a contradiction. O
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Theorem 3. If A > w, then there exists no semigroup topology T on B
such that (B, T) is embedded into a compact topological semigroup.

Proof. Suppose, on the contrary, that there exists a semigroup topology
7 on B, such that (B),7) is a subsemigroup of some compact topological
semigroup S. By Proposition 1, B) is not a closed subsemigroup of S.
Without loss of generality we assume that B) is a dense subsemigroup
of S. We denote X = B) \ {0}. By Lemma 2, X is a discrete subspace
of By and hence X is a locally compact subspace in By. Thus, by The-
orem 3.5.8 [11], J = S\ X is a closed subspace of S. Therefore, X is a
discrete subspace of S.

Further, we shall show that J is an ideal of the semigroup S. By
Lemmas 5 and 6 it is sufficient to prove that ax,za,ab € J for every
z € By\ {0}, a,be T\ {0}.

Assume that there exist x € By \ {0} and a € J \ {0} such that
ar = ¢ # J. Then c is an isolated point in S. Thus for every open
neighbourhood U(a) Z 0 at least one of the following conditions holds

() [(Ua)\ {a}) - 2| > w,
(i) 0 € (U(a)\ {a}) - 2.

But ¢ is an isolated point in S, a contradiction. The proof for za is
similar.

Suppose ab = ¢ € J for some a,b € J. Then c is an isolated point in
S. For every open neighbourhoods U(a) # 0 and U(b) # 0 at least one of
the following conditions holds

(i) | (U(a)\ {a}) - (UO)\{b}) | = w,
(iv) 0€ (U(a)\ {a}) - (U(b) \ {b})-

But ¢ is an isolated point in S, a contradiction. Thus, ab=c € J.
Therefore, J is a compact ideal of S.
By Theorem A.2.23 [16] the Rees quotient-semigroup S/J is a com-
pact topological semigroup. But the semigroup S/J is algebraically iso-
morphic to B), a contradiction with Proposition 1. ]

A semigroup S is called congruence-free (congruence-simple, h-simple)
if it has only two congruences: identical and universal [23]. Such semi-
groups E. S. Lyapin [18] and L. M. Gluskin [12] called simple. Obviously,
a semigroup S is congruence-free if and only if every homomorphism h
of S into an arbitrary semigroup 71" is an isomorphism "into" or is an
annihilating homomorphism (i. e. there exists ¢ € T such that h(a) = ¢
for all a € 5).

Theorem 1 [12] implies
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Corollary 3. The semigroup By is congruence-free for every cardinal
A>2.

Theorem 3 and Corollary 3 imply

Proposition 2. Let A\ > w. Then every continuous homomorphism of
the topological semigroup By into a compact topological semigroup is an-
nihilating.

Recall [8] that a Bohr compactification of a topological semigroup S
is a pair (3, B(S)) such that B(S) is a compact topological semigroup,
B: S — B(S) is a continuous homomorphism, and if g: S — T is a
continuous homomorphism of S into a compact semigroup 7', then there
exists a unique continuous homomorphism f: B(S) — T such that the
diagram

commutes.

Let S be a topological semigroup. Let {(T4, pa)}taca be a family of
pairs of compact topological semigroups and continuous homomorphisms
Ya: S — T,, respectively, such that ¢, (S) is a dense subsemigroup of
T, for any a € A. Then B(S) is a subsemigroup of II,c 47, (see the
proofs of Lemma 2.43 and Theorem 2.44 |6, Vol. 1]), where |A| < 22!,
Therefore Proposition 2 implies

Corollary 4. If A > w, then the Bohr compactification of the topological
semigroup By is a trivial semigroup.

Theorem 4. Let \ be a cardinal > 2 and B) be a subsemigroup of a
topological inverse semigroup S. Then By is a closed subsemigroup of S.

Proof. If A < w then B, is finite and hence B, is a closed subsemigroup
of S.

Suppose A > w.

Let By = S7 in S. Then by Proposition I1.2 [10] S; is a topological
inverse semigroup and by Lemma 4 the zero 0 of the semigroup B} is the
zero of the semigroup 957.

Let b be any element of S; \ By. We consider two cases: b € E(S1)
and b € 51\ E(S7).

1) Let b € E(S1). Then for every open neighbourhood W (b) # 0 there
exists an open neighbourhood U(b) Z 0 such that U(b) - U(b) C
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W (b). Since |U(b) N By| > w, there exist a, 3,7, € I, such that
(o, 8), (,0) € U(b), and 8 # v or « # 5. Then 0 € U(b) - U(b) C
W (b), a contradiction. Therefore, E(S1) = E(B)).

2) Let b € S1\ E(S1). Then b=t € Sy \ E(S;). Since 0 is the zero
of the topological semigroup Si, then b-b~! # 0 and b= - b # 0.
Otherwise, if b-b"! =0o0rb™'-b=0, thenb=0b-b"1-b=0-b=0
orb="b-b"1-b=0b-0=0, a contradiction with b € S; \ E(S1).

Therefore, there exist e, f € F(S1) = E(B)) such that b-b~! = e,
b='-b= fand e # f. Let W(e) and W(f) be open neighbourhoods of e
and f in Sy, respectively, such that 0 & W (e) and 0 ¢ W(f). Then there
exist disjoint open neighbourhoods U(b) Z 0 and U(b~!) Z 0 such that
Ub)-Ub™) S W(e)and U(b™1) - U(b) C W(f). Since |U(b) N By| > w
and |U(b~') N B)| > w, there exist (a,8) € U(b) and (v,0) € U(b~ 1)
such that 3 # v or a # 6. Therefore, 0 € U(b) - U(b~') € Wi(e) or
0 UMb ) -U(b) CW(f), a contradiction with 0 & W (e) and 0 ¢ W (f).

If e = f the proof of the statement is similar.

The obtained contradictions imply the statement of the theorem. [

Since a compact topological semigroup is stable (see Theorem 3.31 [6])
a compact O-simple topological inverse semigroup S is completely 0-
simple and by Theorem 3.9 [7] S is algebraically isomorphic to the Brandt
A-extension of a group. Theorems 3 and 4 imply

Corollary 5. Let S be a compact 0-simple topological inverse semigroup.

Then E(S) is finite.

Definition 1 (]|25]). Let S be a class of topological semigroups. A semi-
group S € § is called H-closed in S, if S is a closed subsemigroup of any
topological semigroup 7' € S which contains S as subsemigroup. If S
coincides with the class of all topological semigroups, then the semigroup
S is called H-closed.

We remark that in [25] H-closed semigroups are called mazimal.
Theorem 4 implies

Corollary 6. Let A be a cardinal > 2 and T be a semigroup inverse topol-
ogy on By. Then (By,T) is H-closed in the class of topological inverse
Semigroups.

Definition 2 ([26]). Let S be a class of topological semigroups. A topo-
logical semigroup S € S is called absolutely H-closed in the class S if any
continuous homomorphic image of S into T € S is H-closed in §. If §
coincides with the class of all topological semigroups, then the semigroup
S is called absolutely H-closed.
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Corollary 3 and Theorem 4 imply

Corollary 7. Let A be a cardinal > 2 and T be a semigroup inverse topol-
ogy on Byx. Then (B, T) is absolutely H-closed in the class of topological
1nverse semigroups.

Let S be a class of topological semigroups. A semigroup S is called
algebraically h-closed in S if S with discrete topology d is absolutely H-
closed in S and (5,d) € S. If S coincides with the class of all topological
semigroups, then the semigroup S is called algebraically h-closed.

Absolutely H-closed semigroups and algebraically h-closed semigroups
were introduced by J. W. Stepp in [26]. There they were called absolutely
mazimal and algebraic mazimal, respectively.

Corollary 7 implies

Proposition 3. For any cardinal A > 2 the semigroup By is algebraically
h-closed in the class of topological inverse semigroups.

The following example shows that B,, with the discrete topology is
not H-closed.

Example 2. Let B, = I, x I, U {0} be the semigroup of matrix units
and a € B,. Let S = B, U {a}. We put

a-a=a-0=0-a=a-(o,0) = (a,3)-a=0

for all (o, 8) € B, \ {0}.

Further we enumerate the elements of the set I, by natural numbers.
Let A, = {(2k — 1,2k) | k > n} for each n € N. A topology 7 on S is
defined as follows:

1) all points of B, are isolated in S;

2) B(a) = {Uy(a) = {a} U A, | n € N} is the base of the topology 7
at the point a € S.

Then
a) {(I,m)}-Uypla) = Uy(a) - {(I,m)} = {0} for all (I,m) € B, \ {0},

n > max{l,m};
b) Un(a) : Un(a) = Un(a) : {O} = {O} : Un(a) = {0} for any n € N;
¢) Uyn(a) is a compact subset of S for each n € N.

Therefore (S, 7) is a locally compact topological semigroup. Obvi-
ously B, is not a closed subset of (.5, 7).
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Remark 2. Let A\; and Ay be cardinals and A\ < X. Then B), is a
subsemigroup of B),. Example 2 implies that for any infinite cardinal A
the semigroup B) is not H-closed.

Definition 3. A Hausdorff topological (inverse) semigroup (.5, 7) is said
to be minimal if no Hausdorff semigroup (inverse) topology on S is strictly
contained in 7. If (S, 7) is minimal topological (inverse) semigroup, then
7 is called minimal semigroup (inverse) topology.

The concept of minimal topological groups was introduced indepen-
dently in the early 1970’s by Doitchinov [9] and Stephenson |24]. Both au-
thors were motivated by the theory of minimal topological spaces, which
was well understood at that time (cf. [4]). More than 20 years earlier
L. Nachbin [19] had studied minimality in the context of division rings,
and B. Banaschewski [3] investigated minimality in the more general set-
ting of topological algebras.

Question 2 (T. O. Banakh). Is it true that for any cardinal A > w the
semigroup By admits minimal (inverse) semigroup topology?

For each «, 8 € I, we define
Va=B\{(,7) [y€ L} and Hg=B\{(v.8) 7€}

Put
n m
UOLl,..-,Oén - ﬂ Vai? Uﬁlw"vﬁm = ﬂ Hﬁz and

i=1 =1
QLo TTQL ey
Uﬁh-nﬁm =U "NUgs,...8m>

where ai,...,an,01,...,8m € In, n,m € N. Further we define the
following families

By = {U % |y, oyap € Iyn € NYU{(a, B) | o, B € L},
Bmh = {Uﬁl,---ﬁm | /817 - 3 7ﬁm € I)\am € N} U {(avﬁ) | Oé,ﬁ € I)\}a
Bmi - {Uahmgj: | al7 . ‘70571,5517 e 76771 € I)\7n7m € N}U

U{(a,B) | o, 8 € Ii}.

Obviously, the conditions (BP1)—(BP3) [11]| hold for families By,
By and B,,;, and hence By, By and B,,; are bases on By, of topologies
Timw, Tmh and T, respectively.

Lemma 7. Let A be an infinite cardinal. Then

(i) (B, Tmw) is a topological semigroup;
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(ii) (B, Tmn) @s a topological semigroup;
(111) (Bx, Tmi) s a topological inverse semigroup.
Proof. (i) Since the following conditions hold

UoLstn o C [0 (o ) U o1ams — {O} C U,

Uesn (o, B) = {0 U{(7,0) |7 € I\ {any. - san}} € U0

for every open neighbourhood U®1»% of the zero of By and for any
(a, B) € By \ {0}, (Bx, Timw) is a topological semigroup.

The proof of statement (ii) is similar to the proof of item (i).

(iii) For every open neighbourhood U gf;_:;g: of the zero of By and for
any (f,a) € By \ {0} we have:

sl om Usiltom S Usl g (Bre) U, = {0} S UGG

-1
Ugfliﬁgfx" . (ﬁ, a) — {0} C UE‘:::;E& (Uﬁ17---ﬂm) C Uglan-,an'

m Al,..,Qn 1yeesPm

Therefore, (By, Tmi) is a topological inverse semigroup. O

We remark that 7y, Tmp and 7,,,; are not locally compact topologies
on B) for A > w.

For A C I, and a € I, we denote A* = {(«a,3) € By | 8 € A} and
Ay ={(B,a) e B\ | B € A}.
Lemma 8. Let A be an infinite cardinal, By be a topological semigroup,

and A® [A,] be a closed subset in By, for some o € Iy. Then AP [Ag] is
a closed subset of By for any B € I.

Proof. Since Bj is a topological semigroup, then the map A, gy: Bx —
By |psa): Bx — By defined by the formula A, )(z) = (o, 8) - @

[p3,0)(x) = x - (B,a)] is continuous. Therefore AP = ()\(%5))7 A)
[Ag = (p(@a))_l (An)] is a closed subset of Bj. 0

1)
(

For any A C I, a1,...,an,B1,...,8m € Iy, n,m € N we denote
Uetran(A) = U U{(y,z) |z € Ayi=1,...,n},
Upy,m(A) = Upy,. g V(. Bi) [z € Ayi =1, mj,

U<a17 -y Qg A) = Ual,-~~,an (A) N Ual 77777 Qn (A)

The following theorem gives a positive answer to Question 2.
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Theorem 5. Let A be an infinite cardinal. Then the following conclusions
hold:

(i) Ty is @ minimal semigroup topology on By;
(1) Tmp s a minimal semigroup topology on B ;

(113) Tm; 1S the coarsest semigroup inverse topology on By, and hence is
minimal semigroup inverse.

Proof. (i) Suppose that there exists a Hausdorff semigroup topology 7o
on B, which is coarser than 7,,,,. Let Vp be an element of a base of the
topology 79 at the zero of By. Then by Lemma 8 there exist an infinite
subset A in I and a, ...,y € Iy (m € N) such that UY9m(A) C Vj.
For any g € I, v € Iy \ {a1,...,an,} the following conditions hold:

a) (o, ) = (i, 0)-(0,3), where 6 € A\ {a,...,am} and, obviously,
(i, 0), (6, 8) € U (A) (i =1,...,m);

b) (v,8) = (v,7) - (7,8), and (v,7), (v, 8) € U (A).

Thus,
B)\ — [J¥0m (A) LA Qm (A) C VE) . %

for any element Vj of a base of the topology 7y at the zero of B). This
gives a contradiction with the continuity of the semigroup operation in
(B, 70). Therefore (B), Tmy) is @ minimal topological semigroup.

The proof of item (ii) is similar to the proof of item (i).

(iii) Let 7 be any Hausdorff semigroup inverse topology on By. We
define the maps: ¢: By — E(B)) and ¢: By — E(B)) by formulae
¢(z) = zx~! and ¢ (z) = 2~ a. Since the topology 7 is Hausdorff then
the sets ¢! ((a,0)) = {(a,7) | 7 € In} and ¥~ ((@,a)) = {(1,0) |
v € I} are closed for each o € Iy, and hence Ugf,’_'.'_"g: € 7 for all
Q1y.eeyQny By, Bm € In. Therefore 7, C 7. O

Theorem 6. Let \ be an infinite cardinal. Then (B, Tmy), (Bx, Tmh);
(B, Tmi) are H-closed topological semigroups.

Proof. We shall show that the semigroup (By,Tmi) is H-closed. The
proofs of H-closedness of the semigroups (By,Tmp) and (B, Tmy) are
similar.

Suppose that there exists a topological semigroup S which contains
(B, Tmi) as a non-closed subsemigroup. Then there exists z € By \ By C
S. By Lemma 4, -0 = 0-x = 0. Then for every open neighbourhood
W(0) in S there exist open neighbourhoods U(0), V(0), and V(z) in S
such that V(0)NV(z) = &, U0)NV(z) = @, V(0) C W(0), U(0) C
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W(0), V(z)-V(0) CU(0), and V(0)-V(z) C U(0). We can suppose that
Uo‘l"'g‘" U(0) N By, for some aq,...,0n, 1y, Bm € Ix.
Since |V (x) N By| > w, one of the following conditions holds:

1) the set B;, = V(x) N {(wiy,7) | v € I\} is infinite for some ip €
{1,...,n}
2) the set B = V(x) N {(y,aj,) | ¥ € I\} is infinite for some jo €

{1,...,m}.

In the first case we put

Lip = {v € In | (aip,7) € V(2)}.

Then the set {(v,7) | v € Tip} N U(;Yll’.'.'.'gk is infinite for any basic neigh-
bourhood U'Yl’ ’7’“, V1ye oy Vky 01, ---,0; € Iy Thus

7Tk a1;..-,0n
BlO Uél,“.,zsl g UBL 7/B’m

a contradiction with V' (z) - V/(0) C U(0).

In the other case we put

I = {y e Ix| (v,05,) € V(2)}.

Then the set {(v,7) | v € T%} N U{"J* is infinite for every basic

UWl: 7’Yk

neighbourhood s V1« -V 01, ---,0; € Iy. Hence

Y1,-- 7’7k 70 QA ,...,0n
U B g U 17 7ﬁm

a contradiction with V(0) - V' (z) C U(0).
Therefore the topological semigroup (B, i) is H-closed. O

Theorem 6 and Corollary 3 imply

Corollary 8. Let X be an infinite cardinal. Then (By, Timy) and (Bx, Timn)
are absolutely H -closed topological semigroups.

Theorem 7. For every cardinal A\ > w any continuous homomorphism
from (Bx, Tmw) [(Bx, Tmn)] into a locally compact topological semigroup S
18 annihilating.

Proof. Let h: (Bx,Tmy) — S be a continuous homomorphism. If h is
not annihilating, then by Corollary 3, h is algebraic isomorphism, and
hence, since (B), Tpy) is a minimal topological semigroup, h: By — S is
a topological embedding.
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By Theorem 6, h(B)) is a closed subsemigroup of S and by Theo-
rem 3.3.8 [11], h(B)) is a locally compact topological semigroup. This is
a contradiction with the fact that 7,,, is not a locally compact semigroup
topology on Bi.

The proof of the theorem for the semigroup (By, 7y,p) is similar. [
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