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ABSTRACT. We define a wreath product of a Lie algebra L
with the one-dimensional Lie algebra L; over F, and determine
some properties of this wreath product. We prove that the Lie
algebra associated with the Sylow p-subgroup of finite symmetric
group Spm is isomorphic to the wreath product of m copies of L.
As a corollary we describe the Lie algebra associated with Sylow
p-subgroup of any symmetric group in terms of wreath product of
one-dimensional Lie algebras.

1. Introduction

Lie rings associated to a group are already the classical objects of modern
algebra. One can find their usefulness in a variety of applications, includ-
ing the restricted Burnside problem, the study of some group identities,
the theory of fixed point of automorphism, the coclass theory for p-groups
and pro-p groups, the investigation of just-infinite pro-p groups, and the
recent study of Hausdorff dimension and the spectrum of pro-p groups.
Lie ring methods provide a recipe for translating some group-theoretic
questions to Lie-theoretic ones.

A classical operation in group theory is the wreath product of groups.
The wreath product of Lie algebras was defined by A. L. Shmelkin [6]
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already in 1973. In spite of this the notion is almost non-investigated by
now.

We define another notion of a wreath product of a Lie algebra with
the one-dimensional Lie algebra over the finite field F,. Our idea of the
construction comes from the study of some class of Lie algebras associated
with p-groups, namely the Sylow p-subgroups of finite symmetric groups.
The Sylow p-subgroup P, of the symmetric group Spm is isomorphic to
a wreath product of cyclic groups of order p [7]. The structure of the
Lie algebra associated with P, was investigated in [9]. Our definition
of wreath product allows us to prove the main result of the article: Lie
algebra associated with the Sylow p-subgroup of finite symmetric group
Spm is isomorphic to the wreath product of one-dimensional Lie algebra,
ie.

L(Cp1...0Cy) = L(Cp) ... L L(Cy).

Using this theorem we describe the Lie algebra associated with the Sylow
p-subgroup of any finite symmetric group .S, in terms of wreath product
of one-dimensional Lie algebra. Also we investigate some basic properties
of our definition of wreath product.

2. The wreath product of Lie algebras and its properties

Recall the definition of the semidirect product of Lie algebras (see [1]).
Let M and N be Lie algebras over K and a — ¢, be a homomorphism

from M to the Lie algebra of differentiations of the algebra IN. Define a

Lie bracket on the direct sum L of K-modules M and N by the equality:

([a, 0], [@',V]) = [(a,d’), (b,8) + @a (b)) — pur (D)),
where a,a’ € M and b,b' € N.

Definition 1. Lie algebra L is called the semidirect product of algebra M
and algebra N which corresponds to the homomorphism ¢ : M — D(N),
and we denote it as L = M A, N.

Let L be a Lie Algebra over the field IF,, and L1 be the one-dimensional
Lie algebra over I,

Let L[z]/(zP) be the Lie algebra of polynomials over L of degree at
most p — 1. The Lie bracket of the monomials in this algebra is defined
in the following way:

(L, 1" ™ if n+m < p;

n j/,.m\ __
G )_{0, ifn4+m > p. (1)

By linearity the Lie bracket is determined for all polynomials.
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The following proposition determines the one-to-one correspondence
between the set L[z]|/(zP) and the set of all maps from L; to L.

Proposition 1. Every map f : L1 — L corresponds to the unique poly-
nomial ¢(z) over L of degree at most p — 1 such that f(a) = g(e(a)),
where € : L1 — F, is the some isomorphism of vector spaces.

Proof. Let f(ap), ..., f(cp—1) be the images of the elements of Lie algebra
L1 under the map f : L1 — L. Consider the linear system of equalities
with respect to lp,...,l,—1 € L:

lpae(ao)’ ' 4.+ he(ag) 1o = f(an)
lp,ls(ozl)p_l + ...+ l1€(041) +1ly = f(Oél)

lp-1e(ap-1)P "+ le(ap1) +lo = flap-a),

where {e(a;)} are all elements of the field F,,.
Or we may write down it as:

glag)P™t .. e(ag) 1
6(04(1))”_1 . 5(a(1)) 1 ll’.—l ) f(?éo)
e(ap1)P! e(ap-1) 1 lo flop-1)

Determinant of the matrix det(A) is the Vandermond determinant
and thus is nonzero. Hence, there is only one set of elements I,_1,...,lo
for arbitrary f(o),... f(ap—1). That is

(lpfl, ey lo)T = A_l(f(ao), e f(ozp,l))T.

Thus, to every map f : Ly — L corresponds the unique polynomial
q(z) = lp—12P~ 4+ ... + liz + lp over L and by construction f(a) =
q(e(a)). 0

Therefore exists the bijection between the set of all maps f: L — L
and the set of all polynomials over L of degree at most p — 1. The
structure of Lie algebra L[x|/(zP) defines the structure of Lie algebra
on the set of all maps f : L1 — L. We will denote this Lie algebra as
Fun(Ly, L) ~ Llz]/{xP).

The identification € between L; and [F,, gives us the structure of L1-
module on the algebra Fun(Li, L). Thus, we also consider the Lie algebra
Fun(Ly,L) as Li—module.
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Further we will not distinguish the notations of the elements of one-
dimension Lie algebra L; and the field F,,. From the context it is clear
from which structures the elements are considered.

Let f € Fun(Ly, L). Denote by f’ € Fun(Ly, L) the derivative of the
polynomial f.

Proposition 2. For every a € L; the map Dy, : Fun(Lq,L) — Fun(Ly, L)
which is defined by the rule D, (f) = af’ is the differentiation.

Proof. The linearity of the map D,, follows from the linearity of derivative
of the polynomials. So the fact that D, is differentiation is enough to
verify for monomials.

n ot om [ an+m)( 1) i +m < p;
Da(la”, Uz )_{0, if n4+m > p.

(D (lz™), I'z™) + (Iz™, D('z™)) = an(lz" 1, 'z™) +

noome1y [ an+m)(, 1)z i +m -1 < p;
+ ma(lz", 'z )_{ 0 ifntm—1>p.

Notice that if the degree n +m = p, then by definition (1) of the Lie
bracket in Lie algebra Fun(Lj, L) holds n +m = 0. Thus the upper
equality coincides with the lower one and D,, is a differentiation. ]

Therefore we can define a map ¢ from Lie algebra L; to the alge-
bra of differentiations D(Fun(Ly, L)) given by the rule a — D, where
D, (f) = af’. The map ¢ is a homomorphism. Really, ¢((a, 8)) = 0 and
DoDg(f) — DgDo(f) = apf” — Baf”" = 0.

Definition 2. The semidirect product of Lie algebra Lq with Lie alge-
bra Fun(Lj, L), which corresponds to the homomorphism ¢, we call the
wreath product of Lie algebra L with L1 and denote by L L.

Thus, L Ly := L1 A, Fun(L1,L) = {[a, f]| a € L1, f € Fun(L1,L)}
with Lie bracket

Remark 1. Definition 2 allows us to consider the wreath product
Ly Ly ...0 Ly for an arbitrary Lie algebra L.

The subset of elements [a, €] of L L; forms the subalgebra P, which
is isomorphic to Lj. The subset H of elements [0, f] is a subalgebra of
L Ly which is isomorphic to Fun(L, L).
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Proposition 3. Let L be a solvable Lie algebra of the derived length n.
Then L Ly is solvable of the derived length n + 1.

Proof. By the definition of the Lie bracket in Lie algebra Fun(Lq, L)
the coefficients of a polynomial (f,g), f,g € Fun(Li, L), belong to the
algebra L) = (L, L). Thus the inclusion (Fun(Ly, L), Fun(Ly, L)) C
Fun(Ly, LM) holds.

The following inclusion (L L)Y c [0, Fun(Ly, L)] is also correct.
Thus we have

([0, Fun(Ly, L)], [0, Fun(L1,L)]) = [0, (Fun(Li,L), Fun(Ly,L))] C
C [0, Fun(Ly, L))

Thus, (L L) C [0, Fun(Ly, LMY)]. If we continue this process we
obtain that
(L1 L)Y C [0, Fun(Ly, L™)].

Thus, if L is solvable of derived length n then L Lq is solvable of derived
length at most n + 1.

Notice that [0, L] is contained in (LL;)()), where we consider elements
of L as constant polynomials. Thus

0.0 D] € (LY Ly)™.

From this follows that L L is solvable of derived length at least n + 1.
Thus L Ly is solvable of derived length n. O

Proposition 4. Let L be a nilpotent Lie algebra of nilpotent class n.
Then L Ly is nilpotent of nilpotent class np.

Proof. Consider the lower central series of the Lie algebra L L. Let
Yo = LYL1, vk = (Yk—1,L 0 L) be the k-th term of the lower central
series.

Denote Fj, = {f| [0, f] € vx} C Fun(Ly, L). Then 4 = [0, F¢]. From
formula (2) follows that every polynomial f € Fj has monomials of degree
< p—1—k with coefficients from L and f has also monomials of degree
< p — 1 with coefficients from ~;(L).

Hence, F, C Fun(Lqi,v1(L)). Notice, that polynomials of F}, have
monomials of degree < p — 1 with coefficients from ~;(L), v2(L), ...,
Yp(L).

In a similar we obtain Fy,, C Fun(Li,v2(L)) and so on. Thus,

Tpn = [Ova%] C [OvFun(Lh'Yn(L))] = [an]'
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Thus, if L is nilpotent of nilpotent class n then L Lq is nilpotent of
nilpotent class at most np.

Notice that [0,L] C v (L1L1), 1 <k < p—1. In a similar way we
obtain [0,v1(L)] C yw(L1Ly), p <1 <2p—1.

Thus, [0, v—1)(L)] € vs(L1L1), (n—=1)p < s < np—1. Consequently,
Lie algebra L { Ly is nilpotent of nilpotent class at least np.

Thus L L, is nilpotent of nilpotent class np. ]

3. Lie algebras associated with the Sylow p-subgroups of
symmetric groups

We will consider the notion of "tableau" introduced by L. Kaloujnine in
[4]. On the set of all tableaux of the length m over F, we introduce the
structure of Lie algebra in the following way. Define the addition, Lie
bracket (, ) and the multiplication on the elements of F,, for tableaux

u = [u, ua(z1), uz(1, 22), .. ], v = [v1,v2(21), v3(21, ¥2), - . ]
by the following equalities (1 < k < m):

(1) {u+vhe=up + vk

y _ k=l ouy, OQug \
(ZZ) {(’LL, U)}k = Z;(awz cUp — Uy 87213@)’

(1ii) {o-ulp = up,a cFp
where u; = a1 € Fp,

up = ag(r1, 22, ..., 0p—1) = ap(Tp—1) € Fplz1.. ., 28 1]/Ip1,

where Ij,_1 is an ideal, generated by polynomials =, 25, ... 2 ;.

According to [9] the set of all tableaux over F,, with operations (i) —
(7i7) forms the Lie algebra denoted by Ly,.

Denote by L(P,,) the Lie algebra associated with the lower central
series of the Sylow p-subgroup P, of the symmetric group Spm. The
structure of Lie algebra L(P,,) was investigated in [9]. In particular, the
following theorem was proved:

Theorem 5. Lie algebra L(P,,) is isomorphic to the algebra L,,.
The following theorem holds:

Theorem 6. L,, ~Li1L10...0 L.
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Proof. Note that since P, ~ C,{CuL. . 1C), and Lie algebra Lm o~ L( m
then we can replace the assertion of the theorem by L(C)1C, Cp)
LitLy... L.

We will prove the theorem by induction on the number of the com-
ponents of the wreath product. Define

),

Pn:CpZ...ZCp and £,, = L1 0 ... 0 Iq.
—— —
n n
If n = 1 then L(Cp) ~ L; and the assertion is correct. Assume

that the assertion is true for n, that is L(P,) ~ £,,. We will show that
LoV Ly~ L(P CY).
Every function f : Ly — L, can be uniquely represented by the
tableau
[a1(z1), a2(z1, 22), ... an(T1, ..., 20)], (3)

where ag(z1,...,25) € Fplar,...,25]/Ix. Really, f(z1) = lp,lleo*l +

..+ 1o, where l; € L,, and according to the assumption of induction and
theorem 5 [; = [bf, b} (22),...,b,_1(x2,...,2,)]. Then f(z) is uniquely
represented in the form [a1(z1), a2(z1, 22), ..., an(z1,. .., 2,)], where

-1 -1
ai+1($1,---,$z’+1) :bf ($27---7$i+1)$€ +---+b?($27---790i+1)7
1=0,...,n—1.

Then f’ is represented in the form

f= (p=Dlpaa ?+ . 41 =

= (=D ()] P+
..—|—[bé,...,b;_l(xg,...,xn)]:

(e L e R Y S (I 1 P i SO Ly
B B B

_ < L) 4
gz 1(@1) g -aa(r1,22), o 5 an(@r - ) (4)
Moreover, for every functions f = [a1(z1),a2(z1,22),- .., an(Tn)],

g = [bi(z1),b2(z1,22),...,bn(Tp)] the function (f,g) is of the form

0, co(x1,22),...,cn(z1,...,2n)], where

-1

0
Culits o ok) = Y (st~ bi—a). (5)

— $z+1 O0xiy1

.

Indeed, from the linearity of representation (3) follows that it is enough
to verify (5) only for monomials. Let f = (27" and g = hz¥, where | =
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[ll,lz(fbg),...,ln(ﬂfg,...,.rn)], h = [hl,hz(mg),...,hn(ﬁﬂg,...,l‘n)] e L,.
Then

lox", li(x2)x, . . ln(xey . o 22T,
g = [hgx’f, hl(xg)xlf, vy hp(za, ... ,:Cn)a:’f]

Then the coefficients from (5) look like:

k. ) )
ci(zi,...,x;) = Lz hx — hat Liz") =
]( .7) ZZ;( 18 i1 1 18 Tit1 1)

_ | S Uik — gl ifmk <p;
0, ifm+k>p.

Let us write down how (f, g) is represented by the tableau (3):

(f.9) = (L), it m 4k <p;
&4 0, if m 4+ k> p.
_ [ [0,da(x2), .- dn(ma, .. @), i m+ k< p;
B 0, itm+k>p.
_ [0, da(x2) L dp (@, . .., 2,)2 ™), i m 4 k< p;
0, ifm—+k>p,
Jj—1 9
where dj(xo,...,2;) = i —1).
? ; 53614—1 3$z+1 i)

Thus the function (f, g) is of the form [0, ca(x1,22), ..., cn(z1,. .., 2p)].

Let us construct the map ¢ : £, 0 L1 — L(P, ! C,) by the rule
¥([ao, f]) = lao,a1(x1), ... ,an(x1,...,2,)]. According to proposition 1
and theorem 5 the map % is a bijection. Let us show that v is linear.
Really:

¥(alao, f]+ Blbo, g]) = ¢([aao + Bbo, af + Bg]) =
= [Oéao + ﬁb07 aa1($1) + Bbl(xl)v ) aan(jn) + ﬁbn(fn)] =
= afag, ..., an(Tn)] + Blbo, - . ., bu(Tn)] = at([ao, f]) + B ([bo, g])-

It remains to prove that ¢ (([ao, f], [bo, 9])) = (¥ ([ao, f]), ¥ ([bo, g]))-
From (4) and (5) follows:

¥(([ao, f1, [bo, ) = ¢([0,a0g" = bof’ + (f,9)]) =
[0, d1<$1), ey dn(afl, v ,mn)], where
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k-1
0 0 0 0
de = ap="—by —bp—— = b —b _
k . Ok~ by —ak+ ) (a T T k)
k-1
0 0
- LA
z:O(a Oxips 0T 41 ar)

Thus,

¢(([a0af]a[b0ag])) = ([aOaal(xl)a"'van(jn)]a[boﬁbl(xl)w",bn(jn)]):
= (¥([ao, f1), ¥ ([bo, 9]))-

O]

Let S;, be the group of all permutations of the set of n elements, where
— 2 k
n=a+ap+ap”+...+agp".

We describe the Lie algebra L(Syl,(Sy)) associated with the Sylow p-
subgroup of any symmetric group S, in terms of wreath product of one-
dimensional Lie algebras. It is well known (see [7]), that the Sylow p-
subgroup of the symmetric group .S, is isomorphic to

Syl ( @ Syl ( % Syly(Sy) (6)

ap

Proposition 7. Let G = H x K and 7,(H),7;(K) be the i-th terms of
the lower central series of the groups H and K correspondingly. Then

Yi(G) = vi(H) x 7i(K).

Proof. We will prove this assertion by induction. If n = 0 we have
Y0(H) = H, 7(K) = K and 1(G) = G = H x K = y(H) x 7(K).
Assume that the assertion is true for ¢, that is v;(G) = v(H) x vi(K).
Then

Vir1(G) = [ilG), Gl = [ni(H) x7i(K), H x K] =
= [i(H), H] X [3i(K), K] = 541 (H) X i1 (K).

Hence, we obtain 7;(G) = v;(H) X v;(K) by induction on i, as required.
O

Corollary 8. L(G) = L(H) & L(K).
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Proof. Recall, that Lie algebra associated with the lower central series of

the group G (see [10])) is L(G) = EE%(G)/%H(G% where ~;(G) is i-th

term of the lower central series of g;oup G. Thus, we have

L(G) = L(HXxK)=©>0%(G)/7in1(G) =

= @izo(vi(H) x %i(K))/(vit1(H) x vit1(K)) =
= @i>0%i(H)/vit1(H) ®i>0 vi(K)/vi+1(K) = L(H) © L(K)

O]

Theorem 9. Lie algebra associated with the Sylow p-subgroup of the
group S, is isomorphic to

L(Sylp(Sn)) ~ EBf:o L(Sylp(Spr)) & ... & L(Syly(Spr))

ar

Proof. The assertion of the theorem directly follows from (6) and corol-
lary (8). O

Remark 2. According to the theorem 5 we can write down the assertion
of the theorem in the form

(1
2]

3l

4]
(5]
[6]
7]
(8]

L(Syly(Sn)) ~ &F_y(afr, ¥_, L)
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