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ABSTRACT. The infinite groups, in which there is no any infi-
nite descending chain of non-invariant decomposable abelian sub-
groups (md-groups) are studied. Infinite groups with the minimal
condition for non-invariant abelian subgroups, infinite groups with
the condition of normality for all decomposable abelian subgroups
and others belong to the class of md-groups. The complete de-
scription of infinite locally finite and locally soluble non-periodic
md-groups is given, the connection of the class of md-groups with
other classes of groups are investigated.

The subgroup H of the group G will be called decomposable if it
decomposes in the direct product of two non-trivial factors.

Infinite groups, in which there is no any infinite descending chain of
non-invariant decomposable abelian subgroups, are studied in this article.
Such groups will be called md-groups. Thus, if the md-group G contains
infinite descending chain of decomposable abelian subgroups 4; D As D
... D A, D ..., then the subgroup Ay is certainly invariant in the group
G for some natural number k.

The class of md-groups is wide enough. For example, infinite groups
with such restrictions as the minimal condition for non-invariant abelian
subgroups (Chernikov’s I-groups [1]); the condition of normality for all
infinite abelian subgroups (Chernikov’s I H-groups [1]); the condition of
normality for all decomposable abelian subgroups (in the case of non-
abelian group such groups are called di-groups).

Key words and phrases: group, subgroup, order of the group, involution, locally
finite group, non-periodic group, decomposable abelian subgroup, minimal condition,
condition of normality.



58 ON GROUPS WITH THE MINIMAL CONDITION

All infinite groups, in which every subgroup does not decompose in
the direct product of two non-trivial factors, concern to the md-groups.
Such md-groups are described in [2] with condition of locally fineness in
the periodic case and with the condition of locally solubility in the non-
periodic case. From the theorems 1.1 and 2.1 of the article [2| will have
following propositions, which concern md-groups without decomposable
subgroups.

Theorem 1. In an infinite locally finite group G all abelian subgroups
are indecomposable if and only if it is the group of the one of the following
types:

1) G is quasicyclic p-group for some prime p;

2) G = A(b), where A is quasicyclic 2-group, |b| = 4, b> € A and
b=tab = a~! for every element a € A;

3) G = AX(b) is the Frobenius’ group, where A is quasicyclic p-group,
B is cyclic g-group, p and q are prime, (p —1,q9) = q.

Theorem 2. In a locally soluble non-periodic group G all abelian sub-
groups are indecomposable if and only if it is the group of one of the
following types:

1) G is abelian torsion free group of rang 1;

2) G = AMB is the Frobenius’ group, where A is abelian torsion free
group rang 1, |b| =2 or |b] = oo.

Since the periodic indecomposable abelian group is cyclic or quasi-
cyclic p-groups for some prime p, then the minimal condition for non-
invariant decomposable abelian subgroups is equal to the minimal con-
dition for non-invariant abelian subgroups in the periodic case. Groups
with such restrictions were studied by Chernikov (see [1], theorem 4.11).
That is why only non-periodic md-groups are studied further.
Theorem 3. A non-periodic group G, which does not satisfy the min-
imal condition for decomposable abelian subgroups, satisfies the minimal
condition for non-invariant decomposable abelian subgroups if and only if
it is the group of one of the following types:

1) G is non-periodic abelian groups with decomposable subgroups;

2) G = Qx B, where Q is the quaternion group of order 8, B is abelian
torsion free group of rank 1;
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3) G = (z) A, where |x| = p", p is prime (p =2, n > 1), A is non-
divisible abelian torsion free group of rank 1 and commutant G’ is
of prime order;

4) G = ({2*) x A) (z), where |z| =8, A is abelian torsion free group
of rank 1 and quotient group G/ <x4> 1s T H-group;

5) G = ((2) x A) A (z), where |z| = 4, |x| = 2, A is abelian torsion
free group of rank 1 and quotient group G/ <z2> is TH-group;

6) G = A(b), where A is non-periodic abelian group, b* = 1 and
b=tab = a~! for an arbitrary element a € A, the centre Z(G) is of
order 2™, n > 0 and when |b| = 2 the group A contains decomposable
subgroups;

7) G = AX(b), where A is non-periodic abelian group, which does not
contain free abelian subgroups of rank 2, or non-abelian di-group
with infinite centre, |b| = 2, the torsion part T(A) is 2-group with
one involution (a) and G/ (a) is I H-group;

8) G = CX(x), where C = Cq(a), |a| = o0, (a) <G, |Z(G)| =p and
G/Z(Q) - IH-group;

9) G = ((b) NA) A (z), where |b| =p # 2, A = (a) A is abelian torsion
free group of rank 1, a®> € Ay, [A1,b] = [2,0] = 1, a tba = b7 1,
x lyz =y~ for an arbitrary element y € A.

Proof. 1t is evident that the groups of every type which is enumerated

in the condition of the theorem satisfy the minimal condition for non-
invariant decomposable abelian subgroups. That is why we will prove
only the necessity of the conditions of the theorem. The proof of necessity
is completed by lemmas, which are proved further.
Lemma 1. If a non-periodical abelian subgroup A of the md-group G con-
tains free abelian subgroups of rank 2 or decomposable periodic subgroup,
then all subgroup of A are invariant in the group G. If A = (a) x (b),
where |a] = 0o, 1 < |b| < oo, then (a,b) <G, all periodic subgroups of A
are invariant in the group G.

Proof. Suppose that A D (a) x (b), where |a| = co. Hence according
to the definition of the md-group the invariant subgroup <apm, b> exists in

the group G among the subgroup of the chain (a, b) D (a?, b) D <ap2, b> D
D <apn, b> D ..., where p is prime. Also the invariant subgroup <aqk, b>
(¢ # p) exists in the group G. Since (pm,qk) = 1, then there are two
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integer numbers v and v, such as p™u+¢*v = 1. Then <apm, aqk> = (a),
(a®",b) - <aqk,b> = (a,b) < G.

If 1 < |b] < o0, (b) <G comes from the condition (a,b) <G. Thus, all
periodic subgroups of the mixed abelian subgroup A of the md-group G
and it itself are invariant in G. Let A D (c¢) x (d), where (c) and (d) are
finite non-trivial subgroups. Then (y,c) <G, (y,d) < G for an arbitrary
element y € A and that is why (y,¢) N (y,d) = (y) <G.

Let A D (a,b), where |a| = |b|] = co. Then there is infinite cyclic
subgroup (a1) C (a,b) for an arbitrary element y € A such as (a1)N(y) =
1. Then according to proved earlier we have (a',y) <G for every natural
number n. Hence N72, (af,y) = (y) <G. Thus, all subgroups of A are
invariant in the group G, if the subgroup A contains the direct product
of two finite or two infinite cyclic subgroups. This completes the proof of
the lemma.

Lemma 2. All infinite cyclic subgroups are invariant in the non-periodic
non-abelian group G if and only if G = C (b), where C is non-periodic
abelian subgroup, b* =1 and b='ab = a™' for an arbitrary element a € C.

Proof. This lemma was given without proof in the article [3|. Let us
pay attention at the necessary conditions of the lemma, because theirs
sufficiency is evident. Let G be non-periodic non-abelian group, in which
all infinite cyclic subgroups are invariant. Let us show, that the cen-
tralizer C' of an arbitrary elemen x of infinite order of the group G is
abelian subgroup. If y € C, z € C, |y| = |z| = oo, then (y) <« G, (z) <G
and that is why [y,2] = 1. If ¢ € C and |¢| < oo, then |zc¢| = oo
and [y,zc] = [y,c] = 1. If ¢g € C, co € C and |c1] < o0, |e2] < o0,
then |c1x| = |caz| = 0o and [c12, caz] = [c1, c2] = 1. Consequently, the
subgroup C' is abelian.

It is evident, that the subgroup C' contains all elements of infinite
order and all elements of finite odd order of the group G. That is why
G = C(b), ¥ =1, n > 1 and the element b is not commutative with
every element of infinite order of the group G. Thus, if y € C, |y| =
oo, then b~lyb = y=1. If ¢ € C and |¢|] < oo, then |cy| = oo and
b~ ey)b = (cy)™! = ¢ty b7leb = ¢71. At last, from the equalities
b= (yb?)b = (yb?)~ = y~'b% we get b* = 1. This completes the proof of
the lemma.

The corollary of this lemma is the Chernikov’s theorem (see [1], the-
orem 4.6) on the structure of non-periodic I H-groups - non-abelian non-
periodic groups, in which all infinite abelian subgroups are invariant.
Corollary. Non-periodic non-abelian group G is I H-group if and only if
it has the finite centre of the expornent, which is not more than 2, and
all its infinite cyclic subgroups are invariant.
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Lemma 3. A non-periodic md-group G is abelian if its centre contains
the free abelian subgroup of rank 2 or the decomposable abelian subgroup
of order pq # 4,where p and q are prime.

Proof. Let the centre Z(G) of md-group G contains the free abelian
subgroup (a) x (b). Then all subgroups from (a, b, g) are invariant in G
for an arbitrary element g € G by lemma 1. That is why (g) <G and the
group G is abelian.

Let Z(G) D (¢) x (d), where the elements ¢ and d are of finite order
and if only one of them is of odd order. Then by lemma 1 we have
(y,¢) <« G, (y,d) <G for an arbitrary element y € G of infinite order and
hence (y) < G. Thus, all infinite cyclic subgroups are invariant in the
group G. Since expZ(G) > 2, then the group G is abelian by the lemma
2. This completes the proof of the lemma.

Lemma 4. If a md-group G contains the periodic abelian subgroup A,
which does not satisfy the minimal condition, then all subgroups of A are
invariant in the group G.

Proof. According to the condition of the lemma, the subgroup A
contains the direct product 41 = (a1) x (ag) X ... X {(an) X ... of the in-
finite quantity of subgroups (a;), i = 1,2,...,n,... of finite order. Let
(z) be an arbitrary cyclic subgroup of A. Then there are such infinite
subgroups B C Ay, C C Ay, that (z) N B=(z)NC =BNC =1. Let
B = (b1) x (ba) X ...x(by) X..., C' = (1) X {€c2) X ... X (¢} X.... Then accord-
ing to the definition of the md-groups every chain (z,bq,ba, ..., by, ...) D
(X, b2y ey by o) D vy (T,€01,€2, ey Cppy o) D Xy €2y ey Cpy o) D ... cONtains
the invariant subgroup. Let it be respectively subgroups (z, b, ..., by, ...)
and (z, ¢, ..., Cp, ...). Their intersection is equal to (z) and that is why
(x) 9G. Hence all subgroups of A are invariant in G. This completes the
proof of the lemma.

Lemma 5. A non-abelian md-group G is the group of one of the types
2)-3) of the theorem 3, if it contains decomposable subgroups and has
non-periodic centre.

Proof. Let z € Z(G), |2] = co and B be an arbitrary decomposable
abelian subgroup of the group G. If the subgroup B is non-periodic, then
B<G by the lemma 1. If the subgroup B is periodic, then ({z) x B)<G by
the lemma 1 and hence B<G. Thus, all decomposable abelian subgroups
are invariant in the group G. From the description of such groups in [2]
we have that the group G is the group of the one of the following types
2)-3) of the theorem 3. This completes the proof of the lemma.
Lemma 6. A non-periodic md-group G, which does not satisfy the mini-
mal condition for decomposable abelian subgroups, contains the invariant
infinite cyclic subgroup. The centralizer of every infinite cyclic invariant
subgroup contains all elements of infinite order.
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Proof. Let a non-periodic md-group G does not satisfy the minimal
condition for decomposable abelian subgroups. Then G has finite chain
A1 D Ay D ... D A, D ... of abelian decomposable subgroups. There is
the subgroup A; < G according to the definition of the md-group. Since
A; does not satisfy the minimal condition, then the group G contains the
invariant infinite cyclic subgroup by lemmas 1 and 4.

Let (a) <« G, |a|] = 00, x € G, |z| = co. Let us show that x € Cg(a).
Suppose, that [a,x] # 1. Then 2~ taz = a™!, (x) N (a) = 1, 2% € Cg(a).
By the lemma 1 all subgroups from <a,m2> are invariant in the group
G. Then [z,az?] = [z,a] # 1 and that is why 27! (az?)z = (az?)™! =
a 2% Hence a ‘272 = a~'2?, 2* = 1. We obtain a contradiction. Thus
[a, 2] = 1. This completes the proof of the lemma.

Further let us investigate a non-periodic md-groups with the periodic

centre.
Lemma 7. If a non-periodic md-group G has the periodic centre Z(G) of
even order, then G = C (x), where C is the centralizer of every invariant
infinite cyclic subgroup of G, 28 = 1. expZ(G) = 2™ < 4 and |Z(G)| <
o0o. If expZ(G) = 4, then Z(G) is the cyclic group.

Proof. By the lemma 6 the group G has invariant infinite cyclic sub-
group (a). Then G = C (x), where C = Cg(a), z ¢ C, 2? € C, |z| < co.
lz] = 2", n > 1 and 27 'ax = a~!. Let |x| > 2. By the lemma 1

the subgroup (az?) x <x2n_1

(a*2*) < G. Hence 7' (a?zh)z = (a®z) ! =a 207 = a 22, o7 = 2%,
28 =1.

Let us find out, elements of what order can be in the centre Z(G).
Let z € Z(G), |z] < oo. According to the condition of the lemma Z(G)
contains the involution 7. Then ((az) x (i)) 4G, (a?2?) <G, z~'a*2*x =
(a?22)7 L =a7222 24 =1

We have, that |Z(G)| < oo, because else Z(G) (x) is infinite abelian
2-group, which does not satisfy the minimal condition. Then we have
(x) <G by the lemma 4. Hence we obtain the contradiction according to
the condition of the lemma.

Let expZ(G) = 4. Let us show, that in this case Z(G) = (z). Sup-
pose, that Z(G) D (z) x (c), where |z| = 4, |¢| = 2. Then ({(az) x (2?))<G,
((az) x (¢)) < G. Hence (az,2?) N (az,c) = (az) <G. Then z~*(az)z =
(az)™' = a 'z = a7'2. And 22 = 1, we obtain the contradiction ac-
cording to the condition of the lemma. This completes the proof of the
lemma.

.. . . -1
> is invariant in GG. Then <a$2,x2n > =

Lemma 8. If a non-periodic md-group G has the cyclic centre of order
4, then G is the group of the one of the types 4)-5)of the theorem 3.
Proof. By the lemma 7 we have G = C (z), where C = Cg(a),
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la] = oo, {a) <G, 2® = 1. Let |z| = 8. Then 22 € C. Let us show,
that Z(G) = (x?). Since expZ(G) = 4, then the group G contains the
non-trivial infinite cyclic subgroup by the lemma 2. The fact, that the
subgroup C does not contains the free abelian subgroup of rank 2 and
the decomposable periodic subgroup, follows from the lemmal. That is
why the torsion part T'(C) is locally cyclic 2-group or the quaternion
group and all subgroups of T'(C') are invariant in G. Since <y,a:4> aG
for an arbitrary element y € G of infinite order, then all infinite cyclic
subgroups are invariant in quotient group G/ <a:4> and its centre is finite.
Hence G/ <z4> is I H-group.

Let us specify the structure of the subgroup C. Let y1, y2 are arbitrary
elements of infinite order of the group G. Then <y1,y2,x4> is abelian
group, because <y1,y2,x4> / <x4> is cyclic group. Hence C' is abelian
group and C = <1’2> x A, where A is abelian torsion free group of rank
1. The group G is the group of the type 4) of the theorem 3.

Let Z(G) = (2), |z| = 4 and |z| < 4. If |z| = 4, then (z) N (2) #
1, else all infinite cyclic subgroups are invariant in G. We obtain the
contradiction according to the condition of the lemma. Then (zz)? = 1
and let us take the element zz instead the element x. Hence, |z| = 2.
Also C = (z) x A, where A is abelian torsion free group of rank 1. The
group G is the group of the type 5) of the theorem 3. This completes the
proof of the lemma.

Further let us study non-periodic md-groups, which have expZ(G) =
2 and 4 < |Z(G)] < o0.

Lemma 9. If the centre of non-periodic md-group G is finite elementary
2-subgroup of the order, which is not less then 4, then G is I H-group and
belongs to the groups of the type 6) of the theorem 3.

Proof. Let Z(G) D (z1) X (z2), |z1] = |22| =2, y € G and |y| = 0.

Then (y, 1) <G, (y, z2)<G by lemma 1. Hence (y)<G. Since |Z(G)| < oo,
then G is I H-group and according to the corollary of the lemma 2 G is
the group of the type 6) of the theorem 3. This completes the proof of
the lemma.
Lemma 10. If a non-periodic md-group G = C (x), where C = Cg(a),
la| = 0o and (a) < G, |x| < 4, |Z(G)| = 2, then either G is I H-group or
G/Z(Q) is IH-group. G is the group of either the type 6) or the type 7)
of the theorem 3.

Proof. If the subgroup C contains the free abelian subgroup of rank 2
or the decomposable periodic subgroup, then all infinite cyclic subgroups
of the group G are invariant. Since |Z(G)| = 2, then G is I H-group
according to the corollary of the lemma 2 and G belongs to the groups
of the type 6) of the theorem 3.

Let the torsion part T'(C') does not contain any decomposable sub-



64 ON GROUPS WITH THE MINIMAL CONDITION

groups and C does not contains free abelian subgroups of rank 2. Then
T(C) is 2-group with one involution and that is why it is either the lo-
cally cyclic 2-group or the quaternion group. It is either (y) < G for an
arbitrary element y € G of infinite order or there is such element y € G,
that |y| = oo, (y) is not invariant in G, but (y, i) <G, where (i) = Z(G).

In the first case we also have, that G is the group of the type 6) of
the theorem 3.

In the other case the quotient group G' = G/ (i) is [H-group. All
decomposable subgroups of the group G are non-periodic, are contained
in C, are invariant in G, if T(C') (z) has one involution.

Suppose, that T'(C) (x) contains the elementary abelian subgroup A
of order 4. Then, when |z| = 4 G D (z) x (i), where i2 = 1, we have
(i) = Z(G). Since [2?,a] = 1, then (2?) <« G, 2% € Z(G), and we obtain
a contradiction. Hence |z| = 2 and G is the group of the type 7) of the
theorem 3. This completes the proof of the lemma.

Lemma 11. If a non-trivial centre Z(G) of the non-periodic md-group
G is periodic subgroup with the elements of odd order, then |Z(G)| = p,
p is prime odd number.

Proof. The centre Z(G) is the locally cyclic p-group for some odd

prime p according to the lemma 3. Suppose, that Z(G) D (b), |b| = p>.
Then we have (ab,b?) « G, (aP,bP) <« G, z~LaPbPxr = (aPbP)~! = a~PbP,
b~P = WP, b?P = 1 for subgroup (a), where |a| = co and (a)<G, = ¢ C(a).
We obtain a contradiction. Thus, |Z(G)| = p. This completes the proof
of the lemma.
Lemma 12. If the centre Z(QG) of the non-periodic md-group G is of the
order p # 2, then G = CX(x), |z| = 2, C = Cg(a), |a| = o, (a) <G,
G/Z(G) is IH-group and the group G belongs to the groups of the type
8) of the theorem 3.

Proof. (y,Z(G)) < G for an arbitrary element y € G of infinite order.
Then all infinite cyclic subgroups are invariant in G = G/Z(G). Since
G = CX(z) and C has not involution, then Z(G) = 1, G is IH-group.
The group G is the group of the type 8) of the theorem 3. This completes
the proof of the lemma.

Let us investigate the structure of the non-periodic md-groups, which
does not satisfy the minimal condition for decomposable abelian sub-
groups and has trivial centre. In this case we have G = C\ (x), where
C = Cg(a), |a| = 00, (a)<G, |x| = 2 and the subgroup C'is either abelian
or di-group.

Lemma 13. If a non-periodic md-group G with the trivial centre does
not satisfy the minimal condition for the decomposable abelian subgroups
and G = CX(x), where C = Cg(a) is abelian group, |a| = oo, (a) <G,
|z| = 2, then G is IH-group and belongs to the groups of the type 6) of
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the theorem 3.

Proof. 1f the subgroup C' contains the decomposable abelian either
torsion free subgroup or periodic subgroup, then all subgroups of C' are
invariant in G by the lemma 1. Since Z(G) = 1, then G is I H-group and
belongs to the groups of the type 6) of the theorem 3.

Suppose, that C' does not contain decomposable torsion free sub-
groups and periodic decomposable subgroups. Then C' = A x B, where A
is the abelian torsion free group of rank 1, B is the locally cyclic p-group,
p # 2. Let b € B, |b] = p. According to the proved in the lemma 1 we
have B<G and (b, y) <G for an arbitrary element y € G of infinite order.
Let (y) is not invariant in G. Then z~tyz = yFo™, z~YyPr = yP* = y P,
Hence k = —1. Since [x,b] # 1, then 2 1bx = b", n # 1. b = 2 2bz? =
(z7'bz)™ = b"*. That is why n? = 1(modp) and n = —1, 2~ bz = b~ 1.
Then y = 2 2y2? = o Yy o)z = (27 yz) Yo tba)™ = y~Fo™,
b~ = yb— 2™,

Hence b=2™ =1, b™ = 1 and 2~ 'yz = y~!. Thus, (y) <G. Hence

all infinite cyclic subgroups are invariant in G and Z(G) = 1. Then G
is I H-group and belongs to the groups of the type 6) of the theorem 3
according to the corollary of the lemma 2. This completes the proof of
the lemma.
Lemma 14. If a non-periodic md-group G with the trivial centre does
not satisfy the minimal condition for decomposable abelian subgroups and
G = CX(z), where C = Cg(a) is abelian di-group, |a| = oo, (a) <G,
|z| = 2, then G is the group of the type 9) of the theorem 3.

Proof. Since the centre Z(G) is non-periodic and all finite subgroups
of C' are invariant in G and Z(G) = 1, then C = (b) AA by the theorem
2.2. from [1]|, where |b| = p", p # 2, n > 1, A is non-divisible abelian
torsion free subgroup of rank 1 and the commutant C’ is of prime order
p. If the subgroup C' contains all elements of infinite order of the group
G, all p-elements (p # 2) and the group G does not contain elements of
order 4, then (zb)? = 1. Hence z~'bx = b1

Let us show, that [b| = p. Let |b| = p? > p. Then b*" ' = b, € Z(G).
Then (b1,y) < G for an arbitrary element y € G of infinite order by the
lemma 1. Hence (y?) < G and that is why oz~ lyz = y*b7, o~ lyPe =
y*P = y~P. Consequensly, k¥ = —1. Further we have y = z 2yz? =
ey = (2 ya) L (T by = by ™ b = by P

Since p # 2, then b* = 1, 2 lyx = y~!. Let us take an arbitrary
element a € G. Then |ba| = co and according to the proved z~!(ba)r =
(ba)™' = a7~ and 27V (ba)x = (x7'bx) - (v tax) = b~'a~!. Hence
[a,b] = 1. We obtain the contradiction according to the condition of the
lemma. Thus, |b| = p # 2.

The group G contains invariant decomposable abelian subgroups by
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the theorem 2.2. from [1]. Such group can be only the group of order 2p
by the lemma 1. That is why [z, 0] = 1.

Let C4(b) = A1 # A. Then A/A; is finite cyclic group and that is
why A = (a) A; for some element a € G.

Let us investigate the possible order of the element xa. Since the
subgroup C' contains all elements of infinite order and all p-elements, then
either |za| = 2p or |za| = 2. If |za| = 2p, then |(za)?| = p and (za)? = b*,
(k,p) = 1. Hence 2~ 'ax = b*a~'. Then a = v~ 2ax?® = 271 (bFa=)z =
V- (z7tax) ™! = bFab~* and that is why a € Ca(b). Hence we obtain the
contradiction according to the condition of the lemma. Thus, |za| = 2
and z7'ax = a~'. Hence  lyxz = y~! for an arbitrary element y € A.

Let C; = Cg(b). It is evident, that C; = (b, A1,x) < G. Then
[a,7] = a2 € C;. That is why a~'ba = b~!. At last we have G =
((b) Aa) A\ (x), |b] = p # 2, |x| = 2, (a) Ay = A is non-divisible
abelian torsion free group of rank 1, a®> € Ay, [A1,b] = [2,b] = 1,
a'ba = b~', z7'yz = y~! for an arbitrary element y € A. Thus,
the group G is the group of the type 9) of the theorem 3. This completes
the proof of the lemma. This also completes the proof of the theorem.
Corollary. A non-periodic md-group G, which contains decomposable
abelian subgroups, contains non-invariant decomposable abelian subgroups
if and only if, it is the group of the type 5),7), 8), 9) of the theorem 3
or the group of the type 6) of the theorem 3, if it contains the Klein’s
subgroup.
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