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ABSTRACT. We introduce a notion of the Kirichenko space
which is connected with the notion of Gorenstein matrix (see [2],
ch. 14). Every element of Kirichenko space is an n X n matrix,
whose elements are solutions of the equations a; j +a; ;i) = @i (i)
ay; = 0 for 4,7 = 1,...,n determined by a permutation ¢ which
has no cycles of the length 1. We give a formula for the dimension
of this space in terms of the cyclic type of o.

Introduction

We remind some definitions and notions from [2], ch 14. Denote by
M,,(B) the ring of all n x n matrices over the ring B. Let Z be a ring of
all integers.

An integer matrix £ = (a;;) is called

an exponent matrix, if a;; + ajx > ay, for all 4, j, k;

an reduced exponent, if a;; + a;; > 0 for all 7, j.

A reduced exponent matrix £ will be called Gorenstein, if there exists
a permutation o of {1,...,n} such that a;x + aj ) = @i o()-

We will denote o by o(£). As usual, we will call o(€) the Kirichenko
permutation. Note that o(&) of Gorenstein matrix has no cycles of length
1. We will name relations of the type a;x + ay ,(;) = a;,(;) Gorenstein
relations. Exponent matrices are widely used in the theory of tiled
orders over a discrete valuation ring. Many properties of tiled orders and
their quivers are fully determined by their exponent matrices. Gorenstein
matrices appeared at the first time in [5].

Type your thanks here..
Key words and phrases: Gorenstein matriz, Gorenstein tiled order.



88 ON THE DIMENSION OF KIRICHENKO SPACE

It is easy to see, that from the condition a; + a; 51) = @jq(;) for
i = k we obtain a = 0 for every k, 1 <k <n.

Theorem. (see [1], p. 17) Let permutation o of the set {1,2,...n} be
arbitrary permutation without fixed elements. Then there exists Goren-
stein matrix A with o as Kirichenko permutation, such that all elements
of A belong to the set {0, 1,2}.

Proof. Matrix A, which has ¢ as correspondent Kirichenko permutation
may be constructed in direct way:

a;i="0and a;,; =2fori=1,...,m;

a;j = 1 for all 4, j € [1,n], such that i # j and j # o (7).

It is obvious that such matrix will be Gorenstein and o will be
Kirichenko permutation. O

Exponent matrices A, B are called equivalent, if one may be ob-
tained from another by the following transformations:

1) adding an integer to all elements of some row with simultaneous
subtracting it from the elements of the column with the same number.

2) simultaneous interchanging of two rows and equally numbered
columns,

or by compositions of such transformations.

Theorem (see [1], p. 15): Under the transformations of the first
type Gorenstein matrix goes to Gorenstein one with the same Kirichenko
permutation.

Note that transformations of the first type define free commutative
group with n generators.

If one consider matrices

0 0 0 -~ 0 0
1 0 0 - 0 0 .
g 1t 0 00 andGQm:<HT HY )
1 1 1 - 0 0
1 1 1 - 1 0

where Hy(,%) = FE + H,,, then it will be easy to see, that H,, is Gorenstein
matrix with Kirichenko permutation o(H,,) = (n,n—1,...2,1), and Gay,
m
is Gorenstein one with Kirichenko permutation o(Gapn) = [ (¢, m + 7).
i=1
A matrix B = (b; ;) is called (0, 1) matrix, if b; ; is either zero or one.
Theorem (see [1], p. 15): Gorenstein (0, 1) matrix is equivalent
either H,, or Ga,,.
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Theorem (see [1], p. 15): If A is Gorenstein matrix with Kirichenko
permutation o, and B is obtained from it by transformation of the second
type, defined by transposition 7, then B is Gorenstein matrix with the
permutation 7oT.

According to the last theorem, without bounding of generality we may
suppose that for the cyclic index {l,...,l;} of correspond Kirichenko
permutation the conditions 2 <[y < ... <, and 1 +...+1; = n take

7
place. Denote n; = Y I for every 1 < i < g. Then o will look as
k=1

c=0L2..n)(nm+1,ni+2...,n2) - (ng—1+1,n9-1+2,...,ng).

Further we will consider only Gorenstein matrices and under equiv-
alence of matrices we will consider possibility of obtaining one from
another only by transformations of the first type.

One may come to a question of describing of Gorenstein matrices in
inverse way to the one, presented in the definition. In the set of square
matrices of order n over the field K of characteristic 0 consider linear
space K(n,o) of all matrices A = (a; ;) such that Gorenstein relations
take place for A.

When a problem of describing of such matrices will be solved, it will
become possible to talk about restrictions, generated by inequalities from
the definition of reduced exponent matrix.

If A € K(n,o), B is equivalent to it, then B € K(n,o), and ev-
ery equivalence class contains the unique matrix with zeros at the first
line, which is canonical representor of the equivalence class. Call ma-
trix is called Kirichenko matrix. More over, it’s easy to see, that for
Kirichenko matrix from the condition a;x + ay o) = @;4(;) for i =1
one may obtain a1y = 0 for all k. It is easy to prove that the set
of Kirichenko matrices is linear space and we will name it Kirichenko
space.

We need the next notations. Let A = (a; ;) be Kirichenko matrix of
order n with Kirichenko permutation o, and o is the product of ¢ cycles
of length I1,la,...,l,, respectively 2 < I; < l;41, 1 < i < ¢ —1 and
l1+...+lq:n.

The main result of this work is calculating the dimension of Kirichen-
ko space. To do this, some elements of Kirichenko matrix were considered
as parameters, and represent all another elements of matrix in terms of
these parameters. The relations which represent the elements of matrix
through parameters we name element relations, and relations between
parameters we name count relations. We were succeed to find the set
of parameters, element and count relations in the form such that it is
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possible to prove the equivalence of the set of Gorenstein relations to the
set of element relations and count relations. After this, we were succeed
to find the formula for the defect of the system of count relations i.e.
the dimension of Kirichenko space may be represented in terms of cyclic
index of Kirichenko permutation o as

q
2—-2q+ Z |:l2r:| + %Z(lm lr),
r=1

r#s

where (a,b) denotes the greatest common divisor of numbers a and b, and
[x] denotes integer part of a number x which is the greatest integer, not
larger then x.

Definition 1. Denote xj, = a1 for every k, 2 < k < n. For arbitrary
r, 0 <r < g, and for every k, n, +2 < k < n, denote as well z, =
= Qp,+1,k- Variables xj, and 2, we name parameters.

Definition 2. Element relation is formula which is corollary of Goren-
stein relations and expresses some element of Gorenstein matriz as linear

function of parameters. Full set of element relations is set of relations
which contains the formula for every element of matriz A.

Example 1. Relations

are element.

Really, if we substitutes value ¢ = 1 to the equality ak; + a; ) =
ag.o(k) and take into account the fact that the first row of A is zero, we
obtain the necessary relation.

Example 2. Relations
a2 = 0, 1<k<n
agr =0, 1<k<n (2)
a1, =0, 1<k<n

and definition of parameters are element relations.

Element relations from two previous examples we name trivial.
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1. Element relations are corollaries of Gorenstein rela-
tions

Proposition 1. Equalities (1)-(11) are full set of element relations,
where

P Trsyrs if k =ns+ 1 for some s 3)
2k Tg-1, ifk#Fns+1 foranys

For everym, 3<m <nq, every s, 1 <s<q—1 and every k, ngs+
1, <k <ngy1 orm+1<k <ny write out

m—1 m—3 )
Z .’1}'2‘ - Z mns+1—i7 ka = ns + 1,
=2 =0
m—1 -1 m—[—2
Ak =8 D Ti =) Th—i— D, Tng—is fhk=ns+1, 2<1<m—2;
=2 =1 1=0
m—1 m—2
SNoxi— > Tp—i, fns+m—1<k<ng,orm<k<mn
=2 =1
(4)
and
( m—2 m—1 )
Z xns+1_i - Z ﬂfi7 ka = nS + 1)
i=0 1=2
-1 m—[l—1 m—1
Am k= Zwk—i"' Z ZL‘nSJrlfi—Z zi, ifk=ns+1, 2<l<m
=1 =0 =2
m—1 m—1
o xp—i— > mi, ifng+m <k <ngi,orm<k<m
=1 =2

(5)

Writing out element relations for other elements of matriz A, we will
write indices of its elements as ap g, and ap, ., where k> m for n, +
1 <m < npy1 and some r, 1 < r < q—1. 4n this case for every
s, r<s<q—1, and k, ns+ 1 <k < ngy relations (6)-(11) look like:

a _ e — a1, R =ngp0, s> (6)
knr+1 LTk — Rk4+1,7) Zf ns+1< k< Ns41, § > 7T
T, Zf k= Np41.
a = ; !
knr+1 { Tk — 241,05 Zf Ny + 1<k< Nyr41 ( )

Uhnp+2 = Tnpt1 — 2k, U K >mnp +2 (8)

G o — Trgir — Tnp+1 + Zngyrr ifk=ns+1, s>r
et Tho1 = Tnpt1 + 2h—1,0, s +2 <k <ngpr, k>np+2

9)
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m—1 m—3
—Zngy1—m+3,r T Y Togri — D Tngi1—is
=1 i=0
ifk=ns+1>n,.+m;
m—1 m—[l—2 -1
— 7Zns+1_m+l+277' + Z xnr‘i’i - Z ‘/'Uns-ﬁ—l*i - Z xk_i’
Ak,nr+m = i=1 i=0 i=1
ifk=ns+1l>n.4+m 2<1<m-—2
m—1 m—2
—Zk—m42s t+ Z Tnp4i — Z LTh—i,
i=1 =1
ifng+m—1<k<ngpq, k>n. +m;
(10)

m—1 m—2
Zngr1—m+2,r — Y Tt Y Tngy1—i
=1 =0

ifk=ns+1>n,+m;

m—1 -1 m—I—1
Zngpr—mAltlr — Do Tnpti T DL Th—i T D Tngyi—is
i=1 i=1 =0

ifk=ns+l>n4+m, 2<1I<m-—1;
m—1 m—1
Rk—m+1,r — Z Tnp+i T Z Lh—i,
i=1 =1

ifng+m<k<ng, k>n,+m.

(11)

O, 4+mk =

For proving this proposition we need the following lemmas.

Lemma 1. If 3 < m < nj, max(ns + I,m + 1) < k < ngy1, then
relations (4) and (5) are corollaries of Gorenstein ones.

Proof. Consider equality as j, + ax,3 = =2, whence, using (3) obtain, that
ag3 = T2 —Tp,,, ifk=ns+1,and ap3 = wo—z)_1 if ns+2 <k <ngyq,
which is equality (4) for m = 3.

Consider ay 3+a3 k+1 = Tk, k # nst1. For use (4), consider situations
k=mns+1and k # ng+1. For k = ng+1, obtain (z2 — 2y, ,) +a3n,4+2 =
Tn,+1, Whence agp = xp1+Ty, , — 2, for p = ns+2. Consider situation,
when ng 4+ 2 < k < ngy1. In this case (x2 — z5_1) + a3 p+1 = =k, whence
as g+1 = Tk + Tp—1 — T2, that is a3, = vp—1 +xp_2 —x2 for ng +3 <p <
ns+1. Now, substituting k = ns41 to an equality ak 3 + a3 (k) = Tk, We
obtain equality (5) for m = 3.

Let us prove the validity of relations (4) and (5) for 3 < m < nj by
induction. The induction base is just proved. Suppose these relations to
be valid for some m, 3 < m < ni,. Let us proof their validity for some
m + 1 too.
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Consider equality @,k + @gms+1 = Tm, m < n1, whence ag 41 =
Tm — am,k.

m—2 m—1
For k = ns + 1 we obtain a1 = Tm — < Y Tng—i— D $l> =
1=0 i=2
(m41)—1 (m+1)-3
>, ®— Y, Tn,, —i, which is necessary.

Fix [ € [2,m—1]. Then for k = n,+1 we obtain ag ym4+1 = Tm—am i =

m—I—1 m—1 (m+1)—1 -1
S D S e e
i=1

i=2 i=2
(m+1)—1-2
— Z Ty, —ifork =ng+1,2 <1 < (m+1)—2, which is necessary.
=0

Consider equality ay, k + ag g(m) = Tm for k, ns+m <k < nsy;1 and

) m—1 m—1 (m+1)—1
obtain ag m41 = Tm — m ke = Tm — ( S wp_i— >, IL‘z> = >  x—
i=1 i=2 i=2
(m+1)—2
oz, ns+(m+1)—1 <k <ngq.
i=1
Thus we have proved that aj 41 =
(m+1)—1 (m+1)—3
Z Ty — Z xns+1*i7 ka = Ns + 17
=2 0
(me1)—1 - (m+1)—2-1
= Z Ewk i — Z Tngyq—is ifk:ns—i-l, 2<l<m
=2 i=0
(mfl—l) (m+1) '
Z T; — Z Ti_iy ifk>ns+m—1
i=2 i=1

Consider equality aj m+1 + Gmt1 k+1 = Ty k 7 M.
Let k = ng + 1. Then ami1n42 = Tng+1 — Ang+1,m+1 = Tng41 —

m m—2 (m+1)—1 (m+1)-3
<Z Ti — Z xns+1_i> = Tp-1— Z T+ E Tngr1—i = dm+1,p 5
i=2 i=0 i=2 i=0
forp=ns+1, [ =2.
Let k = ns+ 1,2 <1 <m—1 Then api1p,4041) = Tne+l —
m -1 m—Il—1 (m+1)—1
T Ongt+lm+1 = Tngl— DT — ) T Z Tngp1—i | = — > T+
1=2 =1 =2
(I+1)-1 (m+1)—(1+1)—1
Y. T(et1)—it T, —i, Which is the same as ayy41,n,41 =
i=1 i=0
(m+1)—1 1—1 (m+1)—1-1

=— > m+ Y xp_i+t Y Tpg-ifor3<I< (mA41) -
i=2 i=1 i=0
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Let ng +m < k < ngy1. Then Am+1,k+1 = Tk — Agm+1 = Tk —

m m—1 m m
- <Z Ti— Yy, ifk—i) = =2 i+ >, Tpp1—i, for ng +m < k < ngyy,
=2

=1 i=2 i=1
(m+1)—1 (m+1)—1
which is the same as app1 6 =— D>, i+ Y, xp—; for ng+ (m+
i=2 i=1

1) <k <ngpr.
Consider equality ay m+1 + Umilok) = Tk for K = ng41, and ob-

m m—1
tain Am41n+1 = Tngy = Angyymtl = Tngq — <Z Ti— ) $ns+1—i> =
=2 i=1

(m+1)—2 (m+1)—1
Y Tpg—i—  », T =amy1p, Where p=mng+ 1.
=0 =2
thus we have proved that a,, 411 =

(m+1)—2 (m+1)—1
> Tnep-i— Y, T ifk=ng+1,
=0 =2
l_f (m+1)—1-1 ’ (m+1)—1
= Do Th—it Y Tp—i— v, fhk=ns+1, 2<l<m-+1 ,
i=1 i=0 i=2
(m+1)—1 (m41)—1
Yo Th—i— oy, oz, ifng+(mA1) <E<ng
i=1 =2
and it finishes the proof of relations (4) and (5). O

Fix arbitrary r, 1 <r < ¢—1, arbitrary s, » < s < ¢—1, and consider
k, ng+1 <k <nsy1. For convenience instead of zj , we will write 2.

Lemma 2. Forr, s and k from the intervals noted above, equalities (6)-
(9) take place.

Proof. Consider equality ak n,+1 + @, 41,0(k) = Tk- For k # nsi obtain
Ak np+1 T 2k+1 = Tk, Whence agpn,+1 = T — 241

Considering k = n,11 obtain ay,,, n,+1+an,+1,n,+1 = Tn,,,, Whence
Akn,+1 = Tk, that is

a . T if k= Nyp41-
komrt1 Tk — Zka1, Hn,+1<k<n.

which coincides with (7).
For k = ngy1,s > r obtain an, 4 n,+1 + dnp+1,n,41 = Tn,,,, Whence
k41 = Tk — Zny+1, that is

a ) Tk — Zng+1, if k= Ng4+1-
konrtl Tk — 241, fns+1<k<ng

which coincides with (6).
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Consider equality ay, 41k + Gkn,.+2 = Tn,+1, Whence, according to
denotations, ay pn,+2 = Tn,+1 — An,+1,k = Tn,+1 — 2k, Which is (8).

If I, > 2, then consider equality a ,,+2+an, 12 k+1 = T for k # ngyq.
Whence ay,, 42 k41 = Tk — Ak n,42 = Tk — Tpn, 41 + 2k, that is

Un,+2,p = Tp—1 — Tn,+1 + 2p—1 for p #ns+ 1.

For k = ngy1 obtain an, ; n,+2 + Gn, 42,41 = Tn,,,, and so

An,+2,k = Tngpr = Ongpine+2 = Tngpq — (Tnpt1 — Zngir)
for k = ns + 1, whence

a — Tngpr = Tng4+1 T Zngirs if k=mns+1, which is (9)
nr+2,p Tho1 — Tpy41 + 2k—1, ifng+2<k<ngy o

Leaving in force denotations for boundaries for r, s and k, consider
arbitrary m, 3 <m <I,.

Lemma 3. For every r, s, k and m from noted intervals, relations (10)
and (11) are corollaries of Gorenstein relations.

Proof. Proof by induction for m.
Consider the equality ay, 421 + @k n,+3 = Tn, 42, Whence

Ak np+3 = Tnpt2 — Q42 ks 1€

Tpoal+ Tpoao— X -z itk =ng+1.
Ak, +3 = { et et Ml et s , and so

Tnpt1 + Tppt2 — o1 — 2k—1, I kFFns+1

obtain induction base for (10).

Consider equality agpn,+3 + an,+3x+1 = o for k # nep1, whence
Gn,.+3p = Tp—1 — Qp—1,n,+3, for ng +2 <p <mngyq.

For k # ns + 2 then the last equality is equivalent to a,, 435 =
Tp—1— (T, 41+ Tn, 42— Th—2—2k—2) = Th—1 +Th—2— T, 41— Tn, 42+ 2k—2-

For k = ns+2 obtain an, 431 = Tr—1—(Tn, +1+Tn, 42— Tny ) —Zngsy) =
Th—1 — Tnp+1 — Tnp+2 + Tngyy + Zngpy

Substitute k = nsy1 to equality agpn,+3 + @y, 430(k) = Tk, and obtain
an,+3ns+1 = Tngyr = Angpine+3 = Tngyr — (InT+1 t Tno42 = Tng—1 —
Zpgi1—1) = Tngy + Tngir—1 — Tpotl — Tnyg2 + 2n,—1. Whence obtain

wns+1 + xns+171 — Tnp+1 — Tn,42 =+ Zns«l»l*l; lf k =N + 17
Op,.4+3.k =Y Th—1 — Tn,.+1 — Tn,42 + Tngyq + Znsq1s if k = ng + 27
Tpo1+ Th—2 — Tp,1 — Tnp2 + 252, if ng +3 <k <ngya,

which gives induction base for (11).
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Assume that relations (10) and (11) are valid for some 3 < m <[, —1,
and proof, that in this case they will be valid for m + 1 also.

Consider equality ay,, 4 k + Ak ny+m+1 = Tnptm, Whence ag ,, ymy1 =
Tnptm — O, tmk, that is

m—1 m—2
Ak n.4+m+1 = Tn,.+m — | Znsp1—m+2 — 5 Tng+i + E Tngy1—i
=1 =0

if kK =ns+ 1; For the case k = ns +1, 2 <1 < m —1 the formula for
Akne+m+1 will be Ak n,.+m+1 =

m—[—1

m—1 -1
= Tn,+m — | Zngpr—m+i+1 — E Tpp+i + E Tp—i + g Tngp1—i |
i=1 =1 =0

and if ng +m < k <ngyq, then

m—1 m—1
Okn.4+m+1 = Tn4+m — | Fk—m+1 — E Tn,+i T g LTr—i |
=1 =1

which is necessary.

Consider equality ak n, +m+1+an, 1m+1,0(k) = Tk, Whence for k # ngiq
obtain an, ym41,k+1 = Tk — Ak +m+1-

Substitute £ = ns + 1 to the last equality and obtain

m
An,.+m+1ns+2 = Tng+1l — Ang+ln.4+m+1 = Tng+1l — E Tnpti—
=1
—2 m
- Tngy1—i — Zngp1—m+2 | = Zngp1—m+2 + Tng41 — E Tp,+it

=0 i=1
m—2
+ E Tngpq—iy that IS Tn,4mi1p = Zng 0 —(mt1)43 T Tp—1—
7=
(m+1)—1 (m+1)-3
— g T, +i + E Ty, —i for p=ng + 2, which is necessary.
i=1 i=0

Substitute k = ns 41, 2 <1 <m —1 to equality apn, 4m+1k+1 = Tk —

m
Ak ny+m+1s and obtain Anptm+1,k+1 = Tk — <_Zns+1m+l+1 + Z Tnypti—
=1

-1 m—1—1 m l
=2 Th—i— D Tnga—i | = Zngp—mAltl — D Tneti T ) Tyl +
=1 =0 =1 =1
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m—I[—1
Y Tngi—i» that is ap, fmi1p =
=0

(m+1)— m—Il—1

Zngi1—(m+1)+14+2 — § xn7+z+ § Tp—i + § Tngiq—i

for p =ns+1, 3 <1< (m+1)—1, which is necessary. Substitute
ns +m < k < ngyp — 1 to an equality ag pn,+m+1 + Uy tmt1,0(k) = Tk
whence, according to assumption of induction, obtain an, 1m+1k+1 =

m—1

=Tk — Okn,4+m+1 = Tk — § Tnp+i — Rk—m~+1 — § Th—i | =
=1 =1

m m—1
= Zk—m+1 — § Tnpti T E Th—i,
i=1 i=0
that is

(m+1)—-1 (m+1)—1
Anp+m+1,p = Zp—(m+1)+2 — E Tn,ti + E Lp—i

for ng + (m + 1) < p < ngy1, which is necessary.
Substitute k = ns11 to an equality ap, ymi1,0(k) = Tk — Uy +mt1;

and obtain an, +m+1n,4+1 = Tngy — ngyynetmtl = Tngyy

m
E Tnp+i — Zngpr—m+1 — E Tnep1—i | = Bngii—(m+1)4+2—
i=1 ‘
(m+1)—1 (m41)—2
E Tt + E Tn,,1—i, Wwhich is necessary to prove. [l
i=1 i=0

2. Count relations are corollaries of Gorenstein relations

Definition 3. Untrivial relation between parameters is called count re-
lation, if it is provided by Gorenstein relations.

Proposition 2. Relations (12)-(18) are count relations.
If ny = 2, then for every s, 1 < s < q— 1, equalities

Tk—1 —|—£L‘k = T2, ans + 2 S k‘ S Ng+1, (12)
Tpgy T X =22, ifk=ns+1
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take place.
For every m, 1 < m < nj — 1, equalities
Tm4+1 = Tni—m+1 (13>
take place.
If ny > 2, then for arbitrary s, 1 < s < q—1, equalities
n1—2 ni
Tpg+1 + Z Tngy1—i = iny (14>
=0 =2
xns-‘rp = xns+1—n1+p7 Zf 1 S p S ni (15)
Tng+p = Tng+p—n1s ifn1 <p<ls
take place.
For everyr, 1 <r <q—1, andm, 2 <m < [,—1, equalities (16)-(18)
2420 = Tnp41, (16)
m m—2
Z$nr+i - Z Tnpy1—i = Fnpp1—m+2,r T Znodmt1,r; (17)
=1 =0
/ Ns41 Nr41
Zngtl = Zngpr—(ln—1) = > i — Y, wi=:fo
i=ngy1—(lr—1) i=n,+1
Zns+p+1 - Zns+1_lr+p+1 =
pil l’rfpf]- Nr41
i=0 i=0 i=n+1
fOT 1 S p S lr -1
lr—1 Nr+1
Rns+p+l = Rngt+p—(l.—1) = D Tngrp—i— D, Ti=:fp
i=0 i=n,+1
( forl, <p<ls—1

take place.

The proof of this proposition is broken to some natural parts which
we will formulate as lemmas. For convenience of further calculations we
will write zj, instead of zj,., if it well be obvious r, 0 < r < ¢, which is
under consideration.

Lemma 4. If ny = 2, then relation (12) takes place for every s, 1 < s <
qg—1.
Proof. Assume that n; = 2 and consider the equality ag + a1 = a21.
For ng+2 < k < ng41, according to (3) obtain xp_1 + xp = 2, which
coincides with the first line of (12).
According to (3) for k = ns + 1 we obtain x,_,, + x,, = 2, which
coincides with second line of (12). O
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Lemma 5. The equality (13) takes place for every m, 1 <m <nj — 1.

Proof. We will prove this lemma by induction for m.

Consider equality ag2 + az 5(x) = @k for k = n1, and obtain an, 2 +
@21 = Zp,. According to definition and according to (2) we have a, 2 =0
and a1 = xg, whence xg = z,, that is (13) for m = 1 and gives the
induction base.

Let for some m, 1 < m < nj; — 1, the equality (13) takes place for
every i < m. Show, that in this case it well take place for ¢ = m also.

Substitute k& = n; into equality akm+1 + Gpmi1o(k) = Qko(k), and
obtain an, m+1+Tmt1 = T, . TO exXpress an, m+1 we use (4) substituting
respectively ny and m+1 instead of k and m, whence using the third line

m m—1 m+1
of (4) we obtain <Z Ti— >, xnli> + Tymt1 = Tp,, that is Y z; =
1=2 =1 =2

m—1
> Zp,—i, whence, using induction base obtain that z;,+1 = Tp;—m+1,
i=0
which is necessary. d

Lemma 6. Ifny > 2, then for arbitrary s, 1 < s < q—1 the equality (14)
takes place.

Proof. For arbitrary s, 1 < s < g—1 consider equality an, n,+1+an,+1,1 =
an,,1- Then according to (5) for m :=n; and k = ng + 1 (for calculating

Any ms+1, according to the first line of this relation), and notation, obtain
ny—2 ni—1

Y Tpgyi—i— D, i+ Tp,41 = Tp,, that is
=0 =2

ny—2 ni
E wns+1—i + Tng+1 = L,
i=0 =2

which is (14). O

Lemma 7. For every ny < p < lg the equalities, which are second line
of (15), are corollaries of element relations and Gorenstein ones.

Proof. Fix arbitrary value of p, n1 < p < [s, and consider equality
Qn, & + ak1 = ap, 1 for kK = ng +p—1 and k = ns + p, whence obtain

ni—1 ni ni ny ni—1
Pt = S5 that is iy s = S and 'S iy =
i=0 i=2 i=1 =2 i=0

1
> x;, whence, subtracting the last equality from previous one, obtain
i=2

Tns+p = Tns+p—nis

that proves lemma. ]
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Lemma 8. For every 2 < s < qg—1 andp, 1 < p < ny the equalities,
defined by the first line of (15) are corollaries of Gorenstein relations and
element relations.

Proof. We prove this lemma by induction for p.
According to (2,5), for k = ng+p, 1 < p < ny equality an, n,4p +

p—1 n1—p—1 ny—1
An,+p1 = Gn, 1 may be changed to Zl Th_i + Z Tpypy—i — 22 T +
Tng+p = Tn,, Whence B = ©
ny—p—1 n1
ané—l—p i+ Z Lngp1—i = i (19)
i=2

Consider equality an, n,+1 + @n,+1,1 = an,,1, Whence, according to (5),

ny—2 ni—1
obtain < D Tngi—i— D xl> + Zp,4+1 = Tpn, whence (19) is valid for
i=0 i=2
every p, 1 <p < mnj.
ni—3
Using (19) for p = 2 obtain @, 11 + Tp42 + Y Tn—i = Z x;.
=0 =2

Subtracting from it equality for p = 1, obtain

Tng+2 = Tpgy1—(n1—2)»

and so, the induction base, that is the first line of (15) for p = 2 is proved.

Consider arbitrary arbitrary p, from the interval [3, n; —1]. Substitute
k' =mns+p—1and k = ns + p into equality an, r + ar,1 = an, 1, and
using (5) for m = ny obtain

(1)1 ni—(p-1)-1 ni-1
E Tng+p—1—i + E Tngi1—i — E z; | + Tng+p—1 = Tny,
=1 =0 =2
that is
p—1 n1—(p—1)—1 n1
E xns—i—p—l—i —+ E $n3+1—i = E ZT;
=1 =0 =2
and

ni—p—1

E Tng+p— i+ E Tngy1—i = E Ti,

whence, subtractlng the last equahty from previous one, obtain x4, =
Tp, .1 —(ni—p)> Which proves the validity of lemma for 3 <p <n; — 1.
For k = ngs + ni, equality an, i + a1 = an,,1 according to (5) one
ni—1 nyi—1
may change to the form > zp.4n,—i — Y. i + Tp.4n, = Tn,, that is
i=1 i=2
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ny—1 ni

> Tno4n,—i = »_ x;. Subtracting this equality from (19) for p =n; —1

i=0 i=2

obtain (15) for p = ny.

Let’s return to equality an, x + a1 = Zn,. According to (5), it

ni—1 ni—1

may be rewritten in the form ( S xp—i— >, mz) + xp = xy,, that is
i=1 i=2

ni—1

ni
> xp—; = Y x;. From the second line of equality (15) (which is proved
i=0 i=2
in previous lemma) obtain, that for arbitrary s, 2 < s < g — 1 equalities
Tng+1 = Tng+ni+1ly Tng+2 = Tng+ni+2 and so on up to ﬂfns+17n1 = .’Ens_,'_l
take place, so sequence {@y 41,...,Tn,,,} is periodic with period ny. It
ni—1
means that > xj_; is sum of ny elements of this sequence, which are
i=0
ni—1 ni
equal to it’s last elements, whence obtain equality > zx—; = > ;,
=0 i=2
7 — 7
which according to (14) one may change to the form Y z,, ., =
—
ny—2 '
Y Tpgyi—it+Tn,41, whence p, 41 = Tp,41, which is (15) for p = 1,
i=0
and finishes the proof of equalities (15) in general. O

Substitute k = n, + 1 into equality akn,+1 + @n,41,0(k) = Tk, and
obtain zy, 42 = Tp, 41, which is (16).

Lemma 9. For every 2 < m < I, — 1 equalities (17) are corollaries of
element relations and Gorenstein ones.

Proof. Proof by induction for m.

Substitute k = n,41 into equality ag 5, +2+ay, 42 (k) = Tk and obtain
Anyir ne+2 F0not2.n,4+1 = Tn,,,, whence, according to (8), and (9), obtain
(xnr+1 - an+l) + ("Enr+2 - an+3) = xnr+l7 tha't iS

Znpyr T 2043 = Tl T Topg2 = Tnpy sy,

which is the equality (17) for m = 2 and so induction base is proved.
For every m, 3 < m < [, — 1, substitute k¥ = n,4; into equal-

ity Ok ppt+m T Antm,o(k) = Lk and obtain Onpi1ne+m T Onodmn,+1 =
Zn,+1, whence, according to (7) and (10) obtain

m—1

m
(E xnr“l‘i - E x”r+1_i - an+l_m+1> +($nr+m+1 - an+m+2) = xnr+l7
=1

=1
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whence

m
§ Tnpti — § Tnpp1—i = Znppr—m+2 T Znotm41,

and lemma is proved. O

Lemma 10. For arbitrary p, 1 < p < I, —1, equalities, which are second
line of (18) are corollaries of element relations and Gorenstein ones.

Proof. Consider equality a,, ., x + Grn,.+1 = Gnyiq e+l = Tp,yy for k=
ns+p, p>0.

For p = 1 obtain ay,,, %, using (11) for £ = n, +1 and m = [,.
More over, according to (6), akn,+1 = Tk — 2k+1, k 7# ns, whence obtain

lr— lr—2
<_ Z :L‘TL»,«+’L' + Z xns«kl*i + zns+1_l'r'+2> +($ns+1_zns+2) = xnr+l7 tha’t

N =1 i=0

1S
lr—2 Np41
§ Tnei1—i T Znep1—lo42 T Tng+1l — Zng42 = E T
i=0 i=ny+1

For 2 < p <[,—1 obtain a,, ., 1 using (11), for k = n,+1, substituting
[ =p; m =1, whence

lr—1 lr—p—1

E Tn,4i + § Tng4+p—i T § Tngp1—i T Zngpr—lo4p+l

+ (xns-i—p - Zns+p+1) = Tn,,, that is

p—1 lr—p—1 Nr+41
§ Tngtp—i T E Tnepr—i T Zngpr—lptp+l = Zng+pt+l = § z;. O
i=0 i=0 i=ny+1

For p = ngy1 — ns the formula (6) gives an,, | no41 = Tnyyy — Zng+1
whence obtain

lr—l Nr41
E : xns+l_z + Zn§+1_lr+1 ZTL9+1 - § xl?
i=n,+1

which gives the first line of (18).

Lemma 11. For every p, I, < p < ls — 1 equalities, which are second
line of (18) are corollaries of element relations and Gorenstein relations.

Proof. Consider equality an, .,k + Gkn,+1 = Gnppyne+1- Let b =ng +p.
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For I, — 1 < p < ls from the formula (11) for k, nys+m < k <
-1 -1

Net1, and m = npp1 — Ny obtain a,, k= — D Tupgi + D Tp—i +
=1 =1

+ 2k—1,+1, and as ng + k < ngq1, then a pn, 41 = T — 2k4+1. Thus obtain

lr—1 I,—1
(_ Z Tn, i + Z Tnggp—i + Zns+plT+1) + (Tngtp — zns—l—p—i-l) = Tnpgqs

7,.:1 i=1
that is
lr—l Nr41
§ :Ens+p*i + Zns+p_lr+1 - Zns+p+1 = E Ty,
which is necessary. O

3. Gorenstein relations are corollaries of element relations
and count ones

For an arbitrary i, 1 <4 <n the equality a;; + ay 5(;) = @;5(;) for k=1
is valid. Later for every ¢ we will consider equalities a;  + ay (i) = @ 0(s)
and ay; + @; 5(k) = A ok) for k > i, which coincides with the whole set
of Gorenstein relations.

Lemma 12. Equalities a; i + g () = Qi (i) and Qi + QG o) = Q,o(k)
for 0 < i < ny and i < k < ny are corollaries of element relations and
count ones.

Proof. For i = 1 Consider equalities ay; + a; o(k) = g (k). As the first
line of matrix is zero, these equalities go to a1 = ay, 4 (1) Which is corollary
of (1).
For i = 2 consider equalities ak; + a; o(k) = A o (k), Which are equiv-
alent to equalities ag2 + ag o) = apo(r), Which take place in order
to (1), (2) and denotations.
For 3 < m < my consider equality akm + G o(k) = Qk,o(k), Which is
Uym + @ o (k) = Tk If kK < nq, then according to (3) and (4) this equality
m—1 m—2 m—1 m—1

is equivalent to ( Soxi— > l‘k_i> + <Z Thaloi— D, xl> = 7,
i=2 i=1 i=1 i=2

which is identity.

For ¢ = 1 consider equalities a;  + ag (i) = @;,4(;)- they take place in
order to (2) and because the first line of matrix is zero.

For i = 2 consider equalities a;; + ag o(;) = @i o)

Consider case, when n; > 2. In this case ¢(2) = 3, and for finding
out the formula for a;, ,(;) one may use (4), whence ay 3 = r9 — 41, and
according to (3) we obtain ag , = xj_1, whence these equalities are valid.

For ny = 2 one obtain equalities as ; + ar,1 = a21. According to (3)
for k # ng + 1 they are x,_,, + &, = 22, which coincides with (12)
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For 3 < m < ny the equality am k+ag o(m) = @m,o(m) according to (1)
is equivalent to a,, k + Ak my1 = Tm.
As k < nq, then according to (4) and (5) it is equivalent to identity

m—1 m—1 (m+1)—-1 (m+1)—-2
=1 =2 =2 =1

For k = ny consider equality ag2 + ag,(x) = Apo(k), that is an, 2 +
a1 = Tp,, whence according to denotations x2 = x,,, and it is corollary
of (13).

For k = ny and m, 3 <m < njy —1 consider equality ag , + am k) =
Ak o (k) for m, 3 < m < nq, that is ap, m + Tm = 2,,. And according

m—1 m—2
to (4) one may rewrite it in the form ( Soxi— > xm_i) + Ty = Ty,
i=2 i=1

m m—2 m—1

that is Y @; = > @p,—4, which is the same as > (z14i — Zp,—it1) =0,
i=2 i=0 i=1

which is corollary of (13). O

Lemma 13. For every ¢, 1 <i<njands, 1 < s < qg—1 equalities
Qi+ A o()) = Qi g(i) WA Ak + Qi o) = Ok o(k) Jor K, ns <k <nsy1 are
corollaries of element relations and count ones.

Proof. For i = 1 consider equalities a;; + ag o) = Qi) and ag; +
Ui o(k) = Qko(k)- Lhey are equivalent to equalities ay i + ak2 = a12 and
ag1 + a1 o(k) = Ako(k)- The former of these equalities are valid in order
to (2) and because the first line of matrix is zero. Last is valid in order
to definitions, (1), and because the first line of matrix is zero.

Let ny > 2. Then o(2) = 3. For i = 2 consider equalities a;j +
Ako(i) = Gio() and ag; + a; ok) = Agok)- They are equal to equalities
azk+ags = azs and a2 +as o(k) = ko (k)- According to (4), one obtain
a3 = { ii B i:jl” ii Z By ZZ i 1 , and according to (3)

J oxe,, fE=ns+1
kT gy, ifkAng 1
Second equality takes place in order to (1), (2) and denotations.

In the case n1 = 2, equality a; x+ay (i) = @;,4(;) for i = 2 is equivalent
to ag p+ap1 = x2 one. From (3) and denotations, for k = ny+1 we obtain
Tp,., + T = x2 , which is corollary of (12). If ngy 4+ 2 < k < ngyq, then
the former equality is equivalent to xx_1 + xx = x2, which is corollary
of (12).

For every m, 3 < m < n; — 1 equality amk + Gro(m) = Um,o(m)
according to (1) is equivalent to @,k + Gk m+1 = Tm one. Fix arbitrary
0 < s < q—1. For using (4) and (5) consider some different cases for k.

whence the first equality takes place.
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For k = ns + 1 obtain the identity

m—2 m—1 m m—2
E Tngp1—i — g T | + g Ti — g Tngp1—i | = Tme
=0 =2 =2 1=0

For k: =ns+1, 2 <1 <m—1equality ay, i + arms+1 = T is equivalent

m—I[—1 m—1 m -1
Za?z“Jr Z Tpgo—i— 2o Ti |+ | Do — Y Tp—i—
; 1=2 =2 =1
m— 1 l
- Z Tp,,,—i | = Tm one, which is identity.

For k, ng+m < k < ngyq equality ap, i +akm4+1 = T, is equivalent to

m—1 m—1 m—1
< Yo T — Y $Z> + <Z Ti— Y, Tk > =z, one, which is identity
i=1 i=2 i=2 i=1
also.
For m = ny the equality amx + ag o(m) = Gm,o(m) according to (1) is
equivalent to ay, r + xp = Tp,. Consider cases.
Let k = ns + 1. Then according to (5) this equality is equivalent to

ny—2 ny—1 ny—2
Yo Tngii—i— Do T | +Tng41 = Ty, One, thatis D x,,—itan, 4 =
i=0 i=2 1=0

n1
> z;, and coincides with (14).
i=2
For k = ng+1 and arbitrary [, 2 <1 < n;—1 the equality a,, 1 +x, =
-1 ni—l—1 ni—1
T, Is equivalent to <Z Tpgtl—i+ D, Tng—i— D xz> + T =
=0 =2
ni—Il—1 ni l
Tn,, that is Z Tpotit Z Ty, —i = » Tj, whence Tp, 414+ Y Tn i+
- =2 =2

ny—2 B ny—2
Yo Tngp—i— D, Tpg—i = Z x;. Subtracting (14) from this equality
1=0 i=ni—I =2
l ny—2
one may obtain equivalent equality >  &p,4s — Y @p,,,—i = 0, that
=2 i=ni—I
) l l l
1S Z Tns+i — Z LTnspr—ni+i = 0, whence Z (-TnS-i-i - xns+1—n1+i) =0,
which is corollary of (15).
For ng+ny < k < ngyq the equality ap, -+, = ,, according to (5) is

ni—1 ni—1 ny—1
equivalent to | > xp_; — > x; | + & = xp, one, that is > xp_; =
i=1 =2 =0

n
> x;. From the second line of equality (15) it follows that equalities

T+l = Tngtni+1, Tng+2 = Tng4ny+2 and so on up to Tnspri—n1 = Tnggq
take place, whence the sequence is periodic with period ni. It means that
ni—1

> Tk—;—1 is the sum of n; elements of this sequence, and this sum equals
i=0
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ni—1 ni—1
the sum of ny last elements, whence the equality > xp_; = > 144
=0 =
ni—1 niy—2
according to (14) one may transform to >  xp, ,—i = Y Tn,,—i +
=0 =0

Tpn,4+1, whence x, ., _n,4+1 = Tp,41, which is (15) for p = 1. Now for
every m, 3 < m <ny — 1 consider equality axm + am o) = A,o(k)-
For k = ns + 1, using (4) and (5) one obtains
m—1 m—3 2—-1 m—2—1 m—1
(oS vns )+ (Sowrnit S ons - L) =
i=2 i=0 i=1 i=0 i=2
ZTng+1, Which is identity.
For k = ns + 1, and every [, 2 < [ < m — 1 according to (4)
and (5), the equality ap.,, + @mir1 = agp1 may be transformed to

m—1 -1 m—Il—2 m—Il—2
(in—z:nk_i— > ) <Zask+1 S i
i=2 i=1 1=0

=1
—
- > xz> = x4 one, which is identity.
For ng +m < k < ngyq equality ag,m + ampt1 = app+1 may be

m—1 m—2 m—1 m—1
transformed to < Z T — Z xk_i> + (E Tpa1—i — Z a:z) = xg
one, which is identitgf.2 = = =

Consider equality axn, + apn, o(k) = Tk, ns +1 <k < ngpa.
For k = ng + 1 obtain an,4+1n; + Gnine+2 = ZTn,4+1 and using (4)
and (5), this is equivalent to

ni—1 n1—3 n1—3 ni—1
Z Ty — Z xn5+1_i ans+2 Z+ Z xns+1 i Z Ty =
=2 =0 i=2
ZTng+1, Which is identity.
ni—1
For k =ns+p, 1 <p <ng —1 one may obtain an,4pn, = Y, i —
i=2
ny—p—2
DL Tngtp—i = 2, Tngyy—i and Anyngpi1 = > i +
= 1=0 i=1
ni—p—2 ni—1
+ Z Tngi—i — »_ %; from the relations (4) and (5). Substituting
=2
these Values to the equahty ansﬂ,,m + am’nﬁpﬂ Tng+p, Obtain equiv-

ny— 1 —pb— 2
alent equality ( > ox— Z Tgtp—i — E T +1—i) +
' ‘ i=0

ni—p—2 ny1—1
anﬁp ir1 + Z Tpgi—i— », Ti| = Tp,4p, which is identity
- = i=2

also

ny—1 ny—2
For k = ns + p, n1 < p one may obtain ( SNoxi— > 33ns+pi> +
=1

ni—1 ni—1
+ ( Y Tngtpti—i— x2> = Zp,+p, Which is identity, in order to the

i=1 1=2
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equality ayn, + @y, o(x) = Tk according to (4) and (5). O

Lemma 14. For arbitrary v, 0 < r < q — 1, equalities ap,4m i +

k.o (nr+m) = Anpdm,o(ne-+m) and Ak nptm T+ Apptm,o(k) = Ak,o(k) for
m, 1<m<l andk, n, +1 <k <npq
are corollaries of element relations and count ones.

Proof. Consider equality ay,+1.x + @k pn,+2 = ZTn,+1. Using denotations
and (8) one may obtain, that it is equivalent to zx + (zpn,+1— 2k) = Tn,+1,
which is identity.

Consider equality an, 12k + Ak o(n,+2) = Tn,+2-

If I, > 2, then using (9) and (10) one may obtain that it is equivalent
to (Th—1 — Tn,+1+ 26—1) + (Tn,+1 + Tn,+2 — Th—1 — 2k—1) = Tn,+2, Which
is identity.

If I, = 2, then equality an, 12k + Gk o(n,+2) = Tn,+2 1S equivalent to
Qn, 42k + Qkpp41 = Tppg2. As np. +1 < k < nyqq then according to
conditions of the lemma this equivalence is possible to consider only in
the case when k = n,+1 = n, + 1, but in this case it is trivial.

For arbitrary m, 3 < m <, — 1 consider equality

An,tm,k + Ak,o(nr+m) = Tnp+m-
As n, +m < k < n,y1, this equality is ap, +m k + QG n,+m+1 = Tno+m

m—1 m—1
and according to (10) and (11) is equivalent to ( > Tppgi + Y, Th—it
i=1 i=1

m m—1
+2h—mi1 ) T (Z Tpoti — D Thei — Zh—mt1 > = Tp,+m one, which is
=1 i=1

identity.

Consider equality ayn,+1 + @, 41,0(k) = Tk for k # n,41. Using (6)
and denotations one may obtain that it is equivalent to zx — zg 11+ 251) =
x), which is identity.

Consider equality akn,+2 + an,+2.0(k) = Tk for k # n,11. Using (8)
and (9) one may obtain that it is equivalent to (xn,+1 — 2x) + (xr —
Tn,+1 + 2i) = xp, one, which is identity.

For arbitrary m, 3 < m <, consider equality aj n,+m+an, tm,ok) =
ko (k) for . +m <k <n,i1. According to (11) and (10) it is equivalent

m—1 m—2 m—1 m—1
to | X Tneri — D Thei — Zhema2 |+ | — Do Tnpri T Do Thy1oit
i=1 i=1 i=1 i=1

+2k—m+2) = T} one, which is identity.

For k = n;41 consider equalities ag n,+m + An, fm,o(k) = ko (k), that
iS @n,y g netm + Qnpbmonge+1 = Tnpyy for 1<m <.

For m =1 one obtains an, ; n,+1 + @n, 410,41 = @npyq,n,.+1, Which is
valid.
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For m = 2 the equality an,  n,+m + @nptmmn,+1 = T,y 18
Anyir nr+2 + 42,41 = Tn,.,, and according to (6) and (8) it is equiv-
alent to (Tn,4+1 — Zn,4y) + (Tn.42 — 2n,43) = Zn,,, one, which follows
from (17) for m = 2.

For 3 < m < [, —1 consider equality an, .1 n,+m+an,tmmn.+1 = Tn, 1,

m—

and, according to (10) and (6) this equality is equivalent to < S Xpyi—
i=1

o Z Lrpp1—i — Z'nr+1—m+2> + (Tnptm = Znptm41) = Tn,,, Whence

Z Tpppti — Z Tpyyi—i = Znyi1—m4+2 T Znp+m+1, which follows from (17)

for 3<m < l — 1. For m = I, equality an, i n, 1 + Onpyynptl = Tnpyy
is corollary of (7). O

Lemma 15. For an arbitrary v, 0 < r < q — 1, equalities a,, ymr +
Ak,o(nr+m) = An.+m,o(nr+m) and Ak +m T Anptm,o(k) = Ak,o(k) for every
s, r<s<qg;,m, 1<m<l, and k, ng+1 <k <ngqq1 are corollaries of
element relations and count ones.

Consider equality ay, +1,k+0k n,+2 = Tn,+1. According to denotations
and (8) it is equivalent to zx + (Zpn,+1 — 2k) = Tn,+1, which is identity.

Consider equality ayn, 1 + @p, 41,00k = Tk According to (6) and
Tp — Zng41, i k=mngp

denotations it is equivalent to )
! Tk — Zk+1, if & ?é Ng

+ 2,0 =2

which is identity.

Consider equality an, 12k + A o(n,4+2) = Tn,+2-

If I, > 2, then o(n, +2) = n, + 3, and according to (9) and (10) it is
Tngpr = Tnp+1l + 2ngyq, fk=mng+1
Tpo1 = Tp,1 + 251, ifkFng+1

{ Tppt1l + Tnpt2 — Tngyy — Znggq, ik =mns+ 1.
Tnpd+1 + Tnpt2 — The1 — Zk—1, if k& 7& ne + 1
identity.

If I, = 2, then equality an, 42k + @ g(n,4+2) = Tn,+2 1S equivalent to
An,+2k + Qhnpt1 = Tn,42. Let ngq —ng > 2. Then according to (6)
and (9) for k = ngyq it is the same as (zx — zp,4+1) + (Tp—1 — Tp,+1 +
2k—1) = Tp,+2. For k = mg + 1 it is the same as (avns+1 — Tp,+1 +
+ zpst1) + (X — 2k41) = Tp,42. And for ng + 1 < k < ngyq the equality
Un, 42k + Ak p,+1 = Tn,+2 is equivalent to (Th—1 — Tpp1 + 25-1) + (2 —
Zk+1) = Tn,+2. Note, that all of these equalities are corollaries of (18).

Consider equality ayn, 12 + @p,420) = Tk According to (9) it is
Tn, — Tnpt+1 + 2n,, if k=ng
Ty — Tp,q1 + 2k, Afk#n

equivalent to

= Tp,+2, Which is

equivalent to ap, 42 o(k) = , Whence, ac-
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cording to (8) it is equivalent to

Tng — Tnypt+1 + Zng, if k =ng L
Tp+1 — 2k . = xp which is
@0+ ) { T(kt1)-1 — Tnp+1 + 2k, if K # g
identity.
For arbitrary 3 < m < [, consider equality akn,+m + G, 4m,ok) =
ag.q(k)- Consider cases for k.

For k = ns+1 according to (1) it iS an,+1,n,+m + Gnptmns+2 = Tng+1s

e
whence, according to (10) and (11) it is equivalent to < Z Tpti —

m—3
- ZO xns+1_i - zns+1_m+3) ( Z xnr“l"b + Z TL5+2
mf2771
Y Tpg—it Zns+1m+2+1> = Ip,+1, which is identity.
i=0
For k =ns+1, and [, 2 <1 <m — 1, according to (10) and (11) the

m—
equality Gy, 4+1n,+m+0n,+mns+i+1 = Tn 41 1s equivalent to < S Tpti —

m—1—2 -1 l m—1
= > Tngp—i— ) Th—i — Zns+1m+l+2> + <Z T(hs1)—i = 2. Tnp+it
=0 =1 =1 =1
m—Il—2
Y Tng—i T Zns+1—m+l+2> = Z'p, 41, which is identity.
i=0
For every [, ng+m <1 < ngy1— 1 equality ag n,+m + Onptm k+1 = Tk
according to (10) and (11) is equivalent to

m—1 m—2 m—1 m—1
<Z Tppti — D Thoi — ka+2> + ( — 2 Tnpri t Y T(p1)—it
i=1 i=1 i=1 i=1
+2k_ma2) = Tk, which is identity.
Consider equality an,+m k+ak,o(n,+m) = Tn,+m for m =l and obtain
Opyyy kT Qe+l = Tnpyy -

For k = ns + 1 obtain an,,, n,4+1 + ny41n,41 = Tn,,,, Whence, ac-
l.—1 1.—2
cording to (11) and (6), it is equivalent to <— Yo Tpyit Y Tpg—it
i=1 i=0
lr—2
Zns+1—lr+2) +(33n5+1 - Zns+2) = l‘nr+1’ whence Z xns+1*i+zns+1_lr+2+
i=0
ly
Tpo41 — Zng+2 = . Tn,+; which is (18) for p = 1.
For k=ng+landl, 2<[<1,.—1, the equivalence Gy, k+0kn,+1 =
lr—1 lr—I1—1
Tp,,, is equivalent to < Z Tpti + Z Tp—i + Z Ty q—it

°
F2ng 1 —toti+1) + (Tnght = Zngpis1) = Ty, Whence 3 ap 4y it

1=0
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l—1-1 I, N1
+ Z $n5+1—i + Zns+1_lr+l+1 - Z'ns"‘l"l‘]- = Z xnr‘l'i = Z xi? Wthh
1=0 =1 i=n,+1

is (18) for 2 <p <1, — 1.
For k = ns+landl, I, <1 <ls—1, the equivalence ay, | x+0kn,+1 =
l—1
Tp,,, according to (11) and (6) is equivalent to (— > Tptit
=1
I—1 '
+ Z "I’.ns+l*i + Zns+llr+1) + (xns+l - Zns+l+1) = xnv‘ﬁ»l’ Whence

i=1

lr—1 Nr4+1

> Tpoti—i+ Znati—l+1 — Znetitl = », i, which is (18) for [, <p <
i=0 i=ny+1

ls— 1.

For k = n,y1 the equality a,, ., + @rn,+1 = Tn,,, according to (11)

l—1 I —1
and (6) is equivalent to (— Yo Tpyit Y Tpg—i + Zns+1—lr+l> +
i=1 i=1

Ir—1
+ (xns-u - Zns-i-l) = Tnpyq whence Z Lngp1—i + Zngp1—lr+1 = RFngt+l =
i=0
Nr41
> a;, which coincides with the first line of (18).
i=n,+1

4. Lemma about permutation

Let’s prove lemma for counting the number of cycles the permutation,
whose bottom line of standard representation is (I +1,...,n,1,...,1) is
decomposed to. This lemma will be used for counting the dimension of
Kirichenko space.

Lemma 16. The permutation

_ 1 n—1 n—-101+1 on
=141 n 1 !

is decomposed to (n,l) cycles, where (n,l) is greatest common divisor of
numbers n and l. In this case each cycle consists of numbers which give
the same remainder in division by (n,l).

Proof. Remark, that if n is divisible by [, then lemma is obvious. Let n
be indivisible by [.

Denote by &(m) = &(n, ) the quantity of cycles in the decomposition of
the permutation of the type, specified above. Remark, that this quantity
is equal to one for permutation

-1 1 I 1+1 n
L N | n 1 n—1)"
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whence obtain relation &(n,l) = £(n,n —1).

Consider the cases n > 2l and n < 2[. Let n > 2.

For n > 31 we will show that £(n,l) = {(n — [,1) which will give us a
reason to reduce this case to 2l < n < 3l one. Write out the permutation
7, decomposing it into blocks, as

1
l+1

l
21

l+1
20+1

21
3l

20+1
3l+1

n—1
n

n—I1+1 on
1 l ’

Pay attention to that cycles of m which contain elements of the
first block, which is interval [1,{]. Consider some element z; € [1,!] of
some cyclic trajectory, and it’s obvious that for the previous element
xi—1 of this trajectory we have enclosure x;—1 € [n — [ + 1,n], which
means, that x;_; belongs to the last block of m. It is also obvious that
for the next element of trajectory z;1; we have inclosure z; 41 € [[+1,2]]
which means, that is belongs to the second block of w. More over, as
lengthes of the first, second and the last cycles are equal to each other,
then for arbitrary element z;_; € [n — [ + 1], which belongs to some
cyclic trajectory, an element x;11 of the same trajectory will belong to
interval [l 4 1, 2{].

That is why the quantity of cycles, which the permutation 7 is de-
composed to, is equal to one for permutation 7y, where

_ [+1 21 20+1 n—1 n—1_1+1 oon
= \l21+1 30| | 31+1 n I+1 9 :

Reducing all numbers, which figure in the record of the permutation
71 on | we will not change the permutation itself and so we will not change
the quantity of cycles it is decomposed to, and obtain

-

1
[+1

l
21

[+1
20+1

n — 2l
n—1

n—20+1
1

n—1

l

)

So, &(m) = &(m2), whence &(n,l) = &(n — [,1). Repeating some times,
if necessary, these reasonings, obtain £(n,l) = £(n — pl,l), where 2] <
n —pl < 3l. Then &(m2) = &(72), where

Ty =

1
[+1

l
21

[+1

20+1

. nl—l

n1

nl—l—l—l
1

ny

l

).

and n; =n — pl. Let us consider the permutation 73 = 75 1 and denote
k=mn1—1. As 2l < nq < 3l, then 3k < 2nqy < 4k. So the permutation 73
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looks like
e — 1 ny—k n—k+1 k
37 \k+1 n 1 2k — ny
k + 1 ni
2k —n1 +1 k ’

Notice that number k does not belong to the first line of the first block,
i.e. k> ny —k (because 4k > 2n1), which gives possibility to decompose
the permutation w3 to three blocks, taking k as a border between second
and third block.

We may note also, that number 2n; — 3k belongs to the first block,
because 2n; — 3k < n; — k (as 2n; < 4k), and the number 2n; — 2k
belongs to third block, because k+1 < 2n; —2k+1 (as 2ny > 3k). That

is why, the permutation w3 may be represented as

S 1 2nq, — 3k 2n1 — 3k +1 ny—k
P k+1 oy —2k | | 2n; —2k+1 ni
nl—k—i-l k k—i-l 2711—2]43
1 2k — nq 2k —n1 +1 ny —k
2n1 — 2k +1 om
n—k+1 k ’

that is both the first and third blocks are decomposed to two blocks.

Pay attention on elements of the forth block. Like the way we have
considered the permutation 7, it is easy to see that each cycle which
contains some element x; of the forth block contains some element x;_1
of the first block, more over, each cyclic trajectory which contains some
element of the first block contains some element of the forth block on the
next place.

Pay attention on elements of the fifth block. Each cycle, which
contains some element x; € [2n; — 2k + 1,n1], contains also z;—1 €
[2n1 — 3k + 1,n1 — k] (from the second block) and x4 € [1,2k — 1]
(from the third block), that is why, like in considering the permutation
7, it is possible to regard that elements of interval [2n; — 3k + 1,n1 — k]
(second block) go accordingly to elements of interval [1,2k — nq] (third
block) which gives us possibility to state that the number of cycles, the
permutation w3 is decomposed to, is equal to one for permutation

1 2n1—3k‘ 2’/11—3]434-1 nl—k‘
2k —n1 +1 ny —k 1 2k —mq ’

Ty =




M. PLAKHOTNYK 113

So one may see that
&,y — k) = &y — k, 2k —ny) = (g — 21) = £(L,ny mod ) =
=¢(I,n mod ). Let n < 2. then the permutation 7 looks like

_ 1 n—10||ln—-101+1 l l+1 on
™= \li1+1 n 1 A—n|l2-n+1 1)

Reasoning like in consideration of the permutation in the case n > 3l
it is possible to state that permutation 7 is decomposed to the same
quantity of cycles as permutation 75

Ty =

1 n—1 n—1+1 l
2n — 1 +1 l 1 20 —n ’

whence &(n,l) = £(1,2l—n) = &(1,1—(2l—n)) = &£(I,n—=1) = £(I,n mod 1).

So we have obtained that for every n and [ the equality &(n,l) =
&(I,n mod 1) takes place, which is the equality used in the algorithm of
finding the greatest common divisor which, as known, may be obtained
by this step, after using it some number of times.

Show, that all the numbers which belong to the same cycle give the
same remainders in division by (n,). Let & be an element of some cycle.
If x +1 < n, then the next element of this cycle is x 4 [, which, obviously,
gives the same remainder in dividing by [ as « does and so the same one
in dividing by (n,1).

If x +1 > n then the next element of the cycle is x + [ — n, which also
gives the same remainder in dividing by (n,[) as x does. O

5. The dimension of Kirichenko space.

The purpose of this section is to count the defect of the matrix of count
relations which is the dimension of Kirichenko space.

Lemma 17. Consider the relation

ls 1
ll ZSEnSJﬂ‘ = lSZZEZ (14&)
=1 =2

Systems of relations (14; 15) and (14a; 15) are equivalent.
Proof. Consider the system of relations
ni—2

ni
D Tngi T = Y @, (14)
1=2

=0
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Tngtp = Tng—(m-p) LSPEM (15)
Tnst+p = Tnstp—na Ny <P < M1 — N

According to the first line of the last relation, the relation (14) is
equivalent to

ni ni
Z R Z s (14b)
=1 =2

one.

From second line of equalities (15) we may obtain %, 4n,+1 = Tn,+1,
Tng4ni4+2 = Tny4+2 and so on up to xp,, = Tn,,,—n,, that is the set of
parameters {Zy 41,...,%n,,, } is periodic with period n;. Here consider
the periodicity in the sense, that if ¢ — j is divisible by n, then x; = x;.
Without bounding of generality one may consider this set as consisted of
elements {Zn 41, .., Tnytny }-

It goes from the first line of equalities (15) that the last n; elements
of a set {xp,41,...,2n,.,} coincide with {zp 41, Tn, 42, .., Tn,4n, } COI-
respondingly.

Taking into account the fact that the set {z,, 41,...,2n,,,}, is pe-
riodic, it is easy to see that the problem of calculating the quantity of
different parameters of the set {x, 41,...,Zn,4n,} 1S equivalent to one
of finding the quantity of different cycles, the permutation ,

7r—< I m—=0 m—=Ii+1  nm—1 n1>
I+1 ny 1 -1 1)’
which the first line corresponds to the last ny elements of a set
{Zno41,- - 2, } (Which are equal to former ones), and second line cor-
responds to the last elements of a set {xp,41,..., 2y, } is decomposed
to.

According to lemma 16 (about permutation), the set of parameters
{@ns41,- - 2, } is decomposed to (Is,11) sets of pairwise equal ones,
and indices of elements of each cycle give the same remainders in division
by (Is,11).

n1 ni

Consider ones more the equality (14b) which is > xp .4 = Y ;.

i=2

i=1
Taking into account facts proved above, sum of first n; parameters is

equal to sum of all (I, 1;) pairwise unequal ones taken times.

(l87 ll) ll

i E ZTng+i 1s sum of one gang of pairwise
14
=1

1
(ZSull)

So, it is obvious, that
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l1 l
Iy .
unequaled parameters, whence g Tpoti = T g Zn,+i, which is
i=1 5 =1

llZ$n5+i = ZSZSCZ'. (14&)

Using the same steps (with revers order) one may prove that the
system of equations (14; 15) is a corollary of (14a; 15). O

Lemma 18. If n; = 2, then the system of equations

{ Th—1+ T =22 nNg+2<k<ngy, (12)

Tpgy +Tp =22 k=ns+1
is a partial case of relations system (14a; 15).

Proof. Write out the matrix of relation (12) and obtain

1 1 0 0 - 0=
0 1 1 0 - 0]x
0o -~ 0 1 1 0]x
o o0 --- 0 1 1]a
1 0 -+ -+ 0 1]

If one subtract from each line (except the first) the previous one, and
add all the lines to the last one then the matrix which determine the
system of equations it will appear. This matrix is equivalent to former
one, where (just for convenience) it is possible to add the last line of a
former matrix to penultimate place, and obtain matrix

1 0 -1 0 - 010
0 1 0 -1 -+ 0] 0
o -~ 0 1 0 -1] 0
-1 0 0 1 0] 0
0 -1 0 0 1|0
2 2 2 2 |l

where bold type is used for added line. It’s obvious, that this system
coincides with the system of relations (14a, 15) for n; = 2. O
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Thus, the problem of calculating the dimension of Kirichenko space
has reduced to finding the defect of matrix K whose columns correspond
to parameters {:CQ, e Ty Zng 42,15 Zng 43,1 - - - Zn,1s Zng 42,25 - 20,2 - - -
ey Zng_142,4—15 - - - Zng—1} and lines correspond to relations (13; 14a; 15-
18) ordered in a natural way. It’s obvious, that this matrix looks like

X o o0 - 0
k(3 0) o o0om
X z) : o : ,
Xpq 0 o 0 Zy,
where matrices X, X1,...,X,_1,Z1,...Z4-1 are block matrices, matrix

X corresponds to relations (13), and each block ( X, 0 Z 0 ) cor-
responds to count relations (14a; 15-18) for every r, 1 < r < ¢ — 1.
Blocks which correspond to different values of r have similar form and
in some sense are differ only by dimension. Consider their structure in
more details.

Like in proving relations, we may fix arbitrary r, 1 <r <n — 1 and
so, for admissible k instead of zj, we will write zj.

Consider the system of relations

m m—2
anr-&—i - Z Tnpp1—i = Znp+m+l + Znpp1—m+2s 2<m< lr -1 (17)
=1 =0

Fix arbitrary mg, 2 < mg < [ — 1. It’s obvious that parameter
Zn,+mo+1 Will be met in the equality for m = mg and in the equality for
such m = my, that n,41 —m; +2 = n, +mp + 1, because z,, ymq+1 may
be met not only as first, but also as second item in relations (17). Let’s
find indices for z, which will appear in relations for m = my. Sure, one
of them will be n, + mg + 1. As ny,y1 —m1 + 2 = n, + mg + 1, then
m1 = ny4+1 — Ny —mg + 1, whence the index, we need, is n, + m; +1 =
ny+1—mo~+2, which coincides with index of second element in the relation
for m = my. It means, for any relation in (17), there is one more, which
has the same right side. Show, that these two relations coincide, that
is they are one relation, written out two times. This statement may be
formulated as such lemma.

Lemma 19. For everyr, 1 <r <qg—1and everym, 2<m <[, —1

denote
m m—2
f(m) = Z :En'r“l’i - Z "Enr#»l*i'
i=1 =0

Then f(m) = f(ny41 —nyp —m+1).
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Proof. Let’s prove, that f(m) — f(ny41 —n, —m+1) =0.

m m—2
fm) = f(nps1 —np —m +1) = (Z Tnp+i — Z $n,~+1—z‘> -
i=1 i=0

Npy1—Nr—m+1 Npt1—Nr—m—1 ne+m
- g Tnpti — — E Tnpp1—i | = g Tq—

=1 =0 i=n,+1
Npg1 npp1—m+1 N4
— Z xT; — ( Z Xr; — Z .%'z) =0 0O
=Ny —Mm+2 i=n,+1 i=n,+m+1

Thus, lines of matrix, which correspond to fixed r and relation (17)
looks like

X;2 01 0 0 0010
X;3 0[0 1 0 0100
X;sa 0/0 0 1 1000
: 0 0 0 0000
Xy, 0[0 0 1 1000
Xp-2 0[0 1 0 0100
Xp-1 01 0 0 0010

where by the bold font we type block-lines, and the first half of lines of
this part of K are pairwise different, but others are copies of some first
lines.

The problem of calculating the defect of this part of K is reduced to
calculating the quantity of independent parameters in the set (17). This
set is decomposed into independent pairs. Each such pair is relation,
which looks like sum z; + 2; equals to some expression, depends only on
the set xo, ..., zy,. It is obvious, that if n.+mg+1 # n..1+mo+2 for any
my, then one of parameters 2z, mg+1, 2n,1+mo+2 We may consider as
independent, and the other as expressed through independent ones, and
so in this case, the relation (17) for m = mg gives us one independent
parameter. If for some mg we have equality n, +mo+1 = n,4+1 +mo+ 2,

then 2y, ymq+1 is expressed through parameters of the set z3,...,z, and
is dependent. That’s why the quantity of independent parameters equals
I —2 lr—3 2

5 if [, is even, and equals

general case and is equal to the defect of matrix, determined by (17).

, if 1. is odd, which is [ZT;] in

Consider the part of matrix K which corresponds to the system of
relations (18), and looks like ( X,y 0 Z;y 0 ) (indices are bracketed
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to make difference with denotations for blocks, which appeared in some
previous propositions) which may be written in the matrix form as

1 0 - 0 -1 0 — 0| f
0 1 0 0 -1 .- 0 fl
Z . O 0 1 0 0 ttt _1 flS_l’V‘_l
W= -1 0 -~ 0 1 0 -+ 0] fi
0O —=1 --- 0 0 I 0| fiy—t,41
0 0 -~ =1 0 0 - 1| fia

Let’s show, that by means of interchanging lines and columns, this matrix
may be reduced to block-diagonal form. The possibility of such reduc-
ing means that the set of parameters, which correspond to columns of
this matrix may by decomposed into such disjunct join, that there is no
relation, which connects parameters from different sets. Write out the
connections between parameters z, 41,..., 2,4, in the form of permu-
tation m, where equality 7(i) = j will mean that there is an equation
Zng+j — Zneti = fj+1 in the system (18). From the fact that for each
i, 1,< ¢ < lg, parameter z,,i; is met only two times i.e. once with
positive sign and once with negative one, we obtain that the quantity of
blocks the left part of Z(,) may be decomposed to is the quantity of cycles
the permutation 7 is decomposed to.
The first two lines of system (18) give that 7 will be like

e L= =L +2
= 1 2 e L)

And in the same time, the last line of (18) gives, that 7 looks like

1 RN R A
l,+1 --- ls ’
and in general 7 is

(1 > J FR Ry Ry RS T
T\ 41 L2 o 1 L)

According to lemma 16 it is decomposed into composition of (s, 1) =

t cycles, and each cycle in this decomposition contains exactly w = —

- | =~

elements. Note, that all elements from each cycle in this decomposition
give the same remainders in division by £.
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Make the simultaneous interchanging of lines and columns of matrix
Z, determined by permutation 7 which looks as

1 w(1) #%(1) ... 7@~ Y1)| 2 n(2) - AUH2) |-
<1 2 3 w w+1l w+2 --- 2w

t R () >

ls—w+1 - ls

After this matrix Z(,) will be transformed into
0 B

0 Zrt Fr,t

)

where F,.; is column of functions }v(i—l)t+1v.}cv(i—1)t+2>"~f(i—1)t+wa ob-
tained during transformations, and matrices Z,; are equal and look like

1 -1 0 0

0 1 -1 0
Zr; = :

0 0 1 -1

-1 0 0 1

Let’s do transformations with lines of each block of obtained matrix.
In each block of obtained matrix add all previous lines to each one except
the first line (because it has no previous), and obtain matrix

L =1 0 - 0|  faun
L0 =1 - 0 | fli—nyes1 + fi—nyes2
Zr,i = w—1 _
10 - 0 -1 fi—1)t+
=1
0 0 0 0 21 ]?(ifl)tJrj
J:

Now, my means of addition of all columns of matrix Zm except the
first one to other columns of matrix K with necessary coeflicients we
may make zero all elements of Z,; except ones, belongs to it’s first sub
diagonal, which will stay be equal to —1.
wo -
Show that the sum ) J(i—1)t+; doesn’t depend on i. The last propo-
j=1
sition is a corollary of next lemma.
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Lemma 20. For every common divisor t of numbers [, and ls and for
(/=1 _ s [ e

every b, 1 < b <t the equalit it = — Tpoti— — Tt

Y0, >~ U = q Y Z;Q fb 1+t ¢ ; ns—+i P ; Ny+1

takes place.

Proof. As functions fo, . ﬁs_l are obtained from the set of ones
{fo,-.- fi,—1} after interchanging of lines and columns of matrix, then
for every p, 0 < p <[, — 1 the equality !)‘A;, = 7"(fr(p+1)—1), Where 7" is
automorphism of the set {xpn, 41, ... Tn,,, } such that 7%(zn, i) = ¥y 4r(s)
for every i, 1 < i < ls takes place. As for every b, 1 < b < t the
set {b—1+idt, 1 < b < t} is invariant for 7, then the proposition
. - (Is/t)—1 I, ls L b
of lemma is equivalent to Z;) fo—1vit = n ;mns+i i ;xnrﬂ',

Nr41
which we will prove. Denote g, = fr — Y. ;. It is obvious that it is
i=n,+1
(Is/t)—1
necessary and enough for proving lemma to prove that >  gp_14i =
i=0

I & neg
0 E Tn.+i, because items — > x; are met exactly once in each f,
- i=n,+1

i1
and that is why alter taking the sum of f;, we will obtain that quantity of
Nr41 (ls/t)fl

s
l Ir O
appearing of — Y mx;is —. Prove, that Y. gy 144 = — ansﬂ'.
=1 t =0 L

Let us write out the matrix GG, which columns correspond to parameters
Tpg41s-- -1 Tn,,, and [ lines correspond to relations go, ... g, —1.

When k runs through the interval [0, — 1], then lines of matrix G
which correspond to relations g look like

o0 0 - ---l1 1 1 -« 1 1 1
0 0 0 1 | | 1 1
11 00 .1 11
G* = , Or
1 1 0 1 0 0 1 1
11 1 1 o . 0 .1
1 1 1 1)1 1 0 0 1
0 0 O 0|1 1 1 1 11
1 0 O 0|0 1 1 1 1 1
1 1 0 0|0 0 1 1 1 1
G**: .
11 --- 010 0 . 1 11
1 1 1 0 0|0 0 O 011
1 1 1 1 0(0 0 O 0 0 1
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which depends on whether 2l > I,, or not, where the first line of G**
contains [, identities and ls — [, zeros. This matrix is decomposed in
the natural way to blocks GI and Gr, the former of which corresponds
to parameters Tp, 41, .-, Tn, -1, and the last - to z,, 1,41, -, Nst1
ones.

When k runs through interval [l,,ls — 1], then the part of matrix G,
whose lines correspond to relations g; for these k looks like

01 1 - -+ 11 1 0 0 0
a—-loo 1 o o111 1 0 0

where the former [, elements of the first line are equal to identity, and
the last ones are zero.

The statement of this lemma in terms of matrix G is the following.
If we write out the lines of g with the step ¢, and arbitrary beginning
b, 1 < b <t then the sum of ones in each column will be the same and

l
will be equal to —. Note that as the quantity of lines of matrix G** is

equal to [, which is divisible by ¢, then such writing out the lines means
that we obtain a matrix Gp, which consists of writing out one above
another matrices G and G;*, each of them is obtained by writing out
the lines of matrices G** and G* with the step ¢ starting from b.

Denote by Gl and Gy, those parts of matrix G3* which are obtained
during writing out the lines with step t. Let’s show that matrix G

will be column-block matrix, i.e. it will be consisted of such vertical

blocks with l—s lines that each of them will have the same element in

each line. We will say about such matrix, that it satisfies column-block
condition. Let’s show, that for G}* the correspond widthes of blocks will
beb—1,¢t t,...,t, t—b+1, b—1,¢ t, ..., t, t—b+ 1, and the first
blocks of matrices Gl and Gry have width b — 1.

For proving this proposition, consider matrices Gly, Gry and G} sep-
arately.

Consider matrix Gl,. The first line of this matrix have b — 1 ones and
zeros at the other places, and satisfies column-blocks condition. Each
next line of this matrix will have ¢ ones more at the beginning and t zeros
less at the end and so, satisfies the column-block condition also.

Consider matrix Gry. The first line of this matrix have b — 1 zeros
and ones at the other places, and satisfies the column-block condition.
Each next line of this matrix will have ¢ zeros more at the beginning and
t ones less at the end and so, satisfies the column-block condition also.
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Consider matrix G7. The first line of this matrix have b — 1 zeros at
the beginning, then [, ones, and at last (Il — 1, —t) + (t — b+ 1) zeros at
the end, and satisfies the column-block condition. Each next line of this
matrix has ¢t zeros more at the beginning, and ¢ zeros less at the end, and
so, satisfies the column-block condition also.

Let us count the quantity of ones in the first column of matrix G} that
is equal to this quantity for the first block-column. If b = 1 then each of

l
?r lines except the first one of matrix Gl will have some number of ones

at its beginning, and the first one will have zero there, so the quantity of

l
ones in the first block of matrix Gl is ?T — 1. At the same time, the first
line of the matrix G} has one at its beginning and other ones have zero
at their beginnings, so the quantity of ones of the first block of matrix
1,
Gb s —.
If b > 1, then the first element of each line of matrix Gl will be equal

to one, but the first element of each line of matrix G} will be equal to
zero, whence the quantity of ones at first places of all lines of Gy, is equal
l
to —.
It’s easy to see that every next block of Gl has exactly 1 one less,
but every next block of G} has 1 one more, so general quantity of ones
l
is not changed and is equal to % for all columns from the first up to one
number [y — I,
Count the quantity of ones in the last column of matrix Gp. The last
element of each of — lines of matrix Gry, is equal to one, and in the came

time the last element of each line of G} is equal to zero. That is why the

l
quantity of ones in the last column of Gy is equal to ?r

It’s easy to see that moving left from last block of Gry each block we
meet, will have 1 one less then previous in matrix Gr, and 1 one more
in the matrix Gj, saving the general quantity of ones in columns with
numbers from I — [, + 1 up to l;. So the quantity of ones in each column

l
of Gy is equal to ?T O

Corollary 1 of lemma: The part ( Xy 0 Zgy O ) of matrix K
which corresponds to count relations (18) for fixed r by transforming lines
and columns may be reduced to being like

)

Is lr
N o— LD Tpeti —lsd Tpn,+i 0 0 0
s — i1 i1
0 0 F 0
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where FE is identity matrix of order l5 — (Is,1,).
Corollary 2 of lemma: Using transformations of lines and columns,

X 0 X 0 0
matrix K = , may be reduced to being like [ X” 0 0 |,
Xz 0 E O

where E in such identity matrix that ( E 0 ) has defect

-1 q =2 9
Z Z (Is, 1) + Z { - ], and matrix X" looks like

2
s=2 r=s+1 s=2

0 Ly 0 —Ls
0 Ly 0 0 —Lo 0
0 L 0 0 0 —Lo
0 0 Lsyy —Lg 0

x"=1 0 0 Lgyio 0 —Lg
0 0 L, 0 0 — Ly
0 0 Ly1 —Lgo 0
0 0 L, 0 —Lg4o
0 0 0 L, —Lg 1

where all elements at full places are zero, and by L; we denote a matrix

which has one line all whose elements are equal to ;. In this case the

quantity of blocks-columns of matrix is equal to ¢, the width of first of

them is equal to [; — 1, and the widthes of others are equal to I;, ¢ > 1.
Let’s go to describing a matrix X.

According to relations (13; 14a; 15), it is like X = ( g >, where

1 o --- 0 0 —1
1 - 0 -1 0
0 -1 0 1 0
A=1]| -1 0 0 0 1
X3
X4
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where the first block has [y — 1 columns, and each next one has [;, ¢ > 1,
columns, and X* is like

1 0 0 -1 0 0
0 1 0 0 -1 0
: 0 0 1 0 0 - -1
T __
=10 o 0 1 0 - 0 |
0 -1 0 0 1 0
0O 0 - -1 0 0 - 1

where the sub diagonal, whose elements are equal to —1 has number nq,
i.e. the element of first line of X*?, which is equal to —1, is in the column
number nq + 1.

Matrix B looks like

Ly —Li 0 - 0 0
Ly 0 —I 0 0
B=| .
Lyw 0 0 - —L 0
Ly, 0 0 - 0 —I

where L; means the same as in matrix X”.

Consider block matrix )?”

Note that widthes of blocks of matrices A, B, and X" are equal, and
its easy to see, that if we will subtract the first column of each block of
the width [y — 1, la,...l4, from all other it’s columns, then each block
of matrices B and X” will have number [; at the first place and zeros
at the others. Denote them by Ei, and matrices which appear after
transformation of B and X” by B and X".

. B . o
Let’s find the rang of matrix s | It’s obvious that it is not less

then ¢ — 1, because its first ¢ — 1 lines are linear independent.
Let’s consider the first ¢ — 1 lines and arbitrary other line, which
contains elements /; and [;, obtaining

lo, =4 0 -+ 0 0
I3 0O —l4 --- 0 0

det : . =
lg—1 0O 0 -l 0
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L~ 0
= (—ll)qu -det l; 0 -1 = (—ll)qu . (lllz'lj — lllilj) =0. And,
(R

B
the rang of matrix ( P ) is equal to ¢ — 1.

"

That is why the rang of matrix is equal to one of matrix

X
X/l
A minus ¢ — 1, And we may generalize our calculations of dimension of
Kirichenko space.

Thus, if ¢ > 2, then the dimension of Kirichenko space may be written
I q 90, — 2 9 g 7,
out as M +Y (e )+ { 5 ]+Z > (Ual)—g+l =) M +
s=2 r=2 r=2 s=r+1 r=1
79 q
YD k) —20+2

r=1s=r+1
If ¢ = 2, then matrix X” will be absent, whence the dimension of

l lo —2 l l
Kirichenko space will be [1] + [ 2 ] + (lg, 1) — 1 = [1] + [2] +

2 2 2 2
(Ig,11) — 2
If ¢ = 1, then all count relations will be represented by equality (13),

and the dimension of Kirichenko space will be equal to [%} .

Thus, we have proved the main theorem
Main Theorem. Let o be a permutation, which is composition of

cycles of lengthes ly,...,l;. Then the dimension of Kirichenko space is
equal to
a 11, 1
2—2q+ > by + 5 Z(ls, l,), where (a, b) denotes the greatest common
r=1 r#s

divisor of numbers a and b.
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