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ABSTRACT. In this article we consider the relation between
0—cohomology and extended FEilenberg-MacLane cohomology of
categorical at zero semigroups.

1. Introduction

The 0—cohomology theory of semigroups with zero element was intro-
duced in the work [7] as a result of investigation devoted to projective
representations of semigroups. This theory was applied also to studying
Brauer monoid [9], matrix algebras [11], calculation of the Eilenberg-
MacLane cohomology (EM-cohomology) of semigroups (see survey [10]
and references there). Unfortunately the 0—cohomology functor is not a
derived functor for all semigroups.

Nevertheless the 0—cohomology functor becomes a derived functor
if we extend the category of coefficients up to the category of covariant
functors from the small category to the category of Abelian groups [5].

On the other hand the 0—cohomology functor is a derived functor for
a certain class of semigroups. B. V. Novikov showed that the categorical
at zero semigroups belong to this class.

More precisely, [7]: let S be a categorical at zero semigroup, then
there is an isomorphism HJ'(S, A) & H"(S, A) for all 0—modules under
semigroup S and n > 0. Here Hj denotes the 0—cohomology functor, and
S is the gown of the semigroup S (see sec.2). This theorem provides a
relation between 0—cohomology of semigroups and EM-cohomology and
takes an important role in the cohomology theory of semigroups.
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The aim of this article is the generalization of this theorem for the
category of all natural systems.

The paper consists of five sections. The necessary definitions and
theorems are given in second section. The third section is devoted to the
proof of the main result of the article, see theorem 3. The examples of
applications of the main theorem are considered in section 4. The relation
between the theory of Baues’s-Wirshing’s cohomology for small categories
in case of categories without inverse morphisms and 0—cohomology of
semigroups is considered in section 5.

I would like to thank Prof. Boris Novikov for his kind assistance and
encouragement during the work on this paper.

2. Preliminaries

By S! we will denote a semigroup S with an adjoint identity. A semigroup
S with zero element is called categorical at zero [3] if abc = 0 implies
ab=0 or bc = 0.

A small category C is called connected if for all objects a and b there
is a sequence of morphisms a — ¢ «— ¢ — ... — ¢, «— b of the
category C.

Let I : C — D be a covariant functor of small categories and
d € ObD. The comma category (F' | d) is the category which objects are

morphisms Fe¢ —— d, and a morphism from Fk —— d to Fl 2, dis a
morphism £ : k — [ such that 8o F¢ = a.

Let B be a category, A is a subcategory of B. A functor R: B — A
is said to be a reflector [2], if for all objects b € B there is a morphism
Ny : b — Rb such that each arrow g : b — a € A can be represented as
g = fnp for unique morphism f € Mora (Rb, a).

Let us consider the category Semg whose objects are semigroups with
zero and morphisms are mappings f : S\ 0 — T such that f(zy) =
f(x)f(y) for zy # 0. As it was shown in [8] there is a reflector R :
Semy — Sem where Sem is the category of all semigroups.

The reflector’s value RS is called the gown of a semigroup S and is
denoted by S [7].

The gown S consists of tuples < si,...,5, > with s; # 0, ;5,41 = 0.
In case if S is a categorical at zero semigroup, the product of elements
§=<81,...,8, > and t =< ty,...,t, > is defined by the formula:
st — < 81yeySptly ety >, if syt # 0,
< S1yeveySputl, .oyt >, if spty = 0.

For simplicity we sometime will omit brackets in products like a <
u>or <u>a«a, where « € S and u € S.
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By the symbol |s| we will denote the number of elements in a tuple
§ =< 81,.-+,87 >.

By a nerve of a category C we will call the set N, (C) of all tuples
(a1, ..., ) which components are morphisms of the category C such
that the composition o;410; exists for all 1 <¢<n—1and n > 1. The
nerve Ny(C) consists of all objects of the category C.

Let C,(C) denote a free Abelian group with the set of generators
N,(C). We define a coboundary homomorphism d,, : C,41(C) —
Cp(C) on the generating set by the formula:

dn(al,...,an+1) = (ag,...,an+1)+
n
Z(—l)’(al,...,aiaHl,...,anH)—I—
=1
(—1)”+1(a1,...,an).

The homology of the complex {C),(C),d,}5°, is called an integral ho-
mology of the nerve of the category C and is denoted by H,,(C) (see, for
example, [12]).

By the symbol A : Ab — Ab® we denote the diagonal functor,
which maps an Abelian group A to the constant functor AA : C — Ab.
For an object ¢ € ObC the value of the functor AA is the Abelian group
A and (AA)(f) =ida for all morphisms f of the category C.

The right adjoint functor to the functor A is called an inverse limit
limc : Ab® — Ab.

Theorem 1. [6] Let 7 : C — E be a functor of small categories. Then
the following conditions are equivalent:

a) The category (7 | e) is connected and Hy (T | €) =0 for alln >0, e €
E;
b) For every functor F': E — Ab the canonical morphism:

lim"” FF — lim”™ F'r
—E ~—cC
s an isomorphism for all n > 0.

Let C be a small category. The category of factorization FC [4] is the
category whose objects are all morphisms of C and the set Morc(f,g)
consists of three-tuples («, f, §) such that af3 = g. A covariant functor
D :FC — Ab is called a natural system on category C.

If we consider semigroup S! as a category with a single object, we
obtain the correspondent definitions for the category of factorizations FS!
in semigroup S and natural system FS* — Ab on S.
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The cohomology of a category C with coefficients in the natural system
D [4] is the Abelian groups H"(C, D) = Ext"(Z, D) for all n > 0 where
symbol Ext denotes the derived functor of Hom-functor and Z : FC —
Ab is the constant functor: Z(c) = Z.

Analogously to [13], [4] we define the category of 0-factorizations in
the semigroup S with zero FpS', whose objects are elements from S \ 0,
and morphism’s set Mor(a, b) consists of three-tuples («, a, 3) where a, 3
are elements from S, such that aaf = b [5].

A 0-natural system on semigroup S with zero is a covariant functor
D : FoS' — Ab. For simplicity we will denote the value of a functor
D on an object a € ObFyS* by D,. Let us denote o, = D(a, a,1) and
B* = D(1,a,[3), then D(a,a, ) = a.3* for each morphism (a, a, 3).

For given natural number n > 1 let us denote by N,,S' the set of

all n-tuples (ay,...,a,) of elements from S* such that a; ---a, # 0 (the
nerve of semigroup S'). In case n = 0 let NoS! = {1}. The map with
the domain on the nerve of S! that sends each a = (a1,...,a,) to an

element from Dy, ...q, is called a n-cochain. The set of all n-cochains is an
Abelian group C#(S1, D) with respect to pointwise addition. For n =0
let CJ(S, D) = Dy.

Let us define the coboundary homomorphism 6" : C§(St, D) —
Cyt1(SY, D) by the formula (n > 1)

((5f)(a1, N ,an+1) = al*f(ag, ooy an_H)
+D (=1 f(ar, . aiigas - ang) + (1) ak o flag, . an).
=1

For the case n = 0 we set (6f)(z) = x.f —a*f for f € Dy, z € S\ 0.
It is simple to prove that 6"6"~! = 0. The group of cocycles Zg(Sl, D)
is the kernel of the coboundary 6". Let B (S', D) denote the group
of coboundaries which is the image of §"~!. The 0—cohomology of a
semigroup S with coefficients in 0—natural system D is the Abelian groups

Hg(S',D) = Z3(S", D)/ By (S", D).

Theorem 2. [5] Let S be a semigroup with zero, D : FyS* — Ab is a
0-natural system. Then there is an isomorphism

H(S', D) = Ext"(Z, D),

which is natural in D, where Z 1is the constant 0—natural system

Z(s) =2 7.
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3. Main theorem

Let S be a categorical at zero semigroup and S be the grown of S. Con-
sider the embedding functor i : Fp.9' — FS! which is defined by the
formula:

i) = <l>, (1)
i(s,l,p) = (Ks><I><p>),

for all objects I € ObFyS! and morphisms (s,1,p) € MorFgS*.

Lemma 1. The embedding i is full.

Proof. Let us consider the arrow < [ >(U—’72< t > for some o,7 € S' and
I,t € ObFoS'. Then < t >= ¢ < [ > 7, what implies the following
equality |0 < I > 7| = 1. This is possible only if 0,7 € S! and ol # 0,
i.e. (0,l,7) € MorFyS!. O

Let us formulate the main result of the article.

Theorem 3. Let S be a categorical at zero semigroup, i : FgS' — FS!
is the embedding functor which was defined in (1), D : FS' — Ab is
a natural system on S*. Then the functor i induces an isomorphism of
cohomology

H"(S', D) = H}(S*, Di)

for allm > 0.

Let us sketch the main steps of the proof. In the first step we consider
cohomology functor of semigroup as a derived functor of the limit functor
under some factorization category. Further, we explore the integral com-
plex of the nerve of comma category (i | s) for s € S'. For completion of
the proof, due to the theorem 1, it is sufficient to show that the comma
category (i | s) is connected for all s € S and that the integral homology
of nerve (i | s) is acyclic. The lemmas 2 and 3 are devoted to this aim.

Proof. In [4] it was shown that the cohomology of a small category C
with coeflicients in natural systems is the derived functor of the inverse
limit functor:

H"(C, E) = limgcE, n >0,

where E : FC — Ab is a natural system. If we consider the monoid S' as
a category with a single object, then we have the following isomorphism:

H™(S', D) = 1lim%., D for all n > 0.

+—FS1
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Since the 0—cohomology functor is a derived functor (see theorem 2),
it is easy to show that HJ(S1, D) = Ext"(Z, D) = limg o, D for all n > 0.

The embedding functor i : FyS' — FS! induces the natural homor-
phism:

W limgey D — limg 61 Di, n > 0.

By the theorem 1 let us show that under conditions of the theorem 3 the
homorphism WV is an isomorphism of cohomologies.

Let us adduce auxiliary notations which will be useful in future. Let

§ =< S1,...,5m > be an element of the gown S. Then define
e = (< 81,58k >,1,< Sky1,.-y8m >) €(i | s), 0<k<m,
S =(< 81,00y 8k—1 >, < Sk >, < Sgals---sSm >) € (i ] s), 1<k<m.

Lemma 2. Let S be a categorical at zero semigroup, S is the gown of
S, i:FoSt — FS! is the embedding functor. Then the comma category
(i | s) is connected for each s € S1.

Proof. Consider the elements («,1,3), (v,t,0) € Ob(i | s). We define
the path which connects these objects. Let s =< s1,...,5, >.
a) If n =1, then (1,s,1) € Ob(i | s) and the commutative diagram

S

DZEIRNE
& Z
l t
0 D
= )

S

gives the required path.
b) Let n > 2. It is obvious that the diagram

. (sp; 1) . (L, spt1) _

P P > Sp+l
shows us that the set {ex} U{sp} C Ob(i | s) is connected.
Suppose (a,1,8) = (< 81,...,Sk—1, 0 >,1,< B1,8k11,...,8, >) €

(i | s) does not belong to the set {e;} J{sp}. It is easy to check that the
morphism (u,l,v) : («,l,3) — 5j of the comma category (i | s) which
is defined by the equation

(alﬁ la 51)7 if aklﬂl ;é 07
(u,l,v) =< (ag,l,1), if agl # 0 and I =0,
(1,l,ﬂ1), if akl:Oand lﬂl 750,

for some 1 < k < n, defines the path between objects («, 1, 3) and 8. [



A. KOSTIN 57

We start the proof of the fact that the complex {Cy (i | s),dn}22,,
s € ObFS! is acyclic.

By the definition Cy(i | s), n > 1, is a free Abelian group which
is generated by the set of all tuples (f1,..., f,) of morphisms from the
category (i | s), such that the composition f;11f; exists and Cy(i | s) =
Z0b(i | s).

Let Q = ((u1,v1),..., (un,vy)) be an element of the nerve Ny (i |
s), n > 1, s € ObFS!. This means that the diagram

ubvl U2,U2 .l

n—1
N /Omﬁﬂ

is commutative where [; € S! and «;, 5; € S'. In other words the follow-
ing equalities

una Un

liv1 = uir1liviga,
Qi = Qy1Ui+1,
Bi = vit1Pit1,
exist for all 0 <7 < mn—1. It implies that the nerve’s element € is defined
by the cortege
[Cny Uy« vy U, L0y ULy - v oy Uny O]
In such a way the basis of the group C, (i | s) is the set N, (i | s) of el-
ements [av, Uy, ..., u1,l,v1,...,0y,, 3], such that upup—1 -1 vp_1v, €
S auptipn_1...1- - vyp_1v,3 = s for some o, B € ST, n > 1.
On basis elements of C),(i | s) the coboundary d,,—; : Cp(i | s) —
—1(i | s), n > 1 acts by the formula:

dp—1]0, tUp, ..o w1, Lvr, o O, B = [ up, ooy uglog, ..o v, B+
n—1
Z(—l)’[a,un, ey Ui 1 Wy e UL, L VT e V0, - e Uy O]
i=1
(=1)"[oun, ... ,ur, L v, ..., 0.0].

It is simple to prove that the groups C, (i | s) with their coboundary
maps form the simplicial object in the category of Abelian groups. By the
theorem of normalization [1] it is sufficient to prove that the normalized
complex {C’n(z 1 8),dn}22, is acyclic. Here Coli | s), n>11is a free
Abelian group with the set of generators:

Nn(z 1s) = A{layun,...,l...,v0, 0] € Np(i | s)|
(ug,vp) # (1,1), o, p € S, VE}.
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The group Cy coincides with Cp by the definition.

Lemma 3. The complex {Cp(i | 5),dn %, is acyclic.

Proof. Let us construct a contracting homotopy €41 : C, — C’n+1,
n > 1. Let Q = [a,up,...,u1,l,v1,...,0,0] € Np(i | s) for el

ements a =< ai,...,0 >, B =< p1,...,6, >. For all elements
§ =< S81,...,8n >€ S let us denote I(s) =< s9,...,8, > and r(s) =<
S1,+++58m—1 >. Denote by w the product uy, ---ujlvy - --v,. Define the

homotopy by the formula:

0, if apw =wp =0,
E O= ( 1)n+1[ ( ) ak?”ﬂ?"')vnaﬁbl(ﬁ)]) if akwﬁl 7&07
et (=1)" 1 r (), g tns - - -, 0ny 1, ], if apw #£0, why =0,
(=) o, 1, un, - - ., o0, B1,1(B)], if apw =0, wpPi # 0,
for all n > 1.

Let us prove that in the case n > 2 the diagram

A dn oA dn—l‘ A
Cn+1 -« Cn - Cnfl
En+1 En
yields the following equation:
endn—1 + dn5n+1 = idc,n. (2)

Consider three possible cases which correspond to the definition of

En+1-
Case 1. agpw = wB; = 0. Then dyen+1€2 =0 and

Endn1Q = enlo, Un, ..., urlvy, ... 00, 6] + (3)
n—1
Z(—l)len[a,un,...,ui+1ui,...,ul,l,vl,...,viviﬂ,...,vn,ﬁ]+
i=1

(=1)"enfaun, ... ,ur, lvy,. .., 0,0].

By associativity of S! all the summands of equality (3) except the last
one are equal to zero.

Let u, = 1 then v, # 1. Since S is categorical at zero we conclude
that v,81 = 0. Thus we have

EnlQUn, Un—1, ..., Un—1,Unf] = Enlo, Up_1,. .., Up—1,< Uy, 1 >] =
(_1)n[a7 1,un_1, e Un—l;’l)n,ﬂ] — (—1)"9
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The proof of the equation (2) in the case when u,, # 1 and v, = 1 is dual
with the given one. Now let u,, # 1 and v, # 1. Since S is categorical at
zero we have apu, = v,081 = 0. Hence

5n[auna Up—1y-++,Un-1, vnﬁ] =

Enl< oy QU > Up—1,y ey Up1, < Up, B, ... >] = (—=1)"6

So the proof of the equation (2) is finished for the first case.
Case 2. Let Q € N, (i | s) such that agwB; # 0. Then

dn€n+1Q = (_1)n+1dn[r(a)a A, Un,y - -« Un, ﬂl? l(ﬁ)]
(_1)7744'1([7.(&)’ Ay Upy ooy UllUl, ey ’Unaﬂb l(ﬁ)] +

n—1
Z(_l)z[r(a)7 Ay« ooy U1 UGy - - -5 VU415 - - - 7/81) l(ﬁ)] +
i=1
(=1)"[r(@), 0, Up—1, - - -, Un_1, 0001, 1(B)] + (=1)"T1Q) (4)

Evidently the sum of the first n summands of (3) equals to the correspon-
dent sum of (4) with the opposite sign. By the definition of the product
in S1 the last summand of the equality (3) has the form:

( l)n@n[aumun—la e avn—lavnﬁ] =
(—1)"ep]< .o, 1, Qplp >, Up—1, ..., Up—1, < Vpf1, f2,... >| =

(=1)"[r(a), agtin, - . ., v 01, 1(B)].

This statement ends the proof of the second case.

Case 3. In case when apw = 0 and w/f # 0 (the case when agw # 0
and wB; = 0 is dual) the proof of (2) is similar with the second case.

Now we start the proof of equation (2) for n = 1. Let s =< sy, ..
Sm >, m > 2 (the case when m =1 is evident).

Define the homorphism e; : Co(i | s) — C1(i | s), m > 2. Introduce
the following auxiliary notations:

*

l A .
sp=[< 81,0, Sk—1 >, 8k, 1,1, < Sky1, ..o, 8m >|€C1(i ] ), 1<k <

Sp=[<S1,.-ySk—1 >, 1,1, 85, < Spt1s---,8m > €CI(I ] 8), 1 <k<m

m,

We give €1 by the formulas:

k m
Elek:g s; + g sé, 0<k<m,
i=1 i=k+1

k m
€15 = Zsf—l—Zsé, 1<k<m.
i=1 i=k
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Now consider the case when the element v = [a, u, ] € Cy(i | s) does
not belong to the set {ej,5;}x,;. Then define

_[r(a)’akauvlvlvﬂ]—l_slgka lfu# 17 aku#()?uﬁl :()7
51(7) = _[a,l,u,517l(ﬂ)]+€1§k+1, lf’U,# 17 akU:O,Uﬁl 7507
—[r(a), ag, u, 1, U(B)] + €18k, if aguBy # 0.

Let Q = [, u1,l,v1, 0] € N (7 | s). Denote w = ujlv;. Consider three
cases.

Case 1: apwf1 # 0. Then we have:

€1dof) = e1[a, urlvy, ] — erfour, I, v1 8] = —[r(a), g, urlvy, B, 1(5)] +
€15k + [T(Oé), aruy, la Ulﬁl? l(ﬁ)] — £15k.

In the same time

dIEQQ = dl [’I“(Oé), Qf, U1, l7 U1, 51? l(ﬁ)] - [T’(&), Ak, Ullvl, 617 l(/B)] -
[r(a), agu, L0181, 1(B)] + Q.
This ends the exploration of the first case.

Case 2: apw =0 and wB # 0.
a)l# 1. Then

e1doQ = —[ov, 1, urlvy, B, U(B)] 4 €15k41 + [, u1, 1, 0181, 1(B)] — €15k+1,
dl&QQ = d1[a, 1, ui, l,vl,ﬁl, l(ﬂ)] = [OC, 1,U1l'l)1,51, l(ﬂ)] -
[Ol,Uhl,Ul,Bl,l(/B)] + Q.

b)l=1, uy =1, vy # 1. In this case we have:

€1dOQ == 51[0571)175] - 51[a7 17 < Ulﬁlu o >] - —[Oé, 171}17517l(ﬂ)] +

€1Sk+1 — €1€k = —[O{, 17”17617l(ﬂ)] + 87/;‘4-17

dIEZQ - dl[a7 17 17 1avlaﬂlvl(/8)] = [aa 171)17/617[(6)] - 87];;4_1 + Q
c¢)l=1, uy # 1, v1 = 1. Then we obtain

e1doQ) = erfa,ur, B] —e1[< ... ap, w1 >, 1, 8] = —[a, 1, u, 61, 1(B)] +
€18k+1 + [Oé, u, 1, B, l(ﬁ)] — €18k+1,
d1e9Q = [, 1, u, 51, 1(B)] — [a,ur, 1, B1,1(B)] + Q.
This ends our consideration of the second case. It is clear that the proof
in case when ajiw # 0 and wfB; = 0 is similar to the considered one.
Case 3: agw = 0 and wB; = 0. Then (a,uilvy, B) = k41 € Co(i |
s), €22 = 0. We have

Eld()Q = €18k+1 — 81(0&U1, l,vlﬂ).
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a)l # 1orl=1when uy # 1 and v; # 1. Then €1dpf2 = 15541 +
Q —e15,11 =

b)l=1and u; = 1. Then e1dof2 = 15,41 — €161 = 57, = QL.

¢)l =1and v; = 1. In this case e1dp{2 = €15 +1—€1€41 = 32+1 = Q.

In such a way the equation (2) for the case n = 1 is proven. The proof
of the lemma as well as the main theorem is completed. ]

O

Remark. There is another form of the described isomorphism. Let * :
AbFS" 5 AbFoS" e the restriction functor which is induced by 7. Let
us denote by Lan; left Kan extension along the functor i (Lan; 4 *).
Since i is full, we get from [2] (Ch. X)

i*(Lan;G) = G,

for each functor G : FgS' — Ab. Replacing D by Lan;G in the theo-
rem 3, we obtain the other form of the isomorphism:

H{(S,G) = H"(S, Lan;G).

Corollary. [7]. Let S be a categorical at zero semigroup, S its grown.
Then
H™(S,A) = H}(S,A), n>0,

for each 0—module A over S.

4. Examples

Example 1. Let us compute the cohomology of the semigroup W with
the representation: (a;, bj,w |a;b; = w, 1 < 4,5 < n). Let the ideal
I =W\ {aibj,w| 1 <i,j <n}. Itis simple to check that Rees factor
semigroup S = W/I is categorical at zero and the gown S = W.

Using theorem 3 for computing the cohomology of W, it is sufficient
to calculate 0—cohomology of the semigroup S.

Let FpS' be the category of 0—factorizations of S! and D : FyS! —
Ab is a natural system. Consider the normalized complex:

(8, D) — C} (S, D) — C3(SY,D) — ... — C(S', D) — ...
It is obvious that CH(S',D) = 0 if p > 3. Let f € Z2(S', D) =

C’g(Sl,D). Then f is defined by its values on the elements of the set
{(ak,bg)}7_, C S x S. In that way we have: Z3(S', D) = @ | D,,.
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Now let f € BZ(S',D). It means that there is a function h €
C¢ (S, D) such that

f(ai,bl-) = D(ai, 1)h(b,) — h(w) + D(l,bi)h(ai), 1< <n.

Denote by M; an Abelian group which consists of elements D(a;, 1)z +
D(1,b;)y for all x € Dy,, y € Dy, 1 <i<n.

Let K be a subset of @] D, of the tuples (my, ..., m,) where m; €
t + M; for some t € Dy,, 1 <4 <n. Then HZ(S',D) = (P!, Dw)/K.
Let us compute this factor group.

Consider the map

n:Dy/My @& Dy/Mas@ -+ @ Dy/M, — D /K, (5)
which is given by the rule:
n(xl +M1,£U2 +M277$n+Mn) = (1'1,172,"’ 7$n) +K

We now verify that 7 is a correctly defined map. Let z, € z; +
M;, 1 <i<n. Then n(z1+ M, x2+ Mo, ..., xn+ M,)—n(z)+ M, x5+
Ms,...,xl, + My) = (21 — 2},..., 2, —x)) + K = 0 since z; — a2} € M;,
and the map 7 is correctly defined.

Obviously 7 is a surjective map. Let us calculate the kernel L of 7.
Let n(xy + My, z0 + Mo, ..., 2 + My) = (t + mq,...,t +m,) for some
te M, m; € M;, 1 <i<n. It follows that

i =t4+m;, 1 <i<n.

Thus L consists of tuples of cosets (t 4+ My, ...,t+ M,) generated by an
element ¢t € D,,. By the Noeter Theorem we conclude that

n
H*(S',D) = (P Dw/M;)/L, L={(t+My,...,t+M,)| t€ Dy} (6)
i=1
Example 2. Let us compute the second cohomology group of the semi-
group S from the example 1 for more specific case. We will need this
example in section 5.

Let S = W/I be the semigroup from example for n = 3, A be an
Abelian finite group of odd order, D : FgS! — Ab be a O—natural
system. For each nonzero element s € S the value of the functor D is the
Abelian group Dy = A@ A. If (s,u,t) be a morphism from FoS!, a =
(a1,a2) € D, then:

, ifs=t=1,

a1 + ag, a1 + ag), if s=a; and t =1,

ay — ag,as —ay), if s € {ag,as} and t =1,
, otherwise.

Q

D(s,u,t)a = sit*a =

o/~
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It is easy to check that D is a covariant functor.
Now compute the second 0—cohomology group HZ(S, D).
Using notation from example 1 we have:

M, = a1Dy, ={(z,z)| z € A},
M; = aiuDy, ={(z,—x)| z € A}, i=2,3,
K = {(v+mi,v+ma,v+m3)|ve Dy,m; €M}

Define the map ¢ : @?:1 Dy /M; — A3 by the formula
o(l+ My,p+ Mz, k+ M3) = (i — la, p1 + pa2, k1 + k2),
where | = (I1,12), p = (p1,p2) and k = (k1, k2).

Lemma 4. The map ¢ is an isomorphism of Abelian groups. The inverse
map o~ ' is defined by the formula p~'(a1,az,a3) = ((a1,0) + M,
((12, 0) + M27 (a37 0) + M3)

Consider the epimorphism 1) = no¢~!: A3 — D3 /K where
n: Dy/M @D Do /My @ Doy /M5 — D3 /K

is the homomorphism which was defined in (5). Using the formula (6) we
obtain HZ(S', D) = A3/Keri.
Let us compute the kernel ¢. Let (a1, a2,a3) € Keriy. Then

((a1,0), (a2,0), (a3,0)) € K <
((alao)a (a2y0)7 (a370)) = (t + (l1,12),t+ (l2, —l2),t + (l37 _13))

for some t;, I; € A. It follows that ey =T — P and ag = a3 =T + P
where T, P € A. Since A has odd order, Keriy = {(a,b,b), a,b € A}.

Thus we obtain

H2(S', D)~ A. (7)

5. Cohomology of categories without inverse morphisms

A small category C is called a category without inverse morphisms if for
all morphisms f, g from f o g =id, it follows f = g = id;, x € ObC.

Let C be a category without inverse morphisms. Define the semi-
group SyC. The elements of SyC are all nonidentical morphisms of C
and a zero element. For all f,g € SyC\ {0} define the multiplication by
the formula:

o= fog, ifthe composition f o g exists,
9= 0, otherwise.
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Here and further on for the element f € SyC we denote by f the
correspondent morphism of the category C.
Let us define the map

*: MorC — MorC U{l}

by the rule

s [ L i f=id we 0N,
| f, otherwise.

Lemma 5. Let C be a small category without inverse morphisms. The
map * can be extended up to the equivalence of categories * : FC —

FoSnC!.

Proof. Let the value of the functor * for object f € ObFC be f* €
ObFySyC! and (a*, f*,3*) be the image of the morphism (a, f, 3) €
MorFC. It is simple to check that * is well-defined covariant functor.

Let us prove that the functor * is an equivalence of categories. Denote
by ¢ the map Morpc(f,g9) — Morg,s,c1(f*,¢*) which is induced by
the functor *.

Ensure that 1 is injective. Let (o, f*,8%) = (a*, k*, 5*) for some
morphisms («, f, ), (o, k, ) € Morpc(f,g). Let g be a nonidentical mor-
phism. Consider two cases. If f* = 1 then f = k = idgome- In case if
f* # 1 the morphism f = k = f*. If g is the identical morphism, it is
obvious that ¢ is injective.

Let us check surjectivity. If (s1, f*, s2) be a morphism FgSyC! then
s1f*sy # 0 and the composition §7 o f* o 5 exists. It is obvious that
(51, f*, 52) is the necessary preimage of (s1, f*, s2). O

Since the equivalence of the categories implies the isomorphism of
cohomologies, we have proved the following

Theorem 4. Let C be a small category without inverse morphisms, D :

FoSyC! — Ab is a 0-natural system. Then there is the isomorphism of
cohomologies:

H"(C,D*) = H}(SyC', D), n>0.
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Example 3. Let E be a small category which is defined by the commu-

tative diagram
[ J
% K
° e ... ... e
[ J
with w = a;b;. Obviously E is the category without inverse morphisms
and SyE coincides with the semigroup S from example 1.

Using the result from this example and theorem 4 we get

Proposition. Let P : FE — Ab be a natural system on E |7 : FoSyCl —
FC is an equivalence of categories. Then

n

H*(E, P)=(P(Pr)w/K,)/L, L ={(m+K1,...,m+K)|m € (Pr)w},
=1

where K; is a subgroup of (PT)w which consists of the elements

(P1)(a;, D)+ (P1)(1,b;)y.

Remark. The cohomology of the category E from example 3 was ex-
plored in [4]. In that work the following result was introduced without
proof

H*(B, P) = Py/I, P Pu/Is, (8)

with Iy = a1+ Py, + a2+ Py, and I3 = a1, Py, + a3.«Fp,. It is erroneous.
Indeed, let us consider the functor P = D* where D is the 0—natural
system which was defined in (7). Then Iy = M; + My = D, I3 =
M + M3 = D,, and formula (8) becomes the form H?(E, D*) = 0.
From the other hand, using the result that was received in (7) we
obtain the formula H?(E, D*) = A which contradicts with (8).
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