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ABSTRACT. The concepts of a self-hereditary stable tube
7T and a hereditary stable tube 7 in a module category mod A
are introduced, where A is a finite dimensional algebra over an
algebraically closed field. Characterisations of self-hereditary sta-
ble tubes and hereditary stable tubes are given, and illustrative
examples of such tubes are presented. Some open problems are
presented.

1. Introduction

Throughout we denote by K an algebraically closed field, by A a fi-
nite dimensional K-algebra, and by mod A the category of finite dimen-
sional right A-modules. Given an algebra A, we denote by I'(mod A)
the Auslander-Reiten quiver of mod A, viewed as a translation quiver
with respect to the Auslander-Reiten translation 74 = DTr, where D =
Hompg(—, K) : mod A — mod A is the standard K-duality and Tr is
the transpose operator of Auslander, see [1], [2], and [16].

In the representation theory of algebras an essential role is playing by
special type of components of the Auslander-Reiten quivers, called stable
tubes. In particular, by a result of Crawley-Boevey [4], for every algebra
A of tame representation type, all but finitely many indecomposable A-
modules of any fixed K-dimension lie in homogeneous tubes of I'(mod A).

We recall from [5] and [15] that a connected component 7 of I{mod A)
is said to be a stable tube of rank r = r7 > 1 if there is an isomorphism
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of translation quivers 7 = ZA,/(7"), see also [13] and [14]. A stable tube
of rank 7 = 1 is defined to be a homogeneous tube, see also [17]. It
turns out that it is of importance to study hereditary tubes and self-
hereditary tubes in the following sense.

Definition 1.1. Let 7 be a stable tube of I'(mod A).

(a) The tube T is defined to be hereditary, if pd4 X <1 andidsX <
1, for any indecomposable module X in T.

(b) The tube T is defined to be self-hereditary, if Ext%(X,Y) =0,
for all indecomposable modules X and Y in T.

(¢c) A sequence (Xi,...,X,) of indecomposable A-modules in T is
said to be a Ta-cycle of length r > 1, if

TAX1 Z X, 74X 2 Xy, .. ;14X =2 X,

Obviously, every stable tube 7 of the Auslander—Reiten quiver
I'(mod A) of a hereditary algebra A is hereditary and, clearly, every hered-
itary stable tube 7 is self-hereditary, but the converse implication does
not hold in general, see Section 4. Note also that, given a self-hereditary
(resp. hereditary) stable tube 7', the minimal additive subcategory add 7
of mod A containing 7 is self-hereditary (resp. hereditary).

Furthermore, it follows from [1, VIIL.4.5|, [15], [17, XI1.3.3], and the
structure theorem |17, XII.3.4] that, given a concealed algebra B of Eu-
clidean type, the Auslander—Reiten quiver I'(mod B) of B has a disjoint
union decomposition

I'(modB) = P(B)UTP U Q(B),

where P(B) is the unique postprojective component of I'(modB) con-
taining all the indecomposable projective B-modules, Q(B) is the unique
preinjective component containing all the indecomposable injective
A-modules, and

TP = {TP}\epi (i)

is a Py (K )-family of pairwise orthogonal hereditary standard stable tubes
’Z;\A. In particular, every tube 7 in I'(mod B) is stable, standard, and
hereditary.

We recall from [15] that a stable tube 7 in I'(modA) is said to be
standard, if there is an equivalence of K-categories

(1.2) K(T)= KT/My ~indT,

where ind 7 is the full K-subcategory of mod A whose objects are repre-
sentatives of the isomorphism classes of the indecomposable modules in

7T and K(7) = KT /My is the mesh category of 7, see also [1] and [17].
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One of the main results of the paper (Theorem 3.8) asserts that given
a standard stable tube 7 of I'(mod A) such that the mouth A-modules
of the tube 7 are pairwise orthogonal bricks and the quotient algebra
B = A/Anny7T is a projective right A-module and a projective left A-
module then the following four conditions are equivalent:

(a) the tube 7 is hereditary,

(b) pdyX <1, for any indecomposable A-module X of 7,

(¢) idaX <1, for any indecomposable A-module X of 7, and

(d) the tube 7 is self-hereditary.

Here Ann47 is the annihilator of 7, that is, the intersection of the an-
nihilators of all modules from 7.

In Section 3, we also study generalised standard stable tubes in the
sense of Skowronski [20], that is, the stable tubes 7 of I'(mod A) such
that rady’(X,Y) = 0, for each pair of indecomposable modules X and Y
in 7, where rad}y = rad®(mod A) is the infinite radical of the category
mod A, see |1, Appendix]|, [2, Section V.7|, and [16, Section 11.1].

It was shown in [21], [22], and [24] that a stable tube 7 of I'(mod A)
is standard if and only if 7 is generalised standard. By applying this
equivalence, we prove that, given a faithful stable tube 7" of I'(mod A),
the following three conditions are equivalent:

(a) 7 is standard,

(b) 7 is hereditary and the mouth modules of 7 are pairwise orthog-
onal bricks,

(¢) T is self-hereditary and the mouth modules of 7 are pairwise
orthogonal bricks.

We recall that a tube 7 is said to be faithful if Anns7 = 0.

In Section 4 we present four examples of standard stable tubes. In
the first one we construct an algebra C' and a standard stable tube 7 of
rank 7 = 2 in I'(mod C') with the mouth modules £ and S such that

(i) pdeS=2,idgS=1, pdpgE=1, and idg E=1,

(ii) ideX =1, for any indecomposable module X lying in the tube 7,

(iii) gl.dimC = 2, and

(iv) the tube 7 is self-hereditary, but it is not hereditary.

In the second example we construct an algebra B such that gl.dim B = 3
and I'(mod B) admits a (generalised) standard stable tube that is self-
hereditary, but is neither faithful nor hereditary. In the third one we
construct an algebra R such that gl.dim R = oo and I'(mod R) admits
a standard stable tube 7 that is not self-hereditary. In the fourth ex-
ample, we construct a self-injective algebra A (with gl.dim A = o0) such
that I'(mod A) admits a self-hereditary (generalised) standard stable tube
consisting entirely of modules of infinite projective and infinite injective
dimension.
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The reader is referred to [17, Chapters X and XI| and [18, Chapters
XV-XVII]| for further results on the hereditary tubes and application of
the results presented here. We freely use the terminology and notation
introduced in [1], [6], [17] and [18].

2. The extension category and self-hereditary tubes

We start by recalling a construction of Ringel [15] that shows how heredi-
tary and self-hereditary stable tubes occur as components of the Auslander—
Reiten quiver I'(mod A) of an arbitrary algebra A.

We recall that a brick F in mod A is an indecomposable right A-
module E such that End E = K. Two bricks E and E’ in mod A are
called orthogonal if Hom 4 (E, E’) = 0, and Homa(E', E) = 0.

Assume that E = {Fj,...,E,} is a family of pairwise orthogonal
bricks in mod A. Following Ringel [15], we consider the full subcategory

(2.1) &g = EXTA(E,. .. E,)

of mod A (called an extension category) whose non-zero objects are

all the modules M such that there exists a chain of submodules M =
Moy 2 My 2 ... 2 M; =0, for some [ > 1, with M;/M;; isomorphic to
one of the bricks Fy,..., E,, foralli € {0,1,...,1 — 1}. In other words,
Eg = EXTH(F,. .., E,) is the smallest additive subcategory of mod A
containing the bricks F, ..., E, and closed under extensions.

We recall that an algebra A is hereditary if Ext%(X,Y) = 0, for each
pair of A-modules X and Y in mod A, or equivalently, if pd4X < 1 and
idyX < 1, for any indecomposable (even simple) module X in mod A.
Following this definition, we introduce some new concepts that are useful
in the study of hereditary and self-hereditary tubes.

Definition 2.2. Let A be a finite dimensional K -algebra and let H be a
family of modules in mod A, or a full subcategory of mod A.

(a) H is defined to be a hereditary family of mod A, if pd,X <1
and id4 X <1, for any module X in H.

(b) 'H s defined to be a self-hereditary family of mod A, if
Ext4(X,Y) = 0, for each pair of A-modules X and Y in H.

(¢) A connected component C of the Auslander-Reiten quiver
I'(mod A) of mod A is defined to be self-hereditary, if Ext%(X,Y) =0,
for each pair of A-modules X andY in C. A component C is defined to
be hereditary, if pd4X <1 and ida X <1, for any module X in C.

It is clear that H = mod A is a hereditary subcategory of mod A if
and only if H = mod A is self-hereditary. Note also that any hereditary
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family H of mod A is self-hereditary. The examples of Section 4 show
that the converse implication does not hold in general.

Basic properties of the extension category EX Ty (FEn, ..., By) are col-
lected in the following lemma.

Lemma 2.3. Let A be an algebra, and E = {E1,..., E,} a finite family
of pairwise orthogonal bricks in mod A. The extension category Eg =
EXTH(En,...,E;) (2.1) has the following properties.

(a) &g is an exact abelian subcategory of mod A that is closed under
extensions in mod A, and E = {E1,..., E,} is a complete set of pairwise
non-isomorphic simple objects in Eg.

(b) The finite set E = {Fy,...,E,} is a hereditary family of mod A
if and only if Eg is a hereditary subcategory of mod A.

(c) The finite set E = {E1,...,E,} is a self-hereditary family of
mod A if and only if Eg is a self-hereditary subcategory of mod A.

Proof. The statement (a) is proved in [15], see also[17, Chapter X].

(b) The sufficiency is obvious. To prove the necessity, we assume
that the set E = {Fi,...,E,} is a hereditary family of mod A, that
is, pdyEj < 1 and idaE; < 1, for any j € {1,...,r}, or equivalently,
Exti(Ej,Y) =0 and Ext% (X, E;) =0, for any j € {1,...,r} and for all
modules X and Y in mod A.

We fix a module Y in mod A and we prove that Ext%(X,Y) = 0,
for any module X in &g = EXTY(E,...,E,). If X is any of the mod-
ules F1,..., E,, the assumption gives the result. Assume that X is an
arbitrary non-zero object of £g. Then X contains a submodule Xg iso-
morphic to one of the modules F1, ..., E,, because they form a complete
list of simple objects of the category Eg, up to isomorphism, by (a). Then
there exists an exact sequence

0=Xg—X—-X—0

in the category &g and dimg X < dimg X. Hence we derive the induced
exact sequence

Ext%(X,Y) ——— Ext}(X,Y) —— Ext}(Xo,Y).

Since, by induction, the left hand term and the right hand term of the
sequence are zero then we get Ext%(X,Y) = 0, and the required result
follows by induction on dimgX. The equality Ext%(X,Y) = 0, for any
module X in mod A and any module Y in &g, follows in a similar way.
(c) Apply the arguments used in the proof of (b). The details are left
to the reader. O



D. SIMSON, A. SKOWRONSKI 137

The following important theorem is essentially due to Ringel [15].

Theorem 2.4. Let A be an algebra, and (Ex,...,E.), withr > 1, be a
TA-cycle of pairwise orthogonal bricks in mod A such that E = {F1,...,E,}
1s a self-hereditary family of mod A. The abelian category

&g = EXTA(E, ... E,)

(see (2.1)) has the following properties.

(a) Eg has almost split sequences.

(b) All indecomposable objects of the category g are uniserial of
finite length in Eg and they form a self-hereditary component Tg, of
['(mod A).

(¢) The component Tg, is a self-hereditary standard stable tube of
rank r.

(d) The modules Ey, ..., E, form a complete set of modules lying on
the mouth of the tube Tg.

Proof. By our assumption, » > 1 and the modules E1, ..., E, are pairwise
orthogonal bricks such that

TAEl = ET7TAE2 = 2 Ela s 7TAE7“ = Er,1
and Ext%(E;, Es) = 0, for all 4,5 € {1,...,r}. Then, in view of Lemma
2.3 (c), the theorem is a consequence of [15], see also [17, Chapter X]. [

Corollary 2.5. Let A be an algebra, T a stable tube of rank r > 1
of T'(mod A), and E = {Ey,...,E.} a self-hereditary family of pairwise
orthogonal bricks forming the mouth of the tube T .

(a) The tube T is self-hereditary, EXTy(En,..., E,) is a self-heredi-

tary uniserial abelian subcategory of mod A, and
add 7 = EXTH E, ..., E,).

(b) If E = {E1,...,E,} is a hereditary family then the tube T is
hereditary, add T = EXT4(En, ..., E,) is a hereditary uniserial abelian
subcategory of mod A, and T = Tg,.

Proof. Because T is a stable tube and E = {Ey, ..., E,} is a self-hereditary
family of pairwise orthogonal bricks forming the mouth of the tube 7°

then, up to permutation, (E,..., E,) is a 74-cycle and Lemma 2.3 and

Theorem 2.4 apply to the extension category &g = EXT4(Er,. .., E,).

Hence, the intersection 7" N 7g, of the components 7 and 7g, contains

the modules Ey, ..., E, and we get 7 = Tg,. Furthermore, in view of

Theorem 2.4, it follows that

add 7 = add T, = EXTA(E,,. .., E,)
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and the corollary follows from Lemma 2.3. 0

In the notation of Corollary 2.5, given an indecomposable module M
in 7, we denote by 7 (M) the T-length of M, that is, the length of M in
the uniserial abelian subcategory add 7 = EXTy(Ey, ..., Ey) of mod A.

Corollary 2.6. Let A be an algebra and T a stable tube of the Auslander—
Reiten quiver I'(mod A) of mod A. If T is self-hereditary and the mouth
modules of T are pairwise orthogonal bricks then T is standard.

Proof. Assume that 7 is a self-hereditary stable tube of rank » > 1. Then
there exits a 74-cycle (Eq,..., E,) of mouth modules of 7 such that
E = {E1,...,E,} is a self-hereditary family of mod A. Then Corollary
2.5 yields T = 7Tg, and, according to Theorem 2.4, the tube 7 is standard.

O

3. Basic properties of self-hereditary and hereditary
stable tubes

We start with a lemma showing that the hereditariness and the self-
hereditariness of a stable tube 7 of rank 7 > 1 of I'(mod A) is decided
on the level of the set of all mouth modules of 7.

Lemma 3.1. Let A be an algebra and T a stable tube in I'(mod A).

(i) The tube T s self-hereditary if and only if the finite family of
mouth modules of T is self-hereditary.

(ii) The tube T is hereditary if and only if the finite family of mouth
modules of T is hereditary.

Proof. We only prove (i), because the proof of (ii) is similar. The necessity
is obvious. To prove the sufficiency, we assume that 7 is a stable tube of
rank 7 > 1 in I'(mod A) and (E, ..., E,) is a 74-cycle of mouth modules
of 7 such that Ext?(FE;, E;) = 0, for all 4,5 € {1,...,7}. By [15] and
[17, Lemma X.1.4], for each i € {1,...,r}, there exists a unique ray

of indecomposable modules in 7 starting at E;. Moreover, for each m > 1,
there exists an almost split sequence

(*) 0 — Eilm] — E;jjm+1] ® Ej11[m-1] — Ej;1[m] —0

in mod A, where we set F;[0] = 0 and E;.[t] = E;[t], for all i €
{1,...,7},t>1, and k € Z.
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We show that Ext%(X,Y) = 0, for each pair of indecomposable
A-modules X and Y lying on the tube 7. Assume that X and Y
are such modules. By a description of the indecomposable modules ly-
ing in 7 given in [15] and [17, Lemma X.1.4], there are isomorphisms

X = Ej[m] and Y = Ej[n], for some i,j € {1,...,7} and some integers
m,n > 1. First we assume that n = 1, that is, there is an isomorphism
Y = Ej[1] = Ej.

We prove by induction on m > 1 that Ext%(E;[m],Y) =0. If m =1
then FE;[m] = E; and we are done by our assumption. Assume that
m > 1 is such that Ext?(E;[m],Y) = 0 and Ext}(F;[m-1],Y) = 0, for
all i € {1,...,r}. From the exact sequence (%) we derive the induced

exact sequence
Ext}(E; 1[m],Y) — Ext}(E;[m+1]® E;y1[m-1],Y) — Ext}(E;[m],Y).

The induction hypothesis yields Ext%(Fii1[m-1],Y) = 0, the left hand
term and the right hand term of the sequence is zero. It follows that
Ext? (F;11[m+1],Y) = 0, for i € {0,...,7—1}. By the induction princi-
ple, we conclude that EX‘E%(X ,Y) = 0, for Y and any indecomposable
A-module X lying on the tube 7.

Applying the same arguments, we prove by induction on n > 1 that
Ext? (X, E;[n]) = 0, for any indecomposable A-module X lying on the
tube 7. This finishes the proof. O

In the following section we give examples of self-hereditary stable
tubes 7 in I'(mod A) that are not hereditary, where A is an algebra of
global dimension 2. We also show that neither of the two conditions
pd4X <1 andidsX <1 in the Definition 1.1 (a) of hereditary tube can
be dropped. However, we would like to answer the following interesting
questions.

Questions 3.2. Let A be an algebra.

(i) Characterise the stable tubes 7 in I'(mod A) such that one of the
two conditions pdyX < 1 and id4X < 1 in the Definition 1.1 (a) of
hereditary tube can be dropped.

(i) When a self-hereditary stable tube 7 (resp. every self-hereditary
stable tube 7) in I'(mod A) is hereditary?

(iii) When a standard stable tube 7 (resp. every standard stable
tube 7') in I'(mod A) is hereditary (or self-hereditary)?

Remarks 3.3. (a) The examples of Section 4 show that the answer to the
above questions is not affirmative in general. Below only partial answers
are given.
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(b) Algebras A for which all stable tubes 7 in I'(mod A) are standard
and hereditary are provided by quasitilted algebras of canonical type (see
[7] and [8]), or more generally, by the algebras with separating families
of almost cyclic coherent components studied in [9] and [11]. We also
note that the class of quasitilted algebras of canonical type contains the
representation-infinite tilted algebras of Euclidean type (see [15], [17] and
[18]) and the tubular algebras [15].

(c) The class of algebras A having a standard hereditary stable tube
7 in I'(mod A) is very large and contains algebras of arbitray high global
dimension, see [10] and [24].

(d) On the other hand, if A is a connected algebra and 7 is a sincere
stable tube without external short cycles, then 7 is a faithful standard
stable tube (hence hereditary stable tube, see Theorem 3.4) and A is a
concealed canonical algebra (of global dimension 2), see [12] and [24].

(e) The representation-infinite self-injective algebras of polynomial
growth having strictly positive Galois covering form a large class of alge-
bras whose all stable tubes 7 are self-hereditary, but not hereditary, see
[19] and [27]-]29].

Throughout this paper, we use the notion of a generalised standard
component introduced in [20]. We recall that a component C of I'(mod A)
is generalised standard if rad}’(X,Y) = 0, for each pair of indecom-
posable modules X and Y in C.

The following characterisation of generalised standard stable tubes
given in |24, Lemma 1.3] is of importance, see also |20, Corollary 5.3] and
[22, Lemma 3.2].

Theorem 3.4. Let A be an algebra and let T be a stable tube of I'(mod A).
The following four statements are equivalent.

a) 7 is standard.

b) The mouth of T consists of pairwise orthogonal bricks.

c) 7T is generalised standard.

d) rad¥(E,E’) =0, for each pair of mouth modules E and E' of
the tube T . O

(
(
(
(

We recall that the right annihilator of a right A-module M is the
two-sided ideal AnnaM = {a € A; Ma =0} of A. Recall also that the
module M is said to be faithful if the ideal Annyg M is zero.

The following result proved in [20, Lemma 5.9] shows that any faithful
generalised standard stable tube is hereditary.
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Theorem 3.5. Let A be an algebra and T a faithful standard stable tube
of T'(mod A). Then pdyX <1 and idyX < 1, for any indecomposable
module X of T, that is, the tube T is hereditary.

Proof. For the sake of completeness, we include here the proof given in
[20]. First we show that, given a component C of I'(mod A),

1° there exists a module M in addC such that AnngC = Anna M,
and

2° C is faithful if and only if the category addC admits a faithful
A-module.

To see 1°, for a given module X in add C, we fix an isomorphism of
A-modules X Z X1 & Xo® ... D X, where X1, Xo, ..., X, are indecom-
posable A-modules in C. Then

Anng X = Anny (X1®Xo®. . . & Xs) = Annyg X1NAnng XoN. . .NAnny Xs.

Moreover, Ann Y O AnnsZ if Y is a submodule of Z. Then the ideals
of the form Anny(X; ® Xo @ ... ® Xg), where X1, Xo,..., X, are inde-
composable A-modules in the component C, form a partially ordered set,
with respect to the inclusion. Because the algebra A is finite dimensional
then the family contains a minimal element Anng(M; @ My @ ... My),
for some indecomposable A-modules M7, Mo, ..., M, in C. It follows that
AnnsC = Anng M, where M = M1 ® My ®...H M, is a module in add C.
The statement 2° follows immediately from 1°.

Now assume that 7 is a faithful standard stable tube of I'(mod A)
and let X be an indecomposable A-module in 7. We only prove that
pd4X <1, because the proof of the inequality id4 X < 1 is similar.

Assume, to the contrary, that pd,X > 2. Then, it follows from |1,
IV.2.7] that Hom(D(4A),74X) # 0. Let f: D(4A) — 74X be a non-
zero homomorphism in mod A. Because the stable tube 7 is faithful then,
by 2°, the category add 7 admits a faithful A-module M and it follows
from [1, VI.2.2| that the A-module D(4A) is cogenerated by M, that is,
there exist an integer ¢ > 1 and an epimorphism h : M' — D(4A) of
A-modules. Hence, there exists an indecomposable direct summand Z of
M? such that the composite homomorphism

7z —2— D(4A) S TAX

is non-zero, where ¢ is the restriction of h to the summand Z of M?.
Note that the A-module D(4A) is injective and the tube 7 contains no
indecomposable injective A-modules. Then the indecomposable modules
Z and 74X are not injective, because they lie in the tube 7. This yields

e rad4(Z,D(4A)) =rad’(Z,D(4A4)), and
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o rada(D(4A), 74X) =rady (D(4A), 74X).

Consequently, we get 0 # fg € rady(Z,74X). This contradicts the
assumption that the tube 7 is standard, because we know from Theo-
rem 3.4 that any standard stable tube is generalised standard. The proof
of the theorem is complete. O

Corollary 3.6. Let A be an algebra, T a standard stable tube of the
Auslander—Reiten quiver T'(mod A) of A, and B = A/Auna7. Then T
is a hereditary standard stable tube of I'(mod B), under the fully faith-
ful exact embedding mod B — mod A induced by the canonical algebra
surjection A— B.

Proof. Apply Theorems 3.4 and 3.5. O

Proposition 3.7. Let A be an algebra and T o faithful stable tube of
['(mod A). The following five conditions are equivalent.

(a) 7 is standard.

(b) T is hereditary and the mouth modules of T are pairwise orthog-
onal bricks.

(¢) pdX < 1, for each X in T, and the mouth modules of T are
pairwise orthogonal bricks.

() idX < 1, for each X in T, and the mouth modules of T are
pairwise orthogonal bricks.

(d) T is self-hereditary and the mouth modules of T are pairwise
orthogonal bricks.

Proof. The implication (a)=-(b) is a consequence of Theorem 3.5. The
implications (b)=-(c)=-(d) and (b)=(c’)=-(d) are obvious. Since the im-
plication (d)=-(a) is a consequence of Corollary 2.6, the proof is com-
plete. ]

The following theorem gives a partial answer to Question 3.2 (i).

Theorem 3.8. Let A be an algebra, T a stable tube of rank r > 1 of the
Auslander-Reiten quiver TI'(mod A) of A such that the mouth
A-modules of the tube T are pairwise orthogonal bricks.

If the quotient algebra B = A/AnnyT is a projective right A-module
and a projective left A-module then the following four conditions are equiv-
alent.

(a) The tube T is hereditary.

(b) pdyX <1, for any indecomposable A-module X of T.

(¢) idaX <1, for any indecomposable A-module X of T .

(d) The tube T is self-hereditary.



D. SIMSON, A. SKOWRONSKI 143

Proof. The implications (a)=(b)=-(d) and (a)=-(c)=(d) are obvious. It
remains to prove that (d) implies (a).

Assume that 7 is a stable tube of rank r > 1 of the Auslander—
Reiten quiver I'(mod A) of A, and (E4,..., E;) is a T4-cycle of the mouth
A-modules of the tube 7 that are pairwise orthogonal A-bricks. Since
B = A/AnnyT then the algebra surjection A — B induces an embedding
mod B — mod A. Hence every A-module X of 7 can be viewed as a B-
module, 7 is a stable tube of rank » > 1 of the Auslander—Reiten quiver
I'(mod B) of B, and (F1,..., E,) is a Tp-cycle of the mouth B-modules
of the tube 7 that are pairwise orthogonal B-bricks. Moreover, 7 is a
faithful tube of I'(mod B).

Assume that B = A/Anns7 is a projective right A-module and a
projective left A-module. It follows that the epimorphism 4 A — 4B of
left A-modules spits and induces a splitting monomorphism D(4B) —
D(4A) of right A-modules, where D = Homg (—, K) : mod A°? — mod A
is the standard K-duality. Hence, the injective cogenerator D(4B) of
mod B is an injective A-module.

Since the canonical embedding mod B — mod A is an exact functor
then, given a module X in 7 viewed as a B-module, the minimal projec-
tive resolution of X in mod B is a projective resolution of X in mod A,
and the minimal injective resolution of Y in mod B is an injective reso-
lution of Y in mod A. Hence, we concude that

e pd4 X = pdpX, for any module X in 7,

e id4Y =idgY, for any module Y in 7,

e Ext?(X,Y) = Ext%(X,Y), for any pair of modules X and Y in 7,
and

e the tube 7 is A-self-hereditary if and only if 7 is B-self-hereditary.

To prove that (d) implies (a), assume that the tube 7 is B-self-hereditary.
Then 7 viewed as a tube of I'(mod B) is faithful, A-self-hereditary,
(E1,...,E,) is a 7g-cycle of the mouth B-modules of the tube 7, and
FEs, ..., E, are pairwise orthogonal B-bricks. Hence, by Proposition 3.7,
the tube 7 is hereditary, when viewed as a tube of I'(mod B). Moreover,
by the remarks made above, the tube 7 is hereditary, when viewed as
a tube of I'(mod A). This finishes the proof of the implication (d)=-(a)
and of the theorem. O

We recall that an algebra A is called symmetric if there is an A-A-
bimodule isomorphism A 2 D(A). A large class of symmetric algebras is
provided by the trivial extensions

T(B) = B x D(B)

of arbitrary algebras B by their injective cogenerator D(B).



144 HEREDITARY STABLE TUBES IN MODULE CATEGORIES

The following proposition shows that non-trivial components of the
Auslander—Reiten quiver I'(mod A) of any symmetric algebra A are not
self-hereditary.

Proposition 3.9. Let A is a symmetric algebra and C a connected com-
ponent of the Auslander—Reiten quiver I'(mod A) of A containing an in-
decomposable non-projective module X. Then

(i) the indecomposable module Y = 14X lies in C and Ext%(X,Y) =
MA(Y’ Y) 7& 0,

(ii) the component C is not self-hereditary.

Proof. Assume that A is a symmetric algebra. Then A is self-injective,
that is, all projective A-modules are injective. Let mod A be the stable
category of mod A. Recall that the objects of mod A are the modules M
in mod A without non-zero projective direct summands and, for any pair
of objects M and N in mod A, the space Hom 4 (M, N) of all morphisms
from M to N in mod A is the quotient

MA(M’N) = HomA(MvN)/P(M’N)v

where P(M, N) is the subspace of Hom4(M,N) consisting of the A-
module homomorphisms M — N that have a factorisation through a
projective module.

We denote by 24 : mod A — mod A the Heller syzygy functor which
assigns to any object M of mod A the kernel of the projective cover
Pys(M) — M of M in mod A. The functor Q4 is an equivalence and
there is a functorial isomorphism 74 = Qi of functors on mod A, see [2,
Iv.3.8].

Assume that C is a connected component of I'(mod A) containing
an indecomposable non-projective module X. Then Y = 74X is an
indecomposable non-projective module in C and there exist two short
exact sequences

0 — uX) —— P4(X) - X —— 0
0 —— Q4(X) —— Pa(Uu(X)) —— Qu(X) —— 0
that induce the isomorphisms

Ext? (X,Y) Ext) (Q4(X),Y)
Hom 4 (€% (X),Y)
Hom 4 (74(X),Y)

Hom 4 (Y,Y)

1111 1R

of vector spaces. Since the identity homomorphism idy : Y — Y defines
a non-zero morphism idy, € Hom 4(Y,Y) then Ext%(X,Y) # 0 and the
component C is not self-hereditary. O
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Remark 3.10. Proposition 3.9 applies to any stable tube 7 of the
representation-infinite tame symmetric algebras exhibited in {26]. Note
also that the trivial extension algebras

T(B) = B x D(B)

of all generalised canonical algebras B and, more generally, of concealed
generalised canonical algebras B, contain standard stable tubes (see [10]
and [25]), which are not self-hereditary, according to Proposition 3.9.
Note also that the symmetric algebras for which the Auslander-Reiten
quiver admits a standard stable tube have the Cartan matrix singular,
see [3].

4. Examples

In relation with Questions 3.2, we end the paper with four examples of
(generalised) standard stable tubes. In the first one we construct an alge-
bra C and a standard stable tube 7 of rank r = 2 in I'(modC') such that
gl.dim C' = 2 and the tube 7 is self-hereditary, but it is not hereditary.
In the second one we construct an algebra B such that gl.dim B = 3
and I'(mod B) admits a (generalised) standard stable tube that is self-
hereditary, but is neither faithful nor hereditary. In the third one we
construct an algebra R such that gl.dim R = co and I'(mod R) admits
a standard stable tube 7 that is not self-hereditary. In the fourth ex-
ample, we construct a self-injective algebra A (with gl.dim A = oo) such
that I'(mod A) admits a self-hereditary (generalised) standard stable tube
consisting entirely of modules of infinite projective and infinite injective
dimension.

The following example shows that, in the Definition 1.1 (a) of hered-
itary tube, neither of the two conditions pd4X < 1 and id4X <1 can
be dropped.

Example 4.1. Let C be the path algebra of the quiver

0oe—"——4 y
’}s\

bound by one zero relation ap = 0. Then the quotient algebra A =
C'/CeyC of C is isomorphic to the path algebra K Q of the full subquiver

N
RN

Q"

aVa

Q :

X/
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of Q' given by the vertices 1, 2, 3, 4, and 5. The canonical algebra surjec-
tion C' — A induces fully faithful exact embedding mod A — mod C.
It is easy to check that the indecomposable projective C-modules

P(0) = eoC = S(0) and P(1) = e;C = I(0)
are the unique indecomposable C-modules that do not lie in mod A —

mod C. The component P(C') of I'(mod C') containing the module P(0)
is postprojective and has the form

It is obtained from the unique postprojective component P(A) of the
Auslander-Reiten quiver I(mod A) by adding two points connected by
one arrow corresponding to the irreducible embedding

P(0) =rad P(1) — P(1).

The postprojective component P(C') contains all the indecomposable pro-
jective C-modules, up to isomorphism. Note that the indecomposable
projective C-module I(0) = P(1) is also injective.

It follows that the unique preinjective component Q(A) of I'(mod A) is
also the unique preinjective component Q(C) of I'(modC'). It contains all
the indecomposable injective C-modules, except the projective-injective
C-module I(0) = P(1), and is of the form

_____ 2I(1) ——————— 7I(1) ——————— I(1)
————//—731@&———/721(%———— 71(4)\—1 ————— 1(4)
AN AN AN A

- ””7721(3) __777 TI(3) —————— 7 1(3)
_ —7_3](5)/2___%72](5)/2———_\\’_‘ (5)/1___>LI(5
————— Q)T I T~ I(2)

Note that I'(mod A) contains a standard stable tube 7 of rank r = 2 with
the mouth A-modules E and S = S(3), where S(3) is the simple module
corresponding to the vertex 3 and E is the following indecomposable
A-module (viewed as a representation of Q)

Kr\lK%K
K% rl\K

E:



D. SIMSON, A. SKOWRONSKI 147

see [17, Example X.2.12]. The tube 7 remains a standard stable tube in
I'(mod C), under the fully faithful exact embedding mod A < mod C.

Now we show that

(i) pdeS(3) =2, ideS(3) =1, pdpE = 1, and id¢E = 1,

(ii) ideX =1, for any indecomposable module X lying in the tube 7,

(ii) gl.dimC =2, and

(iv) the tube T of mod C is self-hereditary, but it is not hereditary.
To prove (i), we note that A-modules S(3) and E have minimal projective
resolutions in mod C of the forms

0— P(0)— P(1)® P(2)— P(3)— S(3)— 0,
0— P(3)— P(4)® P(5)— E—0,
and the minimal injective resolutions of S(3) and of E are of the forms
0— SB)— I(3) — I(4)@® I(5) — 0,
0— E—s I(1) @ I(2) —> 1(3) — 0.

To prove (ii), we observe that the postprojective component P(C) of
the Auslander—Reiten quiver I'(mod C') contains all the indecomposable
projective C-modules, up to isomorphism, and P(C) is closed under pre-
decessors in mod C, by [1, VIII.2.5]. It then follows that

HomC(TEIX, Cc) =0,

for any indecomposable C-module X that is not postprojective. Thus,
[1, TV.2.7(b)| yields ideX < 1, for any indecomposable C-module X
that is not postprojective, and (ii) follows. Because one easily shows
that pd-S(j) < 1, for all j # 3, then gl.dim C = 2. Because (ii) yields
ExtZ(X,Y) = 0, for any indecomposable modules X and Y in 7 then
the tube 7 is self-hereditary.

Let C" = C°P be the algebra opposite to C. Because there is an
isomorphism A°P = A of algebras then the preceding consideration im-
plies that the Auslander—Reiten quiver I'(mod C’) dual to I'(mod C') ad-
mits a standard stable tube 7’ of rank r = 2, with the mouth modules
E' = D(E) and 5'(3) = e3C’ = D(S), that has the following properties

(i")  idenS'(3) =2, pderS’(3) =1, ider E' = 1, and pdo E' =1,

(i") pdeY =1, for any indecomposable module Y lying in the tube 77

(iii’) gl.dimC’ =2, and

(iv') the tube 7" is self-hereditary, but it is not hereditary.
that are dual to (i)-(iv).

It follows from (i)-(iv) and (i’)-(iv’) that, in Definition 1.1 of heredi-
tary tube, neither of the two conditions pd4X < 1 and id4X <1 can be
dropped.
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Example 4.2. Let B be the path algebra of the quiver
lo.—" 5 o4

N
N

bound by two zero relations ap = 0 and py = 0. It is easy to see that
the quotient algebra

A

A= DB/,

where 7 is the two sided ideal of B generated by the arrow p, is isomorphic
to the path algebra K@ of the quiver

o g
PN

considered in Example 4.1. Then we have a fully faithful exact embedding
mod A — mod B induced by the canonical algebra surjection B — A.
It is easy to see that there is precisely one indecomposable A-module X,
up to isomorphism, such that X does not lie in the subcategory mod A of
mod B. The module X is isomorphic with the unique projective-injective

B-module
P(1) = I(4) : Z:;{if

It follows that the standard stable tube 7 of rank 2 of I'(mod A) con-
structed in Example 4.1 remains a standard stable tube 7 of I'(mod B)
and the annihilator Anng7 of 7 is just the ideal Z of B generated by
the arrow p, that is, A =~ B/Anng7.

The simple B-module S = S(3) at the vertex 3 lying on the mouth
of the tube 7 has a minimal projective resolution in mod B of the form

0— P(3)— P(4)— P(1)® P(2)— P(3)— S(3)— 0,
and a minimal injective resolution in mod B of the form
00— S(3)—> I(3)—> 1(4) @I(5)—> I(l)—> I(3)—> 0.

Hence, pdpS(3) = 3 and idgS(3) = 3. It follows that gl.dim B = 3,
because the simple B-module S(2) is projective and the remaining simple
B-modules S(1), S(4), and S(5) have minimal projective resolutions in
mod B of the forms

0— P(3)— P(4)— P(1)— S(1)— 0,
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0— P(3)— P(4)— S(4)— 0,

0— P(3)— P(5)— S(5) — 0.
Observe also that the quiver I'(mod B) admits a component C containing
all the indecomposable projective B-modules and all the indecompos-
able injective B-modules. The component C is obtained from the unique
postprojective component P(A) of A and the unique preinjective com-
ponent P(A) of A by a glueing with the projective-injective B-module
P(1)p = 1(4)p as follows

Now we show that 7 is a self-hereditary stable tube of I'(mod B).
Recall from Example 4.1 that the mouth module E of 7 has the form

0
K—m K

11

1
K "Nk
and 745(3) 2 E = 755(3). Then the minimal projective resolution of F
in mod B is of the form

E

0— PB)— P4)® P(5)— E— 0,

and the minimal injective resolution of £ in mod B is of the form
0—E— I1)®I(2)— I(3)— 0.
It follows that pdgE =1 and idgE = 1. Hence we derive the equalities
Ext%(E,S(3)® E)=0 and Ext}(S(3)® E,E)=0.
Moreover, the short exact sequence
0— S1)y®S(2)— PB)— SB)— 0
yields isomorphisms of vector spaces

Ext%(5(3),5(3)) = Exth(S(1) @ S(2),5(3)) = Exth(S(1),5(3)),
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because the B-module S(2) is projective. By applying the Auslander—
Reiten formula and the shape of the component of I'(mod B) containing
the module S(1) (see the figure presented above), we get the isomorphisms

Ext(S(1),5(3)) & DHomp(S(3), 755(1)) = DHomp(S(3),5(4)) = 0,

and, consequently, Ext%(S(3), 5(3)) = 0. It follows that the two element
family {S(3), E} of mouth B-modules of the tube 7 is self-hereditary
and consists of pairwise orthogonal bricks. Then, by Lemmas 2.3 and
3.1, the tube 7 of I'(mod B) is self-hereditary. Because pdgS(3) = 3
and S(3) lies on 7 then the tube 7 is not hereditary. Note also that
7 viewed as a tube of I'(mod A) is faithful, standard, and hereditary,
because A = B/Anng7. This finishes the example.

Now we give an example of an algebra R, with gl.dim R = oo, such
that I'(mod R) admits a standard stable tube 7 that is not self-hereditary.

Example 4.3. Let R = KQ/Z be the bound quiver algebra, where (2 is

the quiver
\
o
1
2

L,
[3/

o

40
QO

O

S
N
>

50
and 7 is the two-sided ideal of the path algebra K) generated by the
elements

py —no, &y — oo,

ap — /857 an — ﬁav
pB, 7B,
oda, and dap.

Denote by J the two-sided ideal of R generated by the cosets
p+Z,0+7,+Z, andn+71

of the arrows p, o, £, and n of Q. Then the quotient algebra A = R/J is
isomorphic to the path algebra K@ of the quiver

Q: lowg% )
20% Y/6\05

and the canonical algebra surjection R — A induces a fully faithful exact
embedding mod A — mod R.
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Let S = S(3) be the simple R-module at the vertex 3 of Q, and let E

be the indecomposable R-module
K
\
o0\ K
T
0 K/
91

Because SJ = 0 and EJ = 0 then the R-modules S and FE lie in the exact
subcategory mod A of mod R. It is easy to see that the Auslander—Reiten
quiver I'(mod A) of A admits a standard stable tube 7 of rank 2 of the
form (see [17, Example 2.12|)

\\/\/\
\/\/\\
T: |\/\/\

'/\/\‘

[SiSale1es
Limhy

where the indecomposable modules are represented by their composi-
tion factors (see [1, V.2.7]) in the extension subcategory EX7T4(F, S) of
mod A, and one identifies them along the vertical dotted lines. In partic-
ular, the R-modules S and E are orthogonal bricks in mod A, hence in
mod R, and (E,S) is a 74-cycle, that is, T4F = S and 745 = E.

Now we show that (F,S) is a Tr-cycle, that is, TR E = S and 7S = F.
Observe that the module S = S(3) admits the minimal projective pre-
sentation

P(1)® P(2)— P(3) — S(3) —0
in mod R. Applying the Nakayama functor
vr = DHompg(—, R)

and using the isomorphism vrP(a) = I(a), for any vertex a € €, we
get, by [1, IV.2.4], an exact sequence

0—7rS(3)—I(1)®I(2)—1(3)

in mod R. Hence, TrS(3) = E = 745(3).
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Note also that the minimal projective presentation of E in mod R has
the form
P(3)— P(5)® P(4) " E—0

and Kerm = P(3)/5(3). Applying the Nakayama functor vg yields an
exact sequence

0—T1rE—1(3)—I(5)®I(4)

and hence TRE = S(3) X 14 F.

Because the R-modules S = S(3) and E are orthogonal bricks in
mod A they are also orthogonal bricks in mod R and we can form the
extension subcategory &g = EXTR(E, S) of mod R, where E = {E, S}.
By Lemma 2.3, &g is abelian and closed under extensions in mod C'. It
follows that

Eg =EXTR(E,S) =EXTH(E,S),

because the subcategory mod A — mod R of mod R is exact and closed
under extensions. In particular, &g consists entirely of A-modules and
every simple object in g is isomorphic to F or to S. It follows that almost
split sequences in mod A starting from indecomposable modules lying in
7 remain almost split in mod R and all indecomposable summands of
their terms lie also in 7. Hence we conclude that the standard stable
tube 7 of I'(mod A) remains a standard stable tube 7 of I'(mod R).

Now we show that the tube 7 of I'(mod R) is not self-hereditary, by
proving that Ext%(E,S) # 0. By applying the functor Homp(—,S) to
the short exact sequence

0— P(3)/S(3)—=P(5) ® P(4) "~ E—0
we derive an isomorphism
Ext%(E,S) = Exth(P(3)/5(3), 9).
Because the canonical exact sequence
0— S(3)— P(3) = P(3)/5(3) —0

in mod R does not split then ExthL(P(3)/S(3),S) # 0 and, consequently,
Ext%(E, S) # 0.

The preceding two short exact sequences give a minimal projective

presentation

0—5(3) — P(3) — P(5) & P(4) = E —0
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of length 3 of the module E. Hence, using the minimal projective pre-
sentation of S(3), we get a non-split exact sequence

0—F—P(1)® P(2)— P(3) — S(3) —0

in mod R. By combining these two exact sequences, we get a periodic
infinite minimal projective resolution of the module F. This shows that
gl.dim R = oo. One can also show that the algebra R is self-injective, see
[1, Section V.3|. This finishes the example.

In the following example, we construct a self-injective algebra A (with
gl.dim A = o0) such that I'(mod A) admits a self-hereditary (generalised)
standard stable tube consisting entirely of modules of infinite projective
and infinite injective dimension.

Example 4.4. Let A = KA/I be the bound quiver algebra, where

§
? -
X %
O
and [ is the two-sided ideal of the path K-algebra KA of A generated
by the elements:
py —mo, &y —ad, @p —YE,
— Yo, Eu—w, TU— VA,
ag — fBr, aw—Pv, pyp,
ooa, ppo, App,
ey, vAp, Pr, and dae.
It is easy to check that A is a self-injective algebra and, hence, the global
dimension gl.dim A of A is infinite.
Denote by J the two-sided ideal of A generated by the cosets
p+1L, o+ I, n+1,6+1, o+ 1, ¢+1,
A+Luy+1l, v+l e+, mn+1,and w+ 1
of the arrows p, o, 1, &, v, ¥, A\, u, v, €, w, and w in A.

Obviously the quotient algebra A = A/J is isomorphic to the path
algebra K@ of the quiver

N
e

\xf/

.—>o
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The algebra surjection A — A induces a fully faithful exact embedding
mod A — mod A.

Let S = S(3) be the simple A-module at the vertex 3 of A, and let E
be the indecomposable A-module

=N

1
A: K
1
K- 0

Because SJ = 0 and EJ = 0 then the A-modules S and E lie in the exact
subcategory mod A of mod A and, as in Example 4.3, the Auslander-
Reiten quiver I'(mod A) of mod A admits the standard stable tube 7" of
rank 2 of the form

E E
T NSNS

| s E

| £ o

| E S

where the indecomposable modules are represented by their composi-
tion factors (see [1, V.2.7]) in the extension subcategory EXT4(E, S) of
mod A, and one identifies them along the vertical dotted lines. In partic-
ular, the R-modules S and E are orthogonal bricks in mod A, hence in
mod R, and (E,S) is a 74-cycle, that is, T4E = S and 745 & E.

Now we show that 7 is a self-hereditary standard stable tube in
I'(mod A). First we show that (E,S) is a tp-cycle, that is, TAE = S
and 7S = E. For, observe that the module S = S(3) admits a minimal
projective presentation

P1l)®P(2) —— P(3) —— S(3) —— 0

in mod A. By applying the Nakayama functor vy = DHomy(—, A), see
[1, I11.2.8], and using the isomorphism vy P(a) = I(a), for any vertex a
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of A, we get an exact sequence
0 —— 7ASB) —— I(1)® I(2) —— I(3)
in mod A, see [1, IV.2.4]. Hence 177.5(3) = E = 745(3).
The minimal projective presentation of £ in mod A has the form

h

P(3) —— P(4)® P(5) E 0

and Kerh = P(3)/S(8). By applying the Nakayama functor va, we get
an exact sequence

0 T\ E I1(3) —— I(4) & I(5)

in mod A and, hence, TAE = S(3) 2 T4 E.

In view of Theorem 2.4, to prove that 7 is a self-hereditary tube in
I'(mod A) it is enough to show that {S,FE} is a self-hereditary family
of mod A. Applying the functors Homy(—,S) and Homy(—, F) to the
canonical exact sequence

0 —— rad P(3) —— P(3) S(3) 0

we derive the isomorphisms
Ext3 (S, S) = Ext} (rad P(3),.9) and Ext3 (S, E) = Ext} (rad P(3), E).

Hence, by applying the Auslander-Reiten formula [1, IV.2.13|, we get the
isomorphisms

Ext} (rad P(3),S) = DHom, (7 'S, rad P(3))

>~ DHom, (E,rad P(3)) = 0,
Ext} (rad P(3), E) = DHom, (7, E,rad P(3))

= DHomA(S,radP(S)) = 07

because E/rad B = S(4) @ S(5) and the simple A-modules S = S(3),
S(4), and S(5) are not composition factors of rad P(3). Consequently,
we get

Ext3(S,8) =0 and Exti(S,E)=0.

Applying the functors Homy(—,S) and Homp(—, E) to the exact se-
quence

h

0 —— P(3)/S(8) —— P(4) ® P(5) E——0
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in mod A, we derive the isomorphisms
Ext(E,S) = Extj(P(3)/5(8),5),
Exti(E,E) = Ext}(P(3)/S(8),E).

Hence again, by applying the Auslander-Reiten formula, we get the iso-
morphisms

Ext) (P(3)/5(8),5) = DHom,(7;'S, P(3)/5(8))

~ DHom, (E, P(3)/5(8)) =0,
Exth(P(3)/S(8), E) = DHom,(r;'E, P(3)/5(8))

=~ DHom,(S,P(3)/S(8)) =0,

because E/rad E = S(4) & S(5) and the simple A-modules S(4) and S(5)
are not composition factors of P(3)/S(8), and the simple module S =
S(3) is not isomorphic to a submodule of soc(P(3)/5(8)) = S(9) & S(10).
Consequently, we get

Exti(E,S)=0 and Ext%(E,E)=0.
Finally, we note that we have a minimal exact sequence

0— S(3)— P(8) — P(9) @ P(10)
— P(l)®e P(2)— P(3) — S(3) — 0,

which induces a minimal infinite (periodic) projective resolution of S =
S(3) and a minimal infinite (periodic) injective resolution of S = S(3) in
mod A.

This shows that pd.S = oo, id .S = 00, and gl.dim A = oco. Similarly,
we show that pd E = oo and id S = oo. It follows that pd Z = oo and
idZ = oo, for every A-module Z lying in the tube 7, because the R-
modules S and FE are orthogonal bricks in mod A, every module Z of the
tube 7 lies in the extension subcategory &g = EXTR(E,S) of mod A,
where E = {F, S}, and every simple object in &g is isomorphic to E or
to S, see Lemma 2.3.
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