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Abstract. The concepts of a self-hereditary stable tube

T and a hereditary stable tube T in a module category modA
are introduced, where A is a finite dimensional algebra over an

algebraically closed field. Characterisations of self-hereditary sta-

ble tubes and hereditary stable tubes are given, and illustrative

examples of such tubes are presented. Some open problems are

presented.

1. Introduction

Throughout we denote by K an algebraically closed field, by A a fi-
nite dimensional K-algebra, and by modA the category of finite dimen-
sional right A-modules. Given an algebra A, we denote by Γ(modA)
the Auslander-Reiten quiver of modA, viewed as a translation quiver
with respect to the Auslander-Reiten translation τA = DTr, where D =
HomK(−,K) : modAop → modA is the standard K-duality and Tr is
the transpose operator of Auslander, see [1], [2], and [16].

In the representation theory of algebras an essential role is playing by
special type of components of the Auslander-Reiten quivers, called stable
tubes. In particular, by a result of Crawley-Boevey [4], for every algebra
A of tame representation type, all but finitely many indecomposable A-
modules of any fixed K-dimension lie in homogeneous tubes of Γ(modA).

We recall from [5] and [15] that a connected component T of Γ(modA)
is said to be a stable tube of rank r = rT ≥ 1 if there is an isomorphism
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of translation quivers T ∼= ZA∞/(τ
r), see also [13] and [14]. A stable tube

of rank r = 1 is defined to be a homogeneous tube, see also [17]. It
turns out that it is of importance to study hereditary tubes and self-
hereditary tubes in the following sense.

Definition 1.1. Let T be a stable tube of Γ(modA).
(a) The tube T is defined to be hereditary, if pdAX ≤ 1 and idAX ≤

1, for any indecomposable module X in T .

(b) The tube T is defined to be self-hereditary, if Ext2A(X,Y ) = 0,
for all indecomposable modules X and Y in T .

(c) A sequence (X1, . . . , Xr) of indecomposable A-modules in T is

said to be a τA-cycle of length r ≥ 1, if

τAX1
∼= Xr, τAX2

∼= X1, . . . , τAXr
∼= Xr−1.

Obviously, every stable tube T of the Auslander–Reiten quiver
Γ(modA) of a hereditary algebra A is hereditary and, clearly, every hered-
itary stable tube T is self-hereditary, but the converse implication does
not hold in general, see Section 4. Note also that, given a self-hereditary
(resp. hereditary) stable tube T , the minimal additive subcategory add T
of modA containing T is self-hereditary (resp. hereditary).

Furthermore, it follows from [1, VIII.4.5], [15], [17, XI.3.3], and the
structure theorem [17, XII.3.4] that, given a concealed algebra B of Eu-
clidean type, the Auslander–Reiten quiver Γ(modB) of B has a disjoint
union decomposition

Γ(modB) = P(B) ∪ TT B ∪Q(B),

where P(B) is the unique postprojective component of Γ(modB) con-
taining all the indecomposable projective B-modules, Q(B) is the unique
preinjective component containing all the indecomposable injective
A-modules, and

TT B = {T B
λ }λ∈P1(K)

is a P1(K)-family of pairwise orthogonal hereditary standard stable tubes
T A
λ . In particular, every tube T in Γ(modB) is stable, standard, and

hereditary.
We recall from [15] that a stable tube T in Γ(modA) is said to be

standard, if there is an equivalence of K-categories

(1.2) K(T ) = KT /MT
∼= ind T ,

where ind T is the full K-subcategory of modA whose objects are repre-
sentatives of the isomorphism classes of the indecomposable modules in
T and K(T ) = KT /MT is the mesh category of T , see also [1] and [17].
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One of the main results of the paper (Theorem 3.8) asserts that given
a standard stable tube T of Γ(modA) such that the mouth A-modules
of the tube T are pairwise orthogonal bricks and the quotient algebra
B = A/AnnAT is a projective right A-module and a projective left A-
module then the following four conditions are equivalent:

(a) the tube T is hereditary,
(b) pdAX ≤ 1, for any indecomposable A-module X of T ,
(c) idAX ≤ 1, for any indecomposable A-module X of T , and
(d) the tube T is self-hereditary.

Here AnnAT is the annihilator of T , that is, the intersection of the an-
nihilators of all modules from T .

In Section 3, we also study generalised standard stable tubes in the
sense of Skowroński [20], that is, the stable tubes T of Γ(modA) such
that rad∞

A (X,Y ) = 0, for each pair of indecomposable modules X and Y
in T , where rad∞

A = rad∞(modA) is the infinite radical of the category
modA, see [1, Appendix], [2, Section V.7], and [16, Section 11.1].

It was shown in [21], [22], and [24] that a stable tube T of Γ(modA)
is standard if and only if T is generalised standard. By applying this
equivalence, we prove that, given a faithful stable tube T of Γ(modA),
the following three conditions are equivalent:

(a) T is standard,
(b) T is hereditary and the mouth modules of T are pairwise orthog-

onal bricks,
(c) T is self-hereditary and the mouth modules of T are pairwise

orthogonal bricks.
We recall that a tube T is said to be faithful if AnnAT = 0.
In Section 4 we present four examples of standard stable tubes. In

the first one we construct an algebra C and a standard stable tube T of
rank r = 2 in Γ(modC) with the mouth modules E and S such that

(i) pdCS=2, idCS=1, pdCE=1, and idCE=1,
(ii) idCX=1, for any indecomposable module X lying in the tube T ,
(iii) gl.dimC = 2, and
(iv) the tube T is self-hereditary, but it is not hereditary.

In the second example we construct an algebra B such that gl.dimB = 3
and Γ(modB) admits a (generalised) standard stable tube that is self-
hereditary, but is neither faithful nor hereditary. In the third one we
construct an algebra R such that gl.dimR = ∞ and Γ(modR) admits
a standard stable tube T that is not self-hereditary. In the fourth ex-
ample, we construct a self-injective algebra Λ (with gl.dimΛ = ∞) such
that Γ(mod Λ) admits a self-hereditary (generalised) standard stable tube
consisting entirely of modules of infinite projective and infinite injective
dimension.
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The reader is referred to [17, Chapters X and XI] and [18, Chapters
XV-XVII] for further results on the hereditary tubes and application of
the results presented here. We freely use the terminology and notation
introduced in [1], [6], [17] and [18].

2. The extension category and self-hereditary tubes

We start by recalling a construction of Ringel [15] that shows how heredi-
tary and self-hereditary stable tubes occur as components of the Auslander–
Reiten quiver Γ(modA) of an arbitrary algebra A.

We recall that a brick E in modA is an indecomposable right A-
module E such that EndE ∼= K. Two bricks E and E′ in modA are
called orthogonal if HomA(E,E′) = 0, and HomA(E′, E) = 0.

Assume that E = {E1, . . . , Er} is a family of pairwise orthogonal
bricks in modA. Following Ringel [15], we consider the full subcategory

(2.1) EE = EXTA(E1, . . . , Er)

of modA (called an extension category) whose non-zero objects are
all the modules M such that there exists a chain of submodules M =
M0 ! M1 ! . . . ! Ml = 0, for some l ≥ 1, with Mi/Mi+1 isomorphic to
one of the bricks E1, . . . , Er, for all i ∈ {0, 1, . . . , l − 1}. In other words,
EE = EXTA(E1, . . . , Er) is the smallest additive subcategory of modA
containing the bricks E1, . . . , Er and closed under extensions.

We recall that an algebra A is hereditary if Ext2A(X,Y ) = 0, for each
pair of A-modules X and Y in modA, or equivalently, if pdAX ≤ 1 and
idAX ≤ 1, for any indecomposable (even simple) module X in modA.
Following this definition, we introduce some new concepts that are useful
in the study of hereditary and self-hereditary tubes.

Definition 2.2. Let A be a finite dimensional K-algebra and let H be a

family of modules in modA, or a full subcategory of modA.

(a) H is defined to be a hereditary family of modA, if pdAX ≤ 1
and idAX ≤ 1, for any module X in H.

(b) H is defined to be a self-hereditary family of modA, if

Ext2A(X,Y ) = 0, for each pair of A-modules X and Y in H.

(c) A connected component C of the Auslander-Reiten quiver

Γ(modA) of modA is defined to be self-hereditary, if Ext2A(X,Y ) = 0,
for each pair of A-modules X and Y in C. A component C is defined to

be hereditary, if pdAX ≤ 1 and idAX ≤ 1, for any module X in C.

It is clear that H = modA is a hereditary subcategory of modA if
and only if H = modA is self-hereditary. Note also that any hereditary



Jo
u
rn

al
 A

lg
eb

ra
 D

is
cr

et
e 

M
at

h
.136 Hereditary stable tubes in module categories

family H of modA is self-hereditary. The examples of Section 4 show
that the converse implication does not hold in general.

Basic properties of the extension category EXTA(E1, . . . , Er) are col-
lected in the following lemma.

Lemma 2.3. Let A be an algebra, and E = {E1, . . . , Er} a finite family

of pairwise orthogonal bricks in modA. The extension category EE =
EXTA(E1, . . . , Er) (2.1) has the following properties.

(a) EE is an exact abelian subcategory of modA that is closed under

extensions in modA, and E = {E1, . . . , Er} is a complete set of pairwise

non-isomorphic simple objects in EE.

(b) The finite set E = {E1, . . . , Er} is a hereditary family of modA
if and only if EE is a hereditary subcategory of modA.

(c) The finite set E = {E1, . . . , Er} is a self-hereditary family of

modA if and only if EE is a self-hereditary subcategory of modA.

Proof. The statement (a) is proved in [15], see also[17, Chapter X].
(b) The sufficiency is obvious. To prove the necessity, we assume

that the set E = {E1, . . . , Er} is a hereditary family of modA, that
is, pdAEj ≤ 1 and idAEj ≤ 1, for any j ∈ {1, . . . , r}, or equivalently,
Ext2A(Ej , Y ) = 0 and Ext2A(X,Ej) = 0, for any j ∈ {1, . . . , r} and for all
modules X and Y in modA.

We fix a module Y in modA and we prove that Ext2A(X,Y ) = 0,
for any module X in EE = EXTA(E1, . . . , Er). If X is any of the mod-
ules E1, . . . , Er, the assumption gives the result. Assume that X is an
arbitrary non-zero object of EE. Then X contains a submodule X0 iso-
morphic to one of the modules E1, . . . , Er, because they form a complete
list of simple objects of the category EE, up to isomorphism, by (a). Then
there exists an exact sequence

0 → X0 → X → X → 0

in the category EE and dimKX < dimKX. Hence we derive the induced
exact sequence

Ext2A(X,Y ) −−−−→ Ext2A(X,Y ) −−−−→ Ext2A(X0, Y ).

Since, by induction, the left hand term and the right hand term of the
sequence are zero then we get Ext2A(X,Y ) = 0, and the required result
follows by induction on dimKX. The equality Ext2A(X,Y ) = 0, for any
module X in modA and any module Y in EE, follows in a similar way.

(c) Apply the arguments used in the proof of (b). The details are left
to the reader.
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The following important theorem is essentially due to Ringel [15].

Theorem 2.4. Let A be an algebra, and (E1, . . . , Er), with r ≥ 1, be a

τA-cycle of pairwise orthogonal bricks in modA such that E = {E1, . . . , Er}
is a self-hereditary family of modA. The abelian category

EE = EXTA(E1, . . . , Er)

(see (2.1)) has the following properties.

(a) EE has almost split sequences.

(b) All indecomposable objects of the category EE are uniserial of

finite length in EE and they form a self-hereditary component TEE of

Γ(modA).
(c) The component TEE is a self-hereditary standard stable tube of

rank r.
(d) The modules E1, . . . , Er form a complete set of modules lying on

the mouth of the tube TEE .

Proof. By our assumption, r ≥ 1 and the modules E1, . . . , Er are pairwise
orthogonal bricks such that

τAE1
∼= Er, τAE2

∼= E1, . . . , τAEr ∼= Er−1

and Ext2A(Ei, Es) = 0, for all i, s ∈ {1, . . . , r}. Then, in view of Lemma
2.3 (c), the theorem is a consequence of [15], see also [17, Chapter X].

Corollary 2.5. Let A be an algebra, T a stable tube of rank r ≥ 1
of Γ(modA), and E = {E1, . . . , Er} a self-hereditary family of pairwise

orthogonal bricks forming the mouth of the tube T .

(a) The tube T is self-hereditary, EXTA(E1, . . . , Er) is a self-heredi-

tary uniserial abelian subcategory of modA, and

add T = EXTA(E1, . . . , Er).

(b) If E = {E1, . . . , Er} is a hereditary family then the tube T is

hereditary, add T = EXTA(E1, . . . , Er) is a hereditary uniserial abelian

subcategory of modA, and T = TEE.

Proof. Because T is a stable tube and E = {E1, . . . , Er} is a self-hereditary
family of pairwise orthogonal bricks forming the mouth of the tube T
then, up to permutation, (E1, . . . , Er) is a τA-cycle and Lemma 2.3 and
Theorem 2.4 apply to the extension category EE = EXTA(E1, . . . , Er).
Hence, the intersection T ∩ TEE of the components T and TEE contains
the modules E1, . . . , Er and we get T = TEE . Furthermore, in view of
Theorem 2.4, it follows that

add T = add TEE = EXTA(E1, . . . , Er)
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and the corollary follows from Lemma 2.3.

In the notation of Corollary 2.5, given an indecomposable module M
in T , we denote by ℓT (M) the T -length of M , that is, the length of M in
the uniserial abelian subcategory add T = EXTA(E1, . . . , Er) of modA.

Corollary 2.6. Let A be an algebra and T a stable tube of the Auslander–

Reiten quiver Γ(modA) of modA. If T is self-hereditary and the mouth

modules of T are pairwise orthogonal bricks then T is standard.

Proof. Assume that T is a self-hereditary stable tube of rank r ≥ 1. Then
there exits a τA-cycle (E1, . . . , Er) of mouth modules of T such that
E = {E1, . . . , Er} is a self-hereditary family of modA. Then Corollary
2.5 yields T = TEE and, according to Theorem 2.4, the tube T is standard.

3. Basic properties of self-hereditary and hereditary

stable tubes

We start with a lemma showing that the hereditariness and the self-
hereditariness of a stable tube T of rank r ≥ 1 of Γ(modA) is decided
on the level of the set of all mouth modules of T .

Lemma 3.1. Let A be an algebra and T a stable tube in Γ(modA).
(i) The tube T is self-hereditary if and only if the finite family of

mouth modules of T is self-hereditary.

(ii) The tube T is hereditary if and only if the finite family of mouth

modules of T is hereditary.

Proof. We only prove (i), because the proof of (ii) is similar. The necessity
is obvious. To prove the sufficiency, we assume that T is a stable tube of
rank r ≥ 1 in Γ(modA) and (E1, . . . , Er) is a τA-cycle of mouth modules
of T such that Ext2A(Ei, Ej) = 0, for all i, j ∈ {1, . . . , r}. By [15] and
[17, Lemma X.1.4], for each i ∈ {1, . . . , r}, there exists a unique ray

Ei = Ei[1]−→Ei[2]−→Ei[3]−→ . . . −→Ei[m]−→Ei[m+1]−→ . . .

of indecomposable modules in T starting at Ei. Moreover, for eachm ≥ 1,
there exists an almost split sequence

(∗) 0−→Ei[m]−→Ei[m+1] ⊕ Ei+1[m−1]−→Ei+1[m]−→ 0

in modA, where we set Ej [0] = 0 and Ei+kr[t] = Ei[t], for all i ∈
{1, . . . , r}, t ≥ 1, and k ∈ Z.
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We show that Ext2A(X,Y ) = 0, for each pair of indecomposable
A-modules X and Y lying on the tube T . Assume that X and Y
are such modules. By a description of the indecomposable modules ly-
ing in T given in [15] and [17, Lemma X.1.4], there are isomorphisms
X ∼= Ei[m] and Y ∼= Ej [n], for some i, j ∈ {1, . . . , r} and some integers
m,n ≥ 1. First we assume that n = 1, that is, there is an isomorphism
Y ∼= Ej [1] = Ej .

We prove by induction on m ≥ 1 that Ext2A(Ei[m], Y ) = 0. If m = 1
then Ei[m] = Ei and we are done by our assumption. Assume that
m ≥ 1 is such that Ext2A(Ei[m], Y ) = 0 and Ext2A(Ei[m−1], Y ) = 0, for
all i ∈ {1, . . . , r}. From the exact sequence (∗) we derive the induced
exact sequence

Ext2A(Ei+1[m], Y )−→Ext2A(Ei[m+1]⊕Ei+1[m−1], Y )−→Ext2A(Ei[m], Y ).

The induction hypothesis yields Ext2A(Ei+1[m−1], Y ) = 0, the left hand
term and the right hand term of the sequence is zero. It follows that
Ext2A(Ei+1[m+1], Y ) = 0, for i ∈ {0, . . . , r−1}. By the induction princi-
ple, we conclude that Ext2A(X,Y ) = 0, for Y and any indecomposable
A-module X lying on the tube T .

Applying the same arguments, we prove by induction on n ≥ 1 that
Ext2A(X,Ej [n]) = 0, for any indecomposable A-module X lying on the
tube T . This finishes the proof.

In the following section we give examples of self-hereditary stable
tubes T in Γ(modA) that are not hereditary, where A is an algebra of
global dimension 2. We also show that neither of the two conditions
pdAX ≤ 1 and idAX ≤ 1 in the Definition 1.1 (a) of hereditary tube can
be dropped. However, we would like to answer the following interesting
questions.

Questions 3.2. Let A be an algebra.

(i) Characterise the stable tubes T in Γ(modA) such that one of the
two conditions pdAX ≤ 1 and idAX ≤ 1 in the Definition 1.1 (a) of
hereditary tube can be dropped.

(ii) When a self-hereditary stable tube T (resp. every self-hereditary
stable tube T ) in Γ(modA) is hereditary?

(iii) When a standard stable tube T (resp. every standard stable
tube T ) in Γ(modA) is hereditary (or self-hereditary)?

Remarks 3.3. (a) The examples of Section 4 show that the answer to the
above questions is not affirmative in general. Below only partial answers
are given.
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(b) Algebras A for which all stable tubes T in Γ(modA) are standard
and hereditary are provided by quasitilted algebras of canonical type (see
[7] and [8]), or more generally, by the algebras with separating families
of almost cyclic coherent components studied in [9] and [11]. We also
note that the class of quasitilted algebras of canonical type contains the
representation-infinite tilted algebras of Euclidean type (see [15], [17] and
[18]) and the tubular algebras [15].

(c) The class of algebras A having a standard hereditary stable tube
T in Γ(modA) is very large and contains algebras of arbitray high global
dimension, see [10] and [24].

(d) On the other hand, if A is a connected algebra and T is a sincere
stable tube without external short cycles, then T is a faithful standard
stable tube (hence hereditary stable tube, see Theorem 3.4) and A is a
concealed canonical algebra (of global dimension 2), see [12] and [24].

(e) The representation-infinite self-injective algebras of polynomial
growth having strictly positive Galois covering form a large class of alge-
bras whose all stable tubes T are self-hereditary, but not hereditary, see
[19] and [27]-[29].

Throughout this paper, we use the notion of a generalised standard
component introduced in [20]. We recall that a component C of Γ(modA)
is generalised standard if rad∞

A (X,Y ) = 0, for each pair of indecom-
posable modules X and Y in C.

The following characterisation of generalised standard stable tubes
given in [24, Lemma 1.3] is of importance, see also [20, Corollary 5.3] and
[22, Lemma 3.2].

Theorem 3.4. Let A be an algebra and let T be a stable tube of Γ(modA).
The following four statements are equivalent.

(a) T is standard.

(b) The mouth of T consists of pairwise orthogonal bricks.

(c) T is generalised standard.

(d) rad∞
A (E,E′) = 0, for each pair of mouth modules E and E′ of

the tube T .

We recall that the right annihilator of a right A-module M is the
two-sided ideal AnnAM = {a ∈ A; Ma = 0} of A. Recall also that the
module M is said to be faithful if the ideal AnnAM is zero.

The following result proved in [20, Lemma 5.9] shows that any faithful
generalised standard stable tube is hereditary.
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Theorem 3.5. Let A be an algebra and T a faithful standard stable tube

of Γ(modA). Then pdAX ≤ 1 and idAX ≤ 1, for any indecomposable

module X of T , that is, the tube T is hereditary.

Proof. For the sake of completeness, we include here the proof given in
[20]. First we show that, given a component C of Γ(modA),

1◦ there exists a module M in add C such that AnnAC = AnnAM ,
and

2◦ C is faithful if and only if the category add C admits a faithful
A-module.

To see 1◦, for a given module X in add C, we fix an isomorphism of
A-modules X ∼= X1 ⊕X2 ⊕ . . .⊕Xs, where X1, X2, . . . , Xs are indecom-
posable A-modules in C. Then

AnnAX = AnnA(X1⊕X2⊕. . .⊕Xs) = AnnAX1∩AnnAX2∩. . .∩AnnAXs.

Moreover, AnnAY ⊇ AnnAZ if Y is a submodule of Z. Then the ideals
of the form AnnA(X1 ⊕X2 ⊕ . . .⊕Xs), where X1, X2, . . . , Xs are inde-
composable A-modules in the component C, form a partially ordered set,
with respect to the inclusion. Because the algebra A is finite dimensional
then the family contains a minimal element AnnA(M1 ⊕M2 ⊕ . . .⊕Mℓ),
for some indecomposable A-modules M1,M2, . . . ,Mℓ in C. It follows that
AnnAC = AnnAM , where M = M1⊕M2⊕ . . .⊕Mℓ is a module in add C.
The statement 2◦ follows immediately from 1◦.

Now assume that T is a faithful standard stable tube of Γ(modA)
and let X be an indecomposable A-module in T . We only prove that
pdAX ≤ 1, because the proof of the inequality idAX ≤ 1 is similar.

Assume, to the contrary, that pdAX ≥ 2. Then, it follows from [1,
IV.2.7] that HomA(D(AA), τAX) 6= 0. Let f : D(AA)−→ τAX be a non-
zero homomorphism in modA. Because the stable tube T is faithful then,
by 2◦, the category add T admits a faithful A-module M and it follows
from [1, VI.2.2] that the A-module D(AA) is cogenerated by M , that is,
there exist an integer t ≥ 1 and an epimorphism h : M t−→D(AA) of
A-modules. Hence, there exists an indecomposable direct summand Z of
M t such that the composite homomorphism

Z
g

−−−−→ D(AA)
f

−−−−→ τAX

is non-zero, where g is the restriction of h to the summand Z of M t.
Note that the A-module D(AA) is injective and the tube T contains no
indecomposable injective A-modules. Then the indecomposable modules
Z and τAX are not injective, because they lie in the tube T . This yields

• radA(Z,D(AA)) = rad∞
A (Z,D(AA)), and
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• radA(D(AA), τAX) = rad∞
A (D(AA), τAX).

Consequently, we get 0 6= fg ∈ rad∞
A (Z, τAX). This contradicts the

assumption that the tube T is standard, because we know from Theo-
rem 3.4 that any standard stable tube is generalised standard. The proof
of the theorem is complete.

Corollary 3.6. Let A be an algebra, T a standard stable tube of the

Auslander–Reiten quiver Γ(modA) of A, and B = A/AnnAT . Then T
is a hereditary standard stable tube of Γ(modB), under the fully faith-

ful exact embedding modB →֒ modA induced by the canonical algebra

surjection A−→B.

Proof. Apply Theorems 3.4 and 3.5.

Proposition 3.7. Let A be an algebra and T a faithful stable tube of

Γ(modA). The following five conditions are equivalent.

(a) T is standard.

(b) T is hereditary and the mouth modules of T are pairwise orthog-

onal bricks.

(c) pdX ≤ 1, for each X in T , and the mouth modules of T are

pairwise orthogonal bricks.

(c′) idX ≤ 1, for each X in T , and the mouth modules of T are

pairwise orthogonal bricks.

(d) T is self-hereditary and the mouth modules of T are pairwise

orthogonal bricks.

Proof. The implication (a)⇒(b) is a consequence of Theorem 3.5. The
implications (b)⇒(c)⇒(d) and (b)⇒(c′)⇒(d) are obvious. Since the im-
plication (d)⇒(a) is a consequence of Corollary 2.6, the proof is com-
plete.

The following theorem gives a partial answer to Question 3.2 (i).

Theorem 3.8. Let A be an algebra, T a stable tube of rank r ≥ 1 of the

Auslander–Reiten quiver Γ(modA) of A such that the mouth

A-modules of the tube T are pairwise orthogonal bricks.

If the quotient algebra B = A/AnnAT is a projective right A-module

and a projective left A-module then the following four conditions are equiv-

alent.

(a) The tube T is hereditary.

(b) pdAX ≤ 1, for any indecomposable A-module X of T .

(c) idAX ≤ 1, for any indecomposable A-module X of T .

(d) The tube T is self-hereditary.
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Proof. The implications (a)⇒(b)⇒(d) and (a)⇒(c)⇒(d) are obvious. It
remains to prove that (d) implies (a).

Assume that T is a stable tube of rank r ≥ 1 of the Auslander–
Reiten quiver Γ(modA) of A, and (E1, . . . , Er) is a τA-cycle of the mouth
A-modules of the tube T that are pairwise orthogonal A-bricks. Since
B = A/AnnAT then the algebra surjection A→ B induces an embedding
modB →֒ modA. Hence every A-module X of T can be viewed as a B-
module, T is a stable tube of rank r ≥ 1 of the Auslander–Reiten quiver
Γ(modB) of B, and (E1, . . . , Er) is a τB-cycle of the mouth B-modules
of the tube T that are pairwise orthogonal B-bricks. Moreover, T is a
faithful tube of Γ(modB).

Assume that B = A/AnnAT is a projective right A-module and a
projective left A-module. It follows that the epimorphism AA → AB of
left A-modules spits and induces a splitting monomorphism D(AB) →
D(AA) of right A-modules, where D = HomK(−,K) : modAop → modA
is the standard K-duality. Hence, the injective cogenerator D(AB) of
modB is an injective A-module.

Since the canonical embedding modB →֒ modA is an exact functor
then, given a module X in T viewed as a B-module, the minimal projec-
tive resolution of X in modB is a projective resolution of X in modA,
and the minimal injective resolution of Y in modB is an injective reso-
lution of Y in modA. Hence, we concude that

• pdAX = pdBX, for any module X in T ,
• idAY = idBY , for any module Y in T ,
• Ext2A(X,Y ) = Ext2B(X,Y ), for any pair of modules X and Y in T ,

and
• the tube T is A-self-hereditary if and only if T is B-self-hereditary.

To prove that (d) implies (a), assume that the tube T is B-self-hereditary.
Then T viewed as a tube of Γ(modB) is faithful, A-self-hereditary,
(E1, . . . , Er) is a τB-cycle of the mouth B-modules of the tube T , and
E1, . . . , Er are pairwise orthogonal B-bricks. Hence, by Proposition 3.7,
the tube T is hereditary, when viewed as a tube of Γ(modB). Moreover,
by the remarks made above, the tube T is hereditary, when viewed as
a tube of Γ(modA). This finishes the proof of the implication (d)⇒(a)
and of the theorem.

We recall that an algebra A is called symmetric if there is an A-A-
bimodule isomorphism A ∼= D(A). A large class of symmetric algebras is
provided by the trivial extensions

T (B) = B ⋉D(B)

of arbitrary algebras B by their injective cogenerator D(B).
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The following proposition shows that non-trivial components of the
Auslander–Reiten quiver Γ(modA) of any symmetric algebra A are not
self-hereditary.

Proposition 3.9. Let A is a symmetric algebra and C a connected com-

ponent of the Auslander–Reiten quiver Γ(modA) of A containing an in-

decomposable non-projective module X. Then

(i) the indecomposable module Y = τAX lies in C and Ext2A(X,Y ) ∼=
HomA(Y, Y ) 6= 0,

(ii) the component C is not self-hereditary.

Proof. Assume that A is a symmetric algebra. Then A is self-injective,
that is, all projective A-modules are injective. Let modA be the stable
category of modA. Recall that the objects of modA are the modules M
in modA without non-zero projective direct summands and, for any pair
of objects M and N in modA, the space HomA(M,N) of all morphisms
from M to N in modA is the quotient

HomA(M,N) = HomA(M,N)/P(M,N),

where P(M,N) is the subspace of HomA(M,N) consisting of the A-
module homomorphisms M → N that have a factorisation through a
projective module.

We denote by ΩA : modA −→ modA the Heller syzygy functor which
assigns to any object M of modA the kernel of the projective cover
PA(M) → M of M in modA. The functor ΩA is an equivalence and
there is a functorial isomorphism τA ∼= Ω2

A of functors on modA, see [2,
IV.3.8].

Assume that C is a connected component of Γ(modA) containing
an indecomposable non-projective module X. Then Y = τAX is an
indecomposable non-projective module in C and there exist two short
exact sequences

0 −−−−→ ΩA(X) −−−−→ PA(X) −−−−→ X −−−−→ 0

0 −−−−→ Ω2
A(X) −−−−→ PA(ΩA(X)) −−−−→ ΩA(X) −−−−→ 0

that induce the isomorphisms

Ext2A(X,Y ) ∼= Ext1A(ΩA(X), Y )
∼= HomA(Ω2

A(X), Y )
∼= HomA(τA(X), Y )
∼= HomA(Y, Y )

of vector spaces. Since the identity homomorphism idY : Y → Y defines
a non-zero morphism idY ∈ HomA(Y, Y ) then Ext2A(X,Y ) 6= 0 and the
component C is not self-hereditary.
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Remark 3.10. Proposition 3.9 applies to any stable tube T of the
representation-infinite tame symmetric algebras exhibited in [26]. Note
also that the trivial extension algebras

T (B) = B ⋉D(B)

of all generalised canonical algebras B and, more generally, of concealed
generalised canonical algebras B, contain standard stable tubes (see [10]
and [25]), which are not self-hereditary, according to Proposition 3.9.
Note also that the symmetric algebras for which the Auslander-Reiten
quiver admits a standard stable tube have the Cartan matrix singular,
see [3].

4. Examples

In relation with Questions 3.2, we end the paper with four examples of
(generalised) standard stable tubes. In the first one we construct an alge-
bra C and a standard stable tube T of rank r = 2 in Γ(modC) such that
gl.dimC = 2 and the tube T is self-hereditary, but it is not hereditary.
In the second one we construct an algebra B such that gl.dimB = 3
and Γ(modB) admits a (generalised) standard stable tube that is self-
hereditary, but is neither faithful nor hereditary. In the third one we
construct an algebra R such that gl.dimR = ∞ and Γ(modR) admits
a standard stable tube T that is not self-hereditary. In the fourth ex-
ample, we construct a self-injective algebra Λ (with gl.dim Λ = ∞) such
that Γ(mod Λ) admits a self-hereditary (generalised) standard stable tube
consisting entirely of modules of infinite projective and infinite injective
dimension.

The following example shows that, in the Definition 1.1 (a) of hered-
itary tube, neither of the two conditions pdAX ≤ 1 and idAX ≤ 1 can
be dropped.

Example 4.1. Let C be the path algebra of the quiver
◦0

ρ
◦1

◦2

◦4

◦5

◦Q′ :
3

α

β

γ

δ

bound by one zero relation αρ = 0. Then the quotient algebra A =
C/Ce0C of C is isomorphic to the path algebra KQ of the full subquiver

◦1

◦2

◦4

◦5

◦Q :
3

α

β

γ

δ
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of Q′ given by the vertices 1, 2, 3, 4, and 5. The canonical algebra surjec-
tion C −→ A induces fully faithful exact embedding modA →֒ modC.
It is easy to check that the indecomposable projective C-modules

P (0) = e0C = S(0) and P (1) = e1C ∼= I(0)

are the unique indecomposable C-modules that do not lie in modA →֒
modC. The component P(C) of Γ(modC) containing the module P (0)
is postprojective and has the form

P (3)

P (4)

τ−1S(1)

τ−1S(2)

P (5)

τ−1P (3)

τ−1P (4)

τ−2S(1)

τ−2S(2)

τ−1P (5)

τ−2P (3)

S(0)=P (0) −−−−−− −−−−−−−

−−−−−−−− −−−−−−

−−−−−−−

−−−−−−−

−−−−−−−− −−−−−

−−−−−−−

−−−−−− −−−−−−

S(1)

S(2)

I(0)=P (1) · · ·

It is obtained from the unique postprojective component P(A) of the
Auslander-Reiten quiver Γ(modA) by adding two points connected by
one arrow corresponding to the irreducible embedding

P (0) = radP (1) →֒ P (1).

The postprojective component P(C) contains all the indecomposable pro-
jective C-modules, up to isomorphism. Note that the indecomposable
projective C-module I(0) = P (1) is also injective.

It follows that the unique preinjective component Q(A) of Γ(modA) is
also the unique preinjective component Q(C) of Γ(modC). It contains all
the indecomposable injective C-modules, except the projective-injective
C-module I(0) = P (1), and is of the form

τ2I(3)

τI(1)

τ2I(4)

τ2I(5)

τI(2)

−−−−−−

−−−−−−

−−−−−−−

−−−−−−−−−−−−

−−−−−

−−−−−−−

−−−−−−−−−−−−−

−−−−−−−

−−−−−−−−−−−−−−−−

−−−−−−−−−−−−−−

−−−−−− −−−−−− −−−−−−−−τI(3)

I(1)

τI(4)

τI(5)

I(2)

I(3)

τ2I(1)

τ3I(4)

τ3I(5)

τ2I(2)

· · ·

I(4)

I(5)

Note that Γ(modA) contains a standard stable tube T of rank r = 2 with
the mouth A-modules E and S = S(3), where S(3) is the simple module
corresponding to the vertex 3 and E is the following indecomposable
A-module (viewed as a representation of Q)

K

K

K

K

K

1

1

1

1

E :
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see [17, Example X.2.12]. The tube T remains a standard stable tube in
Γ(modC), under the fully faithful exact embedding modA →֒ modC.

Now we show that

(i) pdCS(3) = 2, idCS(3) = 1, pdCE = 1, and idCE = 1,

(ii) idCX=1, for any indecomposable module X lying in the tube T ,

(ii) gl.dimC = 2, and

(iv) the tube T of modC is self-hereditary, but it is not hereditary.

To prove (i), we note that A-modules S(3) and E have minimal projective
resolutions in modC of the forms

0−→ P (0)−→ P (1) ⊕ P (2)−→ P (3)−→ S(3)−→ 0,

0−→ P (3)−→ P (4) ⊕ P (5)−→ E−→ 0,

and the minimal injective resolutions of S(3) and of E are of the forms

0−→ S(3)−→ I(3)−→ I(4) ⊕ I(5)−→ 0,

0−→ E−→ I(1) ⊕ I(2)−→ I(3)−→ 0.

To prove (ii), we observe that the postprojective component P(C) of
the Auslander–Reiten quiver Γ(modC) contains all the indecomposable
projective C-modules, up to isomorphism, and P(C) is closed under pre-
decessors in modC, by [1, VIII.2.5]. It then follows that

HomC(τ−1
C X,CC) = 0,

for any indecomposable C-module X that is not postprojective. Thus,
[1, IV.2.7(b)] yields idCX ≤ 1, for any indecomposable C-module X
that is not postprojective, and (ii) follows. Because one easily shows
that pdCS(j) ≤ 1, for all j 6= 3, then gl.dimC = 2. Because (ii) yields
Ext2C(X,Y ) = 0, for any indecomposable modules X and Y in T then
the tube T is self-hereditary.

Let C ′ = Cop be the algebra opposite to C. Because there is an
isomorphism Aop ∼= A of algebras then the preceding consideration im-
plies that the Auslander–Reiten quiver Γ(modC ′) dual to Γ(modC) ad-
mits a standard stable tube T ′ of rank r = 2, with the mouth modules
E′ = D(E) and S′(3) = e3C

′ ∼= D(S), that has the following properties

(i′) idC′S′(3) = 2, pdC′S′(3) = 1, idC′E′ = 1, and pdC′E′ = 1,

(ii′) pdC′Y =1, for any indecomposable module Y lying in the tube T ′,

(iii′) gl.dimC ′ = 2, and

(iv′) the tube T ′ is self-hereditary, but it is not hereditary.

that are dual to (i)-(iv).

It follows from (i)-(iv) and (i′)-(iv′) that, in Definition 1.1 of heredi-
tary tube, neither of the two conditions pdAX ≤ 1 and idAX ≤ 1 can be
dropped.
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Example 4.2. Let B be the path algebra of the quiver
◦1

ρ

◦2

◦4

◦5

◦∆ :
3

α

β

γ

δ

bound by two zero relations αρ = 0 and ργ = 0. It is easy to see that
the quotient algebra

A = B/I,

where I is the two sided ideal of B generated by the arrow ρ, is isomorphic
to the path algebra KQ of the quiver

◦1

◦2

◦4

◦5

◦Q :
3

α

β

γ

δ

considered in Example 4.1. Then we have a fully faithful exact embedding
modA →֒ modB induced by the canonical algebra surjection B−→A.
It is easy to see that there is precisely one indecomposable A-module X,
up to isomorphism, such that X does not lie in the subcategory modA of
modB. The module X is isomorphic with the unique projective-injective
B-module

K
1

0

K

0

0P (1) = I(4) :

It follows that the standard stable tube T of rank 2 of Γ(modA) con-
structed in Example 4.1 remains a standard stable tube T of Γ(modB)
and the annihilator AnnBT of T is just the ideal I of B generated by
the arrow ρ, that is, A ∼= B/AnnBT .

The simple B-module S = S(3) at the vertex 3 lying on the mouth
of the tube T has a minimal projective resolution in modB of the form

0−→ P (3)−→ P (4)−→ P (1) ⊕ P (2)−→ P (3)−→ S(3)−→ 0,

and a minimal injective resolution in modB of the form

0−→ S(3)−→ I(3)−→ I(4) ⊕ I(5)−→ I(1)−→ I(3)−→ 0.

Hence, pdBS(3) = 3 and idBS(3) = 3. It follows that gl.dimB = 3,
because the simple B-module S(2) is projective and the remaining simple
B-modules S(1), S(4), and S(5) have minimal projective resolutions in
modB of the forms

0−→ P (3)−→ P (4)−→ P (1)−→ S(1)−→ 0,
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0−→ P (3)−→ P (4)−→ S(4)−→ 0,
0−→ P (3)−→ P (5)−→ S(5)−→ 0.

Observe also that the quiver Γ(modB) admits a component C containing
all the indecomposable projective B-modules and all the indecompos-
able injective B-modules. The component C is obtained from the unique
postprojective component P(A) of A and the unique preinjective com-
ponent P(A) of A by a glueing with the projective-injective B-module
P (1)B = I(4)B as follows

I(3)B=I(3)A

P (1)B=I(4)B

S(4)

S(5)=I(5)B

S(1)

P (2)B=S(2)

P (3)B=P (3)A τ−1

A
P (3)

I(1)A=I(1)B

τAS(4)

τAS(5)

I(2)B=I(2)A

τAI(3)

τAI(1)A

τ2

A
S(4)

τ2

A
S(5)

τAI(2)

P (4)B=P (4)A

τ−1

A
S(1)

τ−1

A
S(2)

P (4)B=P (4)A

P(A)Q(A)

Now we show that T is a self-hereditary stable tube of Γ(modB).
Recall from Example 4.1 that the mouth module E of T has the form

K
0

K

K

K

KE :

1

1

1

1

and τAS(3) ∼= E ∼= τBS(3). Then the minimal projective resolution of E
in modB is of the form

0−→ P (3)−→ P (4) ⊕ P (5)−→ E−→ 0,

and the minimal injective resolution of E in modB is of the form

0−→ E−→ I(1) ⊕ I(2)−→ I(3)−→ 0.

It follows that pdBE = 1 and idBE = 1. Hence we derive the equalities

Ext2B(E,S(3) ⊕ E) = 0 and Ext2B(S(3) ⊕ E,E) = 0.

Moreover, the short exact sequence

0−→ S(1) ⊕ S(2)−→ P (3)−→ S(3)−→ 0

yields isomorphisms of vector spaces

Ext2B(S(3), S(3)) ∼= Ext1B(S(1) ⊕ S(2), S(3)) ∼= Ext1B(S(1), S(3)),
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because the B-module S(2) is projective. By applying the Auslander–
Reiten formula and the shape of the component of Γ(modB) containing
the module S(1) (see the figure presented above), we get the isomorphisms

Ext1B(S(1), S(3)) ∼= DHomB(S(3), τBS(1)) ∼= DHomB(S(3), S(4)) = 0,

and, consequently, Ext2B(S(3), S(3)) = 0. It follows that the two element
family {S(3), E} of mouth B-modules of the tube T is self-hereditary
and consists of pairwise orthogonal bricks. Then, by Lemmas 2.3 and
3.1, the tube T of Γ(modB) is self-hereditary. Because pdBS(3) = 3
and S(3) lies on T then the tube T is not hereditary. Note also that
T viewed as a tube of Γ(modA) is faithful, standard, and hereditary,
because A ∼= B/AnnBT . This finishes the example.

Now we give an example of an algebra R, with gl.dimR = ∞, such
that Γ(modR) admits a standard stable tube T that is not self-hereditary.

Example 4.3. Let R = KΩ/I be the bound quiver algebra, where Ω is
the quiver

◦
1

◦
2

◦4

◦5

◦Ω : 3

σ

η

ρ

ξ
α
β

γ

δ

and I is the two-sided ideal of the path algebra KΩ generated by the
elements

ργ − ηδ, ξγ − σδ,

αρ− βξ, αη − βσ,

ργβ, γβσ,

σδα, and δαρ.

Denote by J the two-sided ideal of R generated by the cosets

ρ+ I, σ + I, ξ + I, and η + I

of the arrows ρ, σ, ξ, and η of Ω. Then the quotient algebra A = R/J is
isomorphic to the path algebra KQ of the quiver

◦1

◦2

◦4

◦5

◦Q :
3

α

β

γ

δ

and the canonical algebra surjection R−→A induces a fully faithful exact
embedding modA →֒ modR.
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Let S = S(3) be the simple R-module at the vertex 3 of Ω, and let E
be the indecomposable R-module

K

K

K

K

KE :

0

0

0

0
1
1

1

1

Because SJ = 0 and EJ = 0 then the R-modules S and E lie in the exact
subcategory modA of modR. It is easy to see that the Auslander–Reiten
quiver Γ(modA) of A admits a standard stable tube T of rank 2 of the
form (see [17, Example 2.12])

T :

S E S

|ց ր ց ր |

| E
S

S
E

|

|ր ց ր ց |
E
S
E

S
E
S

E
S
E

ց ր ց ր|
|
|
|
|

S
E
S
E

E
S
E
S

|
|
|
|
|ր ց ր ց

...
...

...

where the indecomposable modules are represented by their composi-
tion factors (see [1, V.2.7]) in the extension subcategory EXTA(E,S) of
modA, and one identifies them along the vertical dotted lines. In partic-
ular, the R-modules S and E are orthogonal bricks in modA, hence in
modR, and (E,S) is a τA-cycle, that is, τAE ∼= S and τAS ∼= E.

Now we show that (E,S) is a τR-cycle, that is, τRE ∼= S and τRS ∼= E.
Observe that the module S = S(3) admits the minimal projective pre-
sentation

P (1) ⊕ P (2)−→P (3)−→S(3)−→ 0

in modR. Applying the Nakayama functor

νR = DHomR(−, R)

and using the isomorphism νRP (a) ∼= I(a), for any vertex a ∈ Ω0, we
get, by [1, IV.2.4], an exact sequence

0−→ τRS(3)−→ I(1) ⊕ I(2)−→ I(3)

in modR. Hence, τRS(3) ∼= E ∼= τAS(3).
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Note also that the minimal projective presentation of E in modR has
the form

P (3)−→P (5) ⊕ P (4)
π

−→E−→ 0

and Kerπ ∼= P (3)/S(3). Applying the Nakayama functor νR yields an
exact sequence

0−→ τRE−→ I(3)−→ I(5) ⊕ I(4)

and hence τRE ∼= S(3) ∼= τAE.

Because the R-modules S = S(3) and E are orthogonal bricks in
modA they are also orthogonal bricks in modR and we can form the
extension subcategory EE = EXTR(E,S) of modR, where E = {E,S}.
By Lemma 2.3, EE is abelian and closed under extensions in modC. It
follows that

EE = EXTR(E,S) = EXTA(E,S),

because the subcategory modA →֒ modR of modR is exact and closed
under extensions. In particular, EE consists entirely of A-modules and
every simple object in EE is isomorphic to E or to S. It follows that almost
split sequences in modA starting from indecomposable modules lying in
T remain almost split in modR and all indecomposable summands of
their terms lie also in T . Hence we conclude that the standard stable
tube T of Γ(modA) remains a standard stable tube T of Γ(modR).

Now we show that the tube T of Γ(modR) is not self-hereditary, by
proving that Ext2R(E,S) 6= 0. By applying the functor HomR(−, S) to
the short exact sequence

0−→P (3)/S(3)−→P (5) ⊕ P (4)
π

−→E−→ 0

we derive an isomorphism

Ext2R(E,S) ∼= Ext1R(P (3)/S(3), S).

Because the canonical exact sequence

0−→S(3)−→P (3)
π

−→P (3)/S(3)−→ 0

in modR does not split then Ext1R(P (3)/S(3), S) 6= 0 and, consequently,
Ext2R(E,S) 6= 0.

The preceding two short exact sequences give a minimal projective
presentation

0−→S(3)−→P (3)−→P (5) ⊕ P (4)
π

−→E−→ 0
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of length 3 of the module E. Hence, using the minimal projective pre-
sentation of S(3), we get a non-split exact sequence

0−→E−→P (1) ⊕ P (2)−→P (3)−→S(3)−→ 0

in modR. By combining these two exact sequences, we get a periodic
infinite minimal projective resolution of the module E. This shows that
gl.dimR = ∞. One can also show that the algebra R is self-injective, see
[1, Section V.3]. This finishes the example.

In the following example, we construct a self-injective algebra Λ (with
gl.dimΛ = ∞) such that Γ(mod Λ) admits a self-hereditary (generalised)
standard stable tube consisting entirely of modules of infinite projective
and infinite injective dimension.

Example 4.4. Let Λ = K∆/I be the bound quiver algebra, where

◦3∆ :

◦

4

◦
5

◦

1

◦
2

◦8

◦

6

◦
7

◦

9

◦
10ν

ε

ω
π

ρ

σ

η
ξγ

δ

β

α

ϕ
ψ

µ

λ

and I is the two-sided ideal of the path K-algebra K∆ of ∆ generated
by the elements:

ργ − ηδ, ξγ − σδ, ϕρ− ψξ,

ϕη − ψσ, εµ− ωλ, πµ− νλ,

αε− βπ, αω − βν, ργβ,

σδα, µψσ, λϕρ,

εµψ, νλϕ, γβν, and δαε.

It is easy to check that Λ is a self-injective algebra and, hence, the global
dimension gl.dim Λ of Λ is infinite.

Denote by J the two-sided ideal of Λ generated by the cosets

ρ+ I, σ + I, η + I, ξ + I, ϕ+ I, ψ + I,

λ+ I, µ+ I, ν + I, ε+ I, π + I, and ω + I

of the arrows ρ, σ, η, ξ, ϕ, ψ, λ, µ, ν, ε, π, and ω in ∆.

Obviously the quotient algebra A = Λ/J is isomorphic to the path
algebra KQ of the quiver

◦1

◦2

◦4

◦5

◦Q :
3

α

β

γ

δ
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The algebra surjection Λ → A induces a fully faithful exact embedding
modA →֒ mod Λ.

Let S = S(3) be the simple Λ-module at the vertex 3 of ∆, and let E
be the indecomposable Λ-module

K∆ :

K

K

K

K

0.

0

0

0

0

1
1

1
1

Because SJ = 0 and EJ = 0 then the Λ-modules S and E lie in the exact
subcategory modA of mod Λ and, as in Example 4.3, the Auslander-
Reiten quiver Γ(modA) of modA admits the standard stable tube T of
rank 2 of the form

T :

S E S

|ց ր ց ր |

| E
S

S
E

|

|ր ց ր ց |
E
S
E

S
E
S

E
S
E

ց ր ց ր|
|
|
|
|

S
E
S
E

E
S
E
S

|
|
|
|
|ր ց ր ց

...
...

...

where the indecomposable modules are represented by their composi-
tion factors (see [1, V.2.7]) in the extension subcategory EXTA(E,S) of
modA, and one identifies them along the vertical dotted lines. In partic-
ular, the R-modules S and E are orthogonal bricks in modA, hence in
modR, and (E,S) is a τA-cycle, that is, τAE ∼= S and τAS ∼= E.

Now we show that T is a self-hereditary standard stable tube in
Γ(mod Λ). First we show that (E,S) is a τΛ-cycle, that is, τΛE ∼= S
and τΛS ∼= E. For, observe that the module S = S(3) admits a minimal
projective presentation

P (1) ⊕ P (2) −−−−→ P (3) −−−−→ S(3) −−−−→ 0

in mod Λ. By applying the Nakayama functor νΛ = DHomΛ(−,Λ), see
[1, III.2.8], and using the isomorphism νΛP (a) ∼= I(a), for any vertex a
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of ∆, we get an exact sequence

0 −−−−→ τΛS(3) −−−−→ I(1) ⊕ I(2) −−−−→ I(3)

in mod Λ, see [1, IV.2.4]. Hence τΛS(3) ∼= E ∼= τAS(3).

The minimal projective presentation of E in mod Λ has the form

P (3) −−−−→ P (4) ⊕ P (5)
h

−−−−→ E −−−−→ 0

and Kerh ∼= P (3)/S(8). By applying the Nakayama functor νΛ, we get
an exact sequence

0 −−−−→ τΛE −−−−→ I(3) −−−−→ I(4) ⊕ I(5)

in mod Λ and, hence, τΛE ∼= S(3) ∼= τAE.

In view of Theorem 2.4, to prove that T is a self-hereditary tube in
Γ(mod Λ) it is enough to show that {S,E} is a self-hereditary family
of mod Λ. Applying the functors HomΛ(−, S) and HomΛ(−, E) to the
canonical exact sequence

0 −−−−→ radP (3) −−−−→ P (3) −−−−→ S(3) −−−−→ 0

we derive the isomorphisms

Ext2Λ(S, S) ∼= Ext1Λ(radP (3), S) and Ext2Λ(S,E) ∼= Ext1Λ(radP (3), E).

Hence, by applying the Auslander-Reiten formula [1, IV.2.13], we get the
isomorphisms

Ext1Λ(radP (3), S) ∼= DHomΛ(τ−1
Λ S, radP (3))

∼= DHomΛ(E, radP (3)) = 0,

Ext1Λ(radP (3), E) ∼= DHomΛ(τ−1
Λ E, radP (3))

∼= DHomΛ(S, radP (3)) = 0,

because E/radE ∼= S(4) ⊕ S(5) and the simple Λ-modules S = S(3),
S(4), and S(5) are not composition factors of radP (3). Consequently,
we get

Ext2Λ(S, S) = 0 and Ext2Λ(S,E) = 0.

Applying the functors HomΛ(−, S) and HomΛ(−, E) to the exact se-
quence

0 −−−−→ P (3)/S(8) −−−−→ P (4) ⊕ P (5)
h

−−−−→ E −−−−→ 0
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in mod Λ, we derive the isomorphisms

Ext2Λ(E,S) ∼= Ext1Λ(P (3)/S(8), S),

Ext2Λ(E,E) ∼= Ext1Λ(P (3)/S(8), E).

Hence again, by applying the Auslander-Reiten formula, we get the iso-
morphisms

Ext1Λ(P (3)/S(8), S) ∼= DHomΛ(τ−1
Λ S, P (3)/S(8))

∼= DHomΛ(E,P (3)/S(8)) = 0,

Ext1Λ(P (3)/S(8), E) ∼= DHomΛ(τ−1
Λ E,P (3)/S(8))

∼= DHomΛ(S, P (3)/S(8)) = 0,

because E/radE ∼= S(4)⊕S(5) and the simple Λ-modules S(4) and S(5)
are not composition factors of P (3)/S(8), and the simple module S =
S(3) is not isomorphic to a submodule of soc(P (3)/S(8)) ∼= S(9)⊕S(10).
Consequently, we get

Ext2Λ(E,S) = 0 and Ext2Λ(E,E) = 0.

Finally, we note that we have a minimal exact sequence

0 −−→ S(3)−−→P (8) −−→ P (9) ⊕ P (10)
−−→ P (1) ⊕ P (2)−−→P (3) −−→ S(3) −−→ 0,

which induces a minimal infinite (periodic) projective resolution of S =
S(3) and a minimal infinite (periodic) injective resolution of S = S(3) in
mod Λ.

This shows that pdS = ∞, idS = ∞, and gl.dimΛ = ∞. Similarly,
we show that pdE = ∞ and idS = ∞. It follows that pdZ = ∞ and
idZ = ∞, for every Λ-module Z lying in the tube T , because the R-
modules S and E are orthogonal bricks in mod Λ, every module Z of the
tube T lies in the extension subcategory EE = EXTR(E,S) of mod Λ,
where E = {E,S}, and every simple object in EE is isomorphic to E or
to S, see Lemma 2.3.
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[11] P. Malicki and A. Skowroński, On the additive categories of generalized
standard almost cyclic coherent Auslander-Reiten components, J. Algebra,

316(2007), 133–146.
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[17] D. Simson and A. Skowroński, Elements of the Representation Theory of Asso-

ciative Algebras, Volume 2. Tubes and Concealed Algebras of Euclidean Type,
London Math. Soc. Student Texts 71, Cambridge Univ. Press, Cambridge-New
York, 2007.
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E-Mail: simson@mat.uni.torun.pl
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E-Mail: skowron@mat.uni.torun.pl

Received by the editors: 27.11.2007
and in final form 04.02.2008.


