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ABSTRACT. We consider the concepts of colored terms and
multi-hypersubstitutions. If ¢ € W, (X) is a term of type 7, then
any mapping «o; : Pos” (t) — IN of the non-variable positions of
a term into the set of natural numbers is called a coloration of t.
The set WE(X) of colored terms consists of all pairs (¢, o). Hy-
persubstitutions are maps which assign to each operation symbol a
term with the same arity. If M is a monoid of hypersubstitutions
then any sequence p = (01,03, ...) is a mapping p : IN — M, called
a multi-hypersubstitution over M. An identity ¢ = s, satisfied in
a variety V is an M-multi-hyperidentity if its images p[t &~ s] are
also satisfied in V' for all p € M. A variety V is M-multi-solid,
if all its identities are M —multi-hyperidentities. We prove a series
of inclusions and equations concerning M-multi-solid varieties. Fi-
nally we give an automata realization of multi-hypersubstitutions
and colored terms.

Introduction

Let F be a set of operation symbols, and 7 : F — N be a type or signature.
Let X be a finite set of variables, then the set W (X)) of terms of type
7 with variables from X is the smallest set, such that
(1) XUFyC W (X);
(13) if f is n—ary operation symbol and t1,...,t, are terms, then
the “string" f(¢1...t,) is a term.
An algebra A = (A; FA) of type 7 is a pair consisting of a set A and a
set FA of operations defined on A. If f € F, then f4 denotes a 7(f)-ary
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operation on the set A. An identity s = t is satisfied in the algebra A
(written A = s ~ t), if s4 = t4. Alg(r) denotes the class of all algebras
of type 7 and Id(7) - the set of all identities of type 7. The pair (Id, Mod)
is a Galois connection between the classes of algebras from Alg(r) and
subsets of Id(7), where Id(R) := {t ® s VA € R, (A Et =~ s)} and
Mod(Y) :={AVt~s € X, (AEt=~s)}. The fixed points with respect
to the closure operators IdMod and ModId form complete lattices
L(1):={R|R C Alg(r) and ModIdR = R} and
E(r):={¥ | X CId(r) and IdMod¥% = ¥}

of all varieties of type 7 and of all equational theories (logics) of type 7.
These lattices are dually isomorphic.

A hypersubstitution of type T (briefly a hypersubstitution) is a map-
ping which assigns to each operation symbol f € F a term o(f) of type T,
which has the same arity as the operation symbol f (see [5]). The set of all
hypersubstitutions of type 7 is denoted by Hyp(7). If o is a hypersubstitu-
tion, then it can be uniquely extended to a mapping 6 : W (X) — W, (X)
on the set of all terms of type 7, as follows

(¢) ift=uax; for some j > 1, then &[t] = xj;
(i) ift= f(t1,...,tn) , then 6[t] = o(f)([t1],...,0[tn]),
where f is an n-ary operation symbol and ¢1,...,%, are terms.

The set Hyp(T) is a monoid.

Let M be a submonoid of Hyp(r). An algebra A is said to M-
hypersatisfy an identity ¢ &~ s if for every hypersubstitution ¢ € M, the
identity &[t] ~ &[s] holds in A. A variety V is called M-solid if every
identity of V' is M-hypersatisfied in V.

The closure operator is defined on the set of identities of a given type

7 as follows: xpfu = v] := {6[u] = 6[v] | 0 € M} and xu[E] =
U xwmlu~v].
URVED

Given an algebra A = (A; FA) and a hypersubstitution o, then
olA] = (A;(a(FAY) == (A;(a(f)Y)ser) is called the derived algebra.
The closure operator 1, on the set of algebras of a given type 7, is de-
fined as follows: ¥p[A] = {c]A] |oc € M} and vy [R]= U vuml|A.

AeR

It is well known [5] that if M is a monoid of hypersubstitutions of
type 7, then the class of all M-solid varieties of type 7 forms a complete
sublattice of the lattice £(7) of all varieties of type .

Our aim is to transfer these results to another kind of hypersubstitu-
tion and to coloured terms.

In Section 1 we present two constructions which produce composed
terms. The first one is inductive and the resulting term is obtained by
simultaneous replacement of a subterm in all places where it occurs in a
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given term with another term of the same type. The positional composi-
tion gives a composed term as a result of the replacement of subterms in
given positions with other terms of the same type. The positional com-
position of colored terms is an associative operation. In [4] the authors
studied colored terms which are supplied with one coloration. This is
a very “static" concept where each term has one fixed coloration. Here
we consider composition of terms which produces an image of terms and
coloration of this image. This “dynamical"” point of view gives us an
advantage when studying multi-hypersubstitutions, multi-solid varieties
etc.

In Section 2 we use colored terms to investigate the monoid of multi-
hypersubstitutions. It is proved that the lattice of multi-solid varieties is a
sublattice of the lattice of solid varieties. A series of assertions are proved,
which characterize multi-solid varieties and the corresponding closure op-
erators. We study multi-solid varieties by deduction of a fully invariant
congruence. The completeness theorem for multi-hyperequational theo-
ries is proved.

A tree automata realization of multi-hypersubstitutions is given in
Section 3.

1. Composition of colored terms

The concept of the composition of mappings is fundamental in almost
all mathematical theories. Usually we consider composition as an oper-
ation which inductively replaces some variables with other objects such
as functions, terms, etc. Here, we consider a more general case when the
replacement can be applied to objects which may be variables or sub-
functions, subterms, ete. which are located at a given set of positions.

If t is a term, then the set var(t) consisting of these elements of X
which occur in ¢ is called the set of input variables (or variables) for t. If
t = f(t1,...,t,) is a non-variable term, then f is root symbol (root) of t
and we will write f = root(t). For a term ¢ € W (X) the set Sub(t) of
its subterms is defined as follows: if t € X U Fy, then Sub(t) = {t} and
if t = f(ty,...,tpn), then Sub(t) = {t} U Sub(t;) U...U Sub(t,).

The depth of a term t is defined inductively: if ¢ € X U Fy then
Depth(t) = 0; and if ¢t = f(t1,...,ty), then
Depth(t) = max{Depth(t1),..., Depth(t,)} + 1.

Definition 1. Let r,s,t € W, (X) be three terms of type 7. By t(r <« s)
we will denote the term, obtained by simultaneous replacement of every
occurrence of r as a subterm of t by s. This term is called the inductive
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composition of the terms t and s, by r. Le.
(1) t(r <« s)=tifr ¢ Subt),
(i) t(r—s)=sift=r and
(ti1)  t(r«—s) = f(ti(r — s),...,tn(r < s)),
ift = f(t1,...,tn) and r € Sub(t), r #t.

If 7; ¢ Sub(r;) when i # j, then t(ry <« s1,...,7n < Sy) means the
inductive composition of ¢,71,...,7m, S1,...,Snm. In the particular case
when r; =z for j =1,...,m and var(t) = {z1,...,2zm} we will briefly
write t(s1,. .., Sy) instead of t(z1 < S1,...,Tm < Sm).

Let 7 be a type and F be its set of operation symbols. Denote by
mazar = max{7(f)|f € F} and N := {m € IN| m < mazar}. Let N}y
be the set of all finite strings over INx. The set IV is naturally ordered
by p < ¢ <= pis a prefix of q. The Greek letter €, as usual denotes the
empty word (string) over INz.

For any term ¢, the set of positions Pos(t) C INy of ¢ is induc-
tively defined as follows: Pos(t) = {e} if t € X U Fy and Pos(t) :=
{e} Ui<ijen(iPos(ts)), if t = f(t1,...,tn), n > 0, where iPos(t;) :=
{iq|lq € Pos(t;)}, and iq is concatenation of the strings i and ¢ from IV¥.

For a given position p € Pos(t), the length of p is denoted by I(p).

Any term can be regarded as a tree with nodes labelled with the
operation symbols and its leaves labelled as variables or nullary operation
symbols.

Let t € W,(X) be a term of type 7 and let sub; : Pos(t) — Sub(t)
be the function which maps each position in a term ¢ to the subterm of
t, whose root node occurs at that position.

Definition 2. Let t,r € W (X) be two terms of type 7 and p € Pos(t)
be a position in t. The positional composition of t and r on p is a term
s = t(p;r) obtained from t when replacing the term suby(p) by r on the
position p, only.

More generally, the positional composition of terms is naturally de-
fined for the compositional pairs t(p1,...,pm;t1,...,tm), also.

Remark 1. The positional composition has the following properties:
1. If ((p1,p2), (t1,t2)) is a compositional pair of ¢, then

t(p1,p2; t1, t2) = t(p1;t1) (p2; t2) = t(p2; t2) (p1;t1);
2. If S=(p1,...,pm) and T = (t1,...,tm) with

(Vpi,p; €85) (i #j = pi Apj & pj A pi)
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and 7 is a permutation of the set {1,...,m}, then

t(pla cePmit, . atm) = t(pﬂ'(l)v s 7p7r(m);t7r(1)a e atﬂ(m))

3If t,s,r € Wr(X), p € Pos(t) and q € Pos(s), then t(p;s(q;r)) =
t(p; s)(pg; 7).

¢ 2

We will denote respectively “ < 7 for inductive composition and “;”
for positional composition.

The concept of colored terms is important when studying deductive
closure of sets of identities and the lattice of varieties of a given type. Col-
ored terms (trees) are useful tools in Computer Science, General Algebra,
Theory of Formal Languages, Programming, Automata theory etc.

Let ¢ be a term of type 7. Let us denote by Sub” (t) the set of all
subterms of ¢ which are not variables, i.e. whose roots are labelled by
an operation symbol from F and let Pos”(t) := {p € Pos(t) | subs(p) €
Sub” (t)}. Any function oy : Pos” (t) — IN is called a coloration of the
term ¢.

For a given term ¢, Pos™ (t) denotes the set of all its variable positions
i.e. PosX(t):= Pos(t)\ Pos” (t).

By C}; we denote the set of all colorations of the term t i.e. C; :=
{ag | ap : Pos” (t) — IN}. If p € Pos” (t) then ay(p) € IN denotes the
value of the function a; which is associated with the root operation sym-
bol of the subterm s = sub;(p), and ay[p] € Cs denotes the "restriction"
of the function oy on the set Pos” (s) defined by ax[p](¢q) = a:(pq) for all
q € Pos” (s).

Definition 3. The set WE(X) of all colored terms of type T is defined as
follows:

() X CWeX),;

(1) If f € F, then (f,q) € WE(X) for each q € IN;

(tii) Ift = f(try...,tn) € Wr(X), then (t,on) € WE(X) for each
ay € Cy.

Let (t,a4) € WE(X). The set Sub.((t,at)) of colored subterms of
(t, ) is defined as follows:

For x € X we have Sub.(x) := {z}
and if (t,ae) = (f, ) ((t1, 011 )5 - -, (tn, ), then

Sube((t, o)) = {{(t, )} U Subc({t1, e, ) U ... U Sube((tn,au,)).

Let (t,ou), (r,a,) and (s, as) be colored terms of type 7. Their in-
ductive composition (¢, a;)((r, ;) < (s, as)) is defined as follows:
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(1) if t = x; € X, then

T; otherwise

zi((r, ap) — (s, a,)) ::{ (s,a) if 7=y

(13) if t = f(t1,ta,...,tn), au(e) = q, aufi] = oy, for i = 1,2,...,n,
then (t,aq)((r, ) «— (s, ) := (s, as) when (r, o) = (¢, ) and
{t, a)((r, ar) (s, a5)) =
<f7 q>(<t17 O‘t1>(<r7 ar> — <S,045>), R <tn7 O‘tn>(<r7 Ckr> <_ <3, as))

otherwise.

If (ri, a;) & Sube((rj, ar,)) for i # j, then the denotations
(ty o) ((r1, Q) — (S1,08, )y ooy Py O, ) — (S s, )) 18 Clear.

Let (t, ), (s,as) € WE(X) be two colored terms of type T and let
p € Pos(t). The positional composition of the colored terms (¢, ;) and
(s, as) at the position p is defined as follows:

(t, ar)(p; (s, ) == (t(p; 8), @),
where

(q) = as(k) if g = pk, for some k € Pos(s);
N = ai(q) otherwise.

The positional composition of colored terms can be defined for a se-
quence (pi,...,pm) € Pos(t)™ of positions with

(Vpi,pj €85) (i #Jj = pi Ap; & pj A pi)-

It is denoted by
<t7 at>(pla -- -y Pm; <51a O‘81>7 ) <5ma a3m>)'

Theorem 1. Ift,s,r € W.(X), p€ Pos(t) and q € Pos(s), then
<t7 at>(p7 <3,Oés>(Q§ <7’, aT))) = <t7at><p7 <57 C¥5>)(pq, <7” ar))a
where oy € Cy, as € Cy, ay € C.

Proof. Let us consider the non-trivial case when ¢, and s are not vari-
ables. Thus we obtain (s, as)(q; (r, ) = (s(q;7), ), where

[ ay(k) if m=qk, for some k € Pos” (r);
a(m) = { as(m) otherwise

and (t, a¢)(p; (s(q; 1), o)) = (t(p; s(q; 7)), B), where

8(1) = a(v) if 1=pv, for some v € Pos” (s(q;r));
| a(l) otherwise N
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a.(k) if 1= pqk, for some k € Pos” (r);
= as(v) if 1= pu, for some v € Pos” (s), q 4 v;
ay(l)  otherwise.

On the other side we obtain (¢, a;)(p; (s, as)) = (t(p;s),7), where

(m) = as(v) if m = pv, for some v € Pos” (s);
m = ay(m) otherwise

and (t(p; s),7) = (t(p; s)(pg; ), 0), where

(1) = ar(k) if 1= pgk, for some k € Pos” (r);
| v(I)  otherwise

0

ar(k) if 1= pqk, for some k€ Pos” (r);
=< as(v) if 1=pv, for some v € Pos” (s), q £ v;
ai(l)  otherwise.

Clearly, § = 3 and #(p; s(¢; 7)) = t(p; 5)(pd; 7)- O

The following example illustrates the positions, subterms and posi-
tional composition of colored terms.

Example 1. Let 7 = (2), F = {f}. The colorations of terms in the
example are presented as bold superscripts of the operation symbols.

Let <tv at) - fl(fl(xlvl?)a f2(x1,ac2)), <3a Ozs> - f3(f2(m1,:c2),x2)
and (r, ) = f3(x1,22) be three colored terms of type 7.

Then we have Pos(t) = {e,1,2,11,12,21,22}, (subt(2), [2]) =
2(z1, 22), (subi(12), [12]) = 22 and
Sube((s, as)) = {<87 as), (f(z1,22), a8[1]>’ L1, 372}'

For the positional composition we have

(t, ) (2; (s, 05)(12; (ryar))) =

FH e, ), f2(F2 (21, 22), 22)) (2125 (1, 00)) =
S (e, 20), fR2(fP (0, f2 (01, 22)), 22)) =
<tﬂat>( <S7a8>)(212ﬂ <T7O‘T>)

2. Multi-hypersubstitutions and deduction of identities

Definition 4. [}/ Let M be a submonoid of Hyp(T) and let p be a
mapping of IN into M i.e. p: IN — M. Any such mapping is called a
multi-hypersubstitution of type T over M.

Denote by o, the image of ¢ € IN under p i.e. p(q) = o4 € Hyp(7).
Let 0 € M and p € Mhyp(r, M). If there is a natural number ¢ € IV
with p(q) = o, then we will write o € p.
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L2 x1

T To xZ9

I T2 T2 T

1 1
<t7 at> ﬁ[(tv at)]

Figure 1: Multi-hypersubstitution of colored terms

We will define the extension p,, of a multi-hypersubstitution p to the
set of colored subterms of a term.

Let (t,aq) be a colored term of type 7, ey € Ci, with p € Pos(t),
s = sub(p) and a4(p) = m. Then we set:

(¢) if s = x; € X, then p,, [s] := z;;

(i) if s = f(s1,...,5n), then p,, [s] := om(f)(Pa,[51], - -+ s Pay [5n])-
The extension of p on s assigns inductively a coloration p;[as] to the
term p,, [s], as follows:

(1) if s = f(x1,...,2y), then p,[as](q) :==m for all ¢ € Pos
(i) if s = f(s1,...,5n), and ¢ € Pos”(pg,[s]), then

7 (Pas 1))

m if qe Pos” (om(f));

pelas)(q) = pilas; (k) if g = Ik, for some j, j <n,
k € Pos” (pg,[s5]), 1 € PosX (o (f)).

Definition 5. The mapping p on the set WE(X) is defined as follows:
(1) plx] ==z for all z € X
(it) ift = f(t1,...,tn) and ay € Cy, then p[(t, ar)] := (P, [t], Prlout]).

Example 2. Let (t,a;) and (s, as) be the colored terms of type 7 from
Example 1.

Let 01(f) = f(z2,21), 02(f) = [(f(x2,21), 2) and o3(f) = f(z1,22)
be hypersubstitutions of type 7 and M = {01, 02,03, ...} be a submonoid
of Hyp(7). Let p € Mhyp(t, M) with p(m) := 0,,. Then we obtain

Alit, )]

= p[fl(fl(mla x2)7 fz(xla x2))}

= fUF2(fP (a2, 21), 22), f1 (22, 21))
and p[(s, as)] = plf2(f2(x1,22), 22)] = f2(f2(f?(22,21), 22),22). The
image of (¢, ) under p is shown in Figure 1.
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Proposition 1. Let p € Mhyp(t, M) be a multi-hypersubstitution and
t,s € Wr(X,) with ay € Cy, as € Cs and p € Pos(t) . Then

pl{t, an) (p; (s, )] = PI(E; ) (03 25)) (25— Pl(s, as)]),

for each j, j >n.

Proof. We will use induction on the length I(p) of the position p.

First, let us observe that the case I(p) = 0 is trivial. So, our basis of
induction is I(p) = 1. Then t = f(t1,...,tp—1,tp, tpt1, - -
f € Fn. Hence, for each j, 7 > n, we have

AI{E ) (03 (5, 0))] = DTty s byt S5tpits - )y )] =

=pl{f(t1,... stp—15Tj tpt1s - - atm)(xj —s), o)) =

= Bl{t, @) (s 25)) (35 — P15, )],
where ay is a coloration of the term ¢/ = f(t1,...,tp—1, 8, tpt1,---,tm)
for which oy (q) = at(q) when ¢ € Pos” (t) \ {p} and ay(pq) = as(q)
when g € Pos” (s).

Our inductive supposition is that when I(p) < k, the proposition is
true, for some k € IN.

Let I(p) = k and p = ¢i where ¢ € IN%- and i € IN. Hence q € Pos” (t)
and [(q) < k. Let u,v € Sub(t) be subterms of ¢ for which u = sub:(p)
and v = suby(q). Then we have v = g(v1,...,vi—1, s, Vig1, ..., v;) with
v; = u for some g € F;. By the inductive supposition, for every j, j > n
and I, [ > n, we obtain

Pt ar) (ps (s, as))] =

= pl{t, ) (q; 5) (w5 — Pl{w, aela]) (4 (s, )] =

= pl(t, ar) (s xl)}(xz —pl(s, as)))

=PIt ) (ps )| (5 = Pl(s, ous)])-

.y tm) for some

A binary operation is defined in the set Mhyp(r, M) as follows:

Definition 6. Let p™M) and p@ be two multi-hypersubstitutions over the
submonoid M. Then the composition pV) oy, p2) : IN — M maps each
color g € IN as follows:

(0 0cn ) () := p™M () on p® () := iV 01 o).

Lemma 1. For every two multi-hypersubstitutions p™) and p® over M
and for each colored term (t,cy) of type T, it holds

(0 o pD)[(t, )] = BV D [(t, )]
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So, M hyp(r, M) is a monoid, where p;q = (04, 0id, - - ) is the identity
multi-hypersubstitution.

Let A = (A, F) be an algebra of type 7. Each colored term (¢, ay)
defines a term-operation on the set A, as follows (¢, a) A =t

Let p = (01, 09, ...) be any multi-hypersubstitution over a monoid M
of hypersubstitutions of type 7, and let

p(F)={teW.(X)| 3o e€pand f € F such that t =o(f)}.

The algebra p[A] := (A, p(F)PM) is called a derived algebra under
the multi-hypersubstitution p.

Let R be a class of algebras of type 7. The operator ¢, is defined as
follows:

VAl = {plA] | p € Mhyp(r, M)} and ¢y, [R] := {¢,[A] | A € R}.
Lemma 2. For each (t,a;) € WE(X) it holds

(t, )M = B[(t, )2

Proof. If t = z; € X, then p[{t, )] = A and (¢, oy )P = a:p[A]

A Let us assume that t ft1, .. tn), at( ) =q € NN, (f, q)p[A]
(<f, g))A and (t;, o, )P = 5[(t;, a4,)]A for all i = 1, ..., n, then we have
(t )™ = (£, @) (b, a[ DY, (s ))<=

= p((f ) (Pl(tr, cu DT, - Bl cu[n])]?) = DIt )]
O

Let p be a multi-hypersubstitution. By p[t ~ s] we will denote p[t ~
| == {Po,[t] = Po.l8] | 4 € Ct, as € Cs}. Let ¥ C Id(T) be a set of
identities of type 7. The operator x§,, is defined as follows:

Xt = s] == {plt = s] | p € Mhyp(r, M)}

and x§,;[X] ;== {xylt =s] | t~se X}

Definition 7. An identity t ~ s € IdA in the algebra A is called
an M -multi-hyperidentity in A, if for each multi-hypersubstitution p €
Mhyp(1, M) and for every two colorations oy € Cy, ag € Cs, the iden-
tity Py, [t] = Pao.ls] is satisfied in A. When t ~ s is an M-mulli-
hyperidentity in A we will write A =y t &~ s, and the set of all
M -multi-hyperidentities in A is denoted by HCprIdA.

Algebras in which all identities are M-multi-hyperidentities are called
M -multi-solid i.e. an algebra A of type 7 is M-multi-solid, if x§,[/dA] C
IdA. So, if V C Alg(7) is a variety of type 7, it is called M -multi-solid,
when x$,[[dV] C IdV.
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Theorem 2. Let X C Id(7) and R C Alg(7). Then
(1) xm[X] C x51X] for all ¥ C Id(T);
(11) Ym[R] = ¢S, [R] for all R C Alg(T).

Proof. (i) Let o € M. Then we consider the multi-hypersubstitution
p € Mhyp(r,M) with p(q) = o for all ¢ € IN. ' If ¢t € W, (X) then
we will show that &[t] = p,,[t] for a; € C;. We will prove more, that
o[r] := pg, [r] for each r € Sub(t). That will be proved by induction on
the depth of the term 7.

If r € X then G[r] = p,,[r] = .

Let us assume that r = f(rq,...,7r,) with rq, ..., 7, € Sub(t). Our
inductive supposition is that o[ry] = p,, [r] for 1 < k < n. Then we have

Poulr] = POt ) o) By lral) = (D) lral) =

=0of(r,...,r)] = a[r].
Let t = s € ¥. Thus we have 6[t] = p,, [t], 5[s] = pq,[s] and

olt] = o[s] € xm[X] == Do, [t] = Pa.[5] € X

=
&

Hence 6[t] = d[s] € x§,[Z].

(7i) Let A € R and ¢ € IN be the color of f in the fundamental
colored term (f(z1,...,2n),q). Let p € Mhyp(r, M). Then we consider
the hypersubstitution o € M with o(f) = p(q)(f) and from Lemma 2 we
obtain

(oo™ =pl{far, o 2n) @)1 = (p(@) () (1, 2a))

=o(f)(x1,..., 25"

This shows that 5,[A] C ¥ar[Al.
Let 0 € Hyp(7), A € R and p € Mhyp(r, M) with p(q) = o for all
q € IN. From Lemma 2 we obtain

o(f)t =6lf(z1,. .., xn) = Dl{f(21,. .., 2n), )] =

= (f(z1,...,2n), )M = (f, q)PA.

This shows that ¢ [A] C ¥§,[A]. Altogether we have ¢§,[A] = [ A]
and thus ¢§,[R] = ¥m[R]. O

Theorem 3. Fach M-multi-solid variety is M-solid, but the converse
assumption is in general not true i.e. there are M —solid varieties which
are not M —multi-solid.
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Proof. Let V' be an M-multi-solid variety. If ¢t ~ s € xa[IdV], then
t ~ s € x§;[{dV] because of (i) of Theorem 2. Hence every M-multi-
solid variety is M-solid one.

Let RB be the variety of rectangular bands, which is of type 7 = (2).
The identities satisfied in RB are:

Idrp =

{f(z1, f(z2,23)) = f(f (21, 22),23) = f(21,23), fz1,21) & 21}

In [5] it was proved that RB is a solid variety, which means that for
each identity ¢t ~ s with Idgrp =t ~ s and for each hypersubstitution o
we have Idgp | ot] =~ [s].

Let M, p, (t,ay) and (s, ;) be as in Example 2 i.e.

<t7 th> = fl(f1<.r1,$2), fz(xhx?)) and <Saas> = f3(f2($1,$2),$2).

Since
t=f(f(@1,22), f(x1,22)) = f1,2) = f21, f(@2, 22)) = f(f(21,22), 2),
it follows that Idrp = t &~ s. Following the results in Example 2 we have
Pa,lt] = f(f(f(w2,21),72), f(z2,21)) and
Pauls] = [(f(f(x2,21), 2), x2).
Thus we obtain Idgrp = P, [t] = f(x2,21) and Idrp = D4 [s] = 2.
Hence IdRrp £ Py, [t] = Po,[s], and RB is not M-multi-solid. O

The operators x, and 1§, are connected by the condition that
Y[ Al satisfies urwv <= A satisfies x5, [u =~ v].

Yq, and x§, are additive and closure operators.

Let R C Alg(7) and ¥ C Id(7). Then we set:

HCyModY :={A e Alg(7) |[txseX = AEypt=~sk
HCyIdR :={t~=s e Id(T) | xj,[t = s] C IdR};
and
HCyVarR .= HCyModHCIdR.

A set X of identities of type 7 is called an M —multi-hyperequational theory
if ¥ = HCpIdHC)Mody: and a class R of algebras of type 7 is called
an M —multi-hyperequational class if R = HCyyModHCyIdR.

Theorem 4. Let ¥ C Id(r) and R C Alg(t). If ¥ = HCyIdR and
R =HCyModY, then R = ModY and ¥ = IdR.

Proof. Let ¥ = HCpIdR and R = HCyModY. First, we will prove
that ¥ = x5,[%] and R = 95, [R].

X§, and ¢, are closure operators and hence we have ¥ C x§,[X] and
R C U, [R]

We will prove the converse inclusions. Let r ~ v € x§,[¥]. Then
there is an identity t ~ s € ¥ with r = v € x§,[t = s], i.e. x§,[r =v] C
X5 x5t~ s]] € xSyt = s]. From t = s € X it follows t ~ s € HC)IdR,
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X5t = s] C IdR and x§;[r = v] C x§,;[t = s] C IdR. Hence r =~ v €
HCyIdR and r = v € ¥, ie. ¥ = x5,[2]

Let A € ¢5,[R]. Then there is an algebra B € R with A € ¢,[B], i.e.
A = p[B] for some p € Mhyp(r, M). Hence ¢, [A] = ¢$,[p[B]] C 58]
Since B € R = HCyyModX we have x§,[X] C IdB i.e. 95, [B] € Mod>
and 9§, [A] C ¥$,[B] € ModX. Hence A € HCpModY and A € R, i.e.
R = 4§, [R].

Now, we obtain
ModS = {A| S C IdA} = {A | x$,[S] € IdA} = HCyModS = R and
IdR={r=v | REr=vl={r=v| ¢y [R]Er~v}=HCyldR =X.
Hence R = ModY and ¥ = IdR. O

Proposition 2. Let A € Alg(1), R C Alg(), t = s € Id(r), ¥ C Id(T),
ay € Cy and ag € Cs and let p be a multi-hypersubstitution over M. Then
we have:

(i) A Boglt] ~ oy [5] = plA] =LA s5

(i) AEMpt R s <= x§lt=s] CIdA = Y, [Al =t~ s;

(i19) ¥ C HCyIdR <= x4 [X] C IdR <= ¥ C Idy§,;[R]

(iv) R C HOyModY <= ¢5,[R] C ModY <= R C Modx§,[X]

(v) HCOpIdR C IdR;

(vi) VarR € HCpyVarR,

(vii) The pair (HCyId, HCpyMod) forms a Galois connection.

Proof. (i) follows from Theorem 4 and Lemma 2.

(74) Let p be an arbitrary multi-hypersubstitution over the monoid
M. Let us assume that A =y t ~ s. Hence A |= p,,[t] = Py, [9] ie.
A X5t = s] and ¢§,[A] =t = s.

(7i7) and (v) follow from (i7).

(iv) follows from (i44).

(vi) From (ii), it follows that HCpVarR is a variety. Then R C
HCyVarR, and VarR C HCyVarR.

(vii) follows from Theorem 4. O

Proposition 3. For every ¥ C Id(t) and R C Alg(7) the following hold:
(i) XS HCwIdR] = HOpIAR = Idvs,[R);
(it) S [HCyModY] = HCyModY = Modx§,[%];
(iii) Vary$,[R] = HCyVarR = ModHCy IdR;
() Modx§;[X] = HCyMody = IdHCy Mod¥,
(i) 1dy§;[R| = HCyIdR = ModHCyIdR.

Proof. (i) From Proposition 2 we obtain
HCyIdR C HCyIdR
— xS, XS [HCWMIdR]) € X6 [HCyIdR] C IdR
= XY HCuIdR] C HC)IdR.
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The converse inclusion is obvious.
(7i) can be proved in an analogous way as (7).
(797) We have consequently,
HCyVarR = HCyModHCyIdR
= Modx§;[HCymIdR] = ModHCyIdR
= ModIdy§;[R] = Vary§,[R].
(tv) and (v) can be proved in an analogous way as (ii7). O

For given set % of identities the set IdMod>: of all identities satisfied
in the variety ModX is the deductive closure of 3, which is the smallest
fully invariant congruence containing ¥ (see |1, 2, 9]).

A remarkable fact is, that there exists a variety V. C Alg(7) with
IdV = ¥ if and only if ¥ is a fully invariant congruence [2].

A congruence ¥ C Id(7) is called a fully invariant congruence if it
additionally satisfies the following axioms (some authors call them “de-
ductive rules", “derivation rules", “productions" etc.):

(i) (variable inductive substitution)
(tx~sel) & (reWo(X)) & (z €var(t)) = tlz —r)~s(x«—
r) € X;

(7i) (term positional replacement)
(trmseX) & (reW, (X)) & (sub.(p) =t) = r(p;s)=reX.

For any set of identities ¥ the smallest fully invariant congruence
containing ¥ is called the D—closure of 3 and it is denoted by D(X).

In [5] totally invariant congruences are studied as fully invariant con-
gruences which preserve the hypersubstitution images i.e. if t =& s € X
then 6[t] ~ d[s] € ¥ for all 0 € Hyp(7).

We extend that results, to the case of multi-hypersubstitutions over
a given submonoid M C Hyp(7).

Definition 8. A fully invariant congruence ¥ is M h-deductively closed
if it additionally satisfies
Mhy  (Multi- Hypersubstitution)
(t~seX) & (pe Mhyp(t,M)) = p[t~s]C 3.

For any set of identities Y the smallest Mh—deductively closed set
containing ¥ is called the M h—closure of ¥ and it is denoted by Mh(X).
It is clear that for each fully invariant congruence ¥ we have Mh(X) =
X[

Let ¥ be a set of identities of type 7. For ¢t =~ s € Id(T) we say
Y bkyptrs (“S Mh-proves t &~ s") if there is a sequence of identities
t1 ~ S1,...,t, &= Syu, such that each identity belongs to ¥ or is a result of
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applying any of the derivation rules of fully invariant congruence or M h1-
rule to previous identities in the sequence and the last identity ¢, = s,
ist=s.

Let t =~ s be an identity and A be an algebra of type 7. Then
A Epn t ~ s means that A = Mh(t = s) (see Definition 7).

Let ¥ C Id(7) be a set of identities and A be an algebra of type
7. Then A [=pp ¥ means that A = MA(X). For t,s € Wi (X) we
say ¥ Eupp t = s (read: “Y Mh—yields t ~ s") if, given any algebra
B e Alg(r),

B):MhE = B):Mhtzs.

Remark 2. In a more general case we have x§;[2] € Mh(X) and there
are examples when x§,[3] # Mh(X).

It is easy to see that each Mh—deductively closed set is a totally
invariant congruence [5]. On the other side from Theorem 3 it follows that
the totally invariant congruence Idgrp is not M h—deductively closed.

Lemma 3. For any set ¥ C Id(7) of identities and t ~ s € Id(t) the
following equivalences hold:

YShuntrs < xylZlFtrs < Mh(X)Ft=s.

Theorem 5. (Completeness Theorem for Multi-hyperequational
Logic.) For X C Id(7) and t =~ s € Id(T) we have:

EliMht%S — Y hypt=s.

Proof. From HCpIdHCyModyY = IdHCyModY = IdModx§,[X] we
obtain that ¥ =psp t & s is equivalent to t ~ s € HCp IdHChModX.
From Theorem 14.19 (2| we have HCyIdHCyModY = t ~ s and
HCyIdHCyModY Ft = s. Hence x§,[X]Ft~sand ¥yt~ s.
The converse implication follows from the fact that Mh(X) is a fully
invariant congruence which is closed under the rule Mh;. O

Corollary 1. Let M be a submonoid of Hyp(T). Then the class of all
M —multi-solid varieties of type T is a complete sublattice of the lattice
L(T) of all varieties of type T and dually, the class of all M—multi-
hyperequational theories of type T is a complete sublattice of the lattice
E(1) of all equational theories (fully invariant congruences) of type .

Lemma 4. For any set ¥ C Id(7) of identities and t ~ s € Id(T) the
following equivalence holds:

YSEuntrs <= Mh(E)Et~~s.
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Proof. “ =7 Let ¥ E=pp t = s. We have to prove Mh(X) =t ~ s. Let
A € Alg(T) be an algebra for which A = Mh(X). This implies A =y 2
and A E=pp t = s, because of ¥ f=pyp t & s. Hence A = MA(t & s). On
the other side, we have t &~ s € Mh(t ~ s) and A =t =~ s.

“«<7 Let Mh(Y) =t ~ s. Since x5,[X] € Mh(X) and from Propo-
sition 2 (ii) we have ¥ = t & s. O

Corollary 2. For any set ¥ C Id(t) of identities and t ~ s € I1d(T) it
holds:

YEuntrs <= xylZlEt=xs.

Example 3. Let 7 be an arbitrary type.

(7) Let t € W-(X) be a term of type 7. Let us consider the following
two functions Left : W (X) — X and Right : W, (X) — X, which assign
to each term t the leftmost and the rightmost variable of ¢. For instance,
if t = g(f(x1,x2), 3, 24), then Left(t) = z1 and Right(t) = x4.

Let us denote by K1 C Hyp(7) the set of all hypersubstitutions which
preserve the functions Left and Right i.e. o € Ky, iff for all t € W (X)
we have Left(t) = Left(c[t]) and Right(t) = Right(&t]). Then K,
is a submonoid of Hyp(7). Let us consider the monoid Mhyp(r, K1) of
multi-hypersubstitutions, generated by Kj. It is a submonoid of
Mhyp(r, Hyp(7)). The variety RB of rectangular bands is Kj-multi-
solid.

(73) Let Vstr : W, (X) — X* be a mapping, which assigns to each
term t the string of the variables in t. For instance, if

t = f(z1,9(f(z1,22),23,72),24), then Vstr(t) = z12100037274.

This mapping is defined inductively as follows: if ¢ = x; € X, then
Vstr(t) == xj; and if t = f(ty,...,t,), then
Vstr(t) := Vstr(t))Vstr(ta)... Vstr(t,).

Let K9 C Hyp(T) be the set of all hypersubstitutions which preserve
Vstr ie. o € Ky, if and only if for each t € W-(X) it holds Vstr(t) =
Vstr(a[t]). Then Kj is a submonoid of Hyp(T).

Let us consider the monoid Mhyp(7, K3) of multi-hypersubstitutions,
generated by K. It is a submonoid of Mhyp(r, Hyp(T)) and K2 C K.
It is not difficult to prove that the variety RB is K-multi-solid.

Finally, let us note that if X is the set of identities satisfied in RB,
and if we add to K; and Ky the hypersubstitution o € Hyp(r) with
o(f) = f(xa,x1), then M; := K1U{c} and My := Ko U{c} are monoids,
again such that x§, [X] = Id(7), but x4, [¥] # Id(7).
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3. Tree automata realization

We consider an automata realization of the multi-hypersubstitutions.
This concept will allow to use computer programmes in the case of fi-
nite monoids of hypersubstitutions to obtain the images of terms under
multi-hypersubstitutions.

In Computer Science terms are used as data structures and they are
called trees. The operation symbols are labels of the internal nodes of
trees and variables are their leaves.

The concept of tree automata was introduced in the 1960s in various
papers such as [10]. Gécseg & Steinby’s book [6] is a good survey of the
theory of tree automata and 3| is a development of this theory. Tree
automata are classified as tree recognizers and tree transducers. Our
aim is to define tree automata which interpret the application of multi-
hypersubstitutions of the colored terms of a given type.

Definition 9. A colored tree transducer of type T is a tuple A = (X, F, P)
where as usual X is a set of variables, F is a set of operation symbols
and P is a finite set of productions (rules of derivation) of the forms
(i) z — x, € X;
(ZZ) <f7 Q>(€17 T 7§n) - <T’, O‘T’>(§17 T 7§n)7
with (r, o) (§1, -+ ,&n) € WAX UXm), (@) € FC &1, ,6n € X,
where xn = {&1, -+ ,&n} s an auziliary alphabet.
(All auziliary variables & belong to a set xm = {1, ,&m} where m =
mazar is the mazimum of the arities of all operation symbols in F.)

Definition 10. Let M C Hyp(t) be a submonoid of Hyp(T) and p €
Mhyp(t, M) be a multi-hypersubstitution over M. A colored tree trans-
ducer AP = (X, F, P) is called Mh—transducer over M, if for the rules
(ii) in P we have v = o(q)(f) and a-(p) = q for all p € Pos” (r).

The Mh—transducer A” runs over a colored term (¢,cy) starting
at the leaves of ¢ and moves downwards, associating along the run a
resulting colored term (image) with each subterm inductively: if ¢t =
x € X then the Mh—transducer A associates with ¢ the term x €
Wf(X)7 fz — oz € P;if <ta Oét> = <f7 Q>(<t17at1> "'?<tn7atn>) then
with (¢, ;) the Mh—transducer A” associates the colored term (s, ag) =
<’LL, au>(<t17 at1> R <tn7 atn>)7 if <f7 Q>(£17 s agn) - <'LL, Oéu>(§1, e 7571) €
P, where u = o(q)(f) and ., (p) = q for all p € Pos” (u).

For trees (¢, o), and (s, as) we say (t, o) directly derives (s,as) by
AP if (s,as) can be obtained from (¢, cy) by replacing of an occurrence
of a subtree (f,q)((ri,00, ), ,(rn,ar,)), in (¢, az) by
<u’ Ozu>(<7"1, a”'l)? T <Tn7 O‘Tn>) S Wﬂg(X U Xm)'
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If (t,4) directly derives (s, ay) in AP, we write (¢, 0q) —ar (S, @s).
Furthermore, we say (t, ;) derives (s,a,) in AP, if there is a sequence
(t,oq) —ar (S1,00,) —ar (S2,05,) —ar -+ —ar (Sn,Qs,) = (s, as) of
direct derivations or if (¢, ) = (s, ). In this case we write (t, o) =%,
(s,as). Clearly, =%, is the reflexive and transitive closure of —4r.

Let us denote by Thyp(r, M) the set of all Mh—transducers of type
T over M.

A term (t, o) is translated to the term (s, as) by the M h—transducer
AP if there exists a run of A” such that it associates with (¢, o) the colored
term (s, ). In this case we will write AP((t,aq)) = (s, as).

Lemma 5. A”({t,au)) = (s, a5) <= p[(t, )] = (s, as).
Proof. For a variable-term x we have A”(x) = x = p[x]. Suppose that
fori=1,...,n we have A”({t;, at;)) = p[(t;, at;)]. Then we obtain
Ap(<fa Q>(<t1’ at1>7 SRR <tn7 Oétn>)) =
AP((f, @) (AP ({tr, o)), - - AP (s atn))) = PI(E, an)] = DI(E, ),
where () = g and aufi] = oy, for i =1,...,n. O

The product (superposition) of two Mh—transducers A”* and A" is
defined by the following equation

APt o AP2((t, ) i= APH (AP ((E; ).

Lemma 6. Let M C Hyp(t) be a monoid of hypersubstitutions. Then
the superposition of Mh—transducers of a given type is associative i.e.

APt o (AP2 0 AP)((t, ar)) = (AP 0 AP2) 0 AP ((t, o))

for all p1, pa2, p3 € MHyp(t, M) and for all (t, o) € WE(X).

Theorem 6. Let M C Hyp(T) be a monoid of hypersubstitutions. Then
the set Thyp(r, M) is a monoid which is isomorphic to the monoid of all
multi-hypersubstitutions over M 1i.e.

Thyp(r, M) = Mhyp(t, M).

Proof. We define a mapping ¢ : Mhyp(r, M) — Thyp(r, M) by ¢(p) :=
AP

To show that ¢ is a homomorphism we will prove that AP' o AP? =
APreenP2 so that ¢(p1) o p(p2) = @(p1 och p2).

We have A% o A%((1,a4)) = AP(A%((t,0))) = AP (Bu{t, ag)]) =
p1pa[(t, ar)]] = Procn p2((t, cu)] = APLorP2((t, ay)).
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To see that ¢ is one-to-one, let APt = AP2. Then from Lemma 5 for

all (t,aq) € WE(X) we have p;[(t, aq)] = po[(t, au)]. Hence for all f € F

and g € IN we have p,[(f, ¢)] = p[(f, q)] and therefore p; = po. O
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