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ABSTRACT. This is a survey paper on the distribution of
arithmetical functions on some subsets of integers. Continuous
homomorphisms as arithmetical functions, and sets of uniqueness
are also treated.

1. Notations, definitions and basic theorems

We shall use the usual notation: N, Z, Q, R, C for the set of positive
integers, integers, rational, real and complex numbers, respectively. Let
Q., R, be the multiplicative group of rational, real numbers, respectively.

Let P be the set of primes, p(n) be the smallest, P(n) be the largest
prime factor of n. Let 1 = logz, zo = logzy,... . Let mw(x) be the
number of primes up to x.

Let G be an Abelian group. Ag = class of additive functions (taking
values from G) is defined as follows: f : N — G belongs to Ag if f(mn) =
f(m) + f(n) holds for every m,n € N with (m,n) = 1. We say that
f e Ag if f(mn) = f(m) + f(n) holds without any constraint.

For f € Af, we extend the domain to Q,:

F(2) = Fm) = f(n).
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If G is multiplicatively written we define Mg, M, as follows:
geEMgifg:N—G, g(mn)=g(m)-g(n) V(m,n)=1,
geEMLifg:N— G, glmn) =g(m)-g(n) VYm,neN.

Mg = class of multiplicative functions, My, = class of completely
multiplicative functions.
The following assertion can be proved easily.
Lemma 1. Let G be a topological Abelian group, f € A%, f: Q. — G
s continuous at 1. Then for each o € Ry there exists the limit
lim f(r) =: ®(«).

r—Q
reQq

® is continuous everywhere in Ry, furthermore ®(af) = ®(a) + ¢(0)
valid for all o, B € Ry. Thus @ is a continuous homomorphism of R,
into G.
On the other hand: if ¢ : R, — G homomorphism then ¢/n € AE.
Let y,(n € N) be a sequence of real numbers,

1
Fn(u) := N#{n <N | yn < u}.
Definition. We say that {y,(n € N)} has a limit distribution, if

lim Fy(u) =F(u)

—00
exists for every continuity point of F', where F' is a distribution function.
Theorem of Erdés and Wintner: f € A has a limit distribution if
and only if

@ Yo e LP g >

|f(p)I<1 [f(p)<1 [f(p)|>1

are convergent.
Theorem (Katai, 1965.). Assume that f € A, and (a), (b), (c) are
convergent. Then f has a distribution on the set of shifted primes, i.e.

Jim s # (< N | S+ @) < ) = Galw
exist for every continuity points of G4, when a # 0.
Question: are the convergence of (a), (b), (c¢) necessary? I wanted to
find all f € A* for which f(p+1)=0, (p€P).
Definition. We say that E C N is a set of uniqueness (for the set of
completely additive functions) if f € A*, f(E) = 0 implies that f(N) = 0.
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I proved: The set P 4+ 1 can be enlarged by a finite set of primes
qi,-.-,qs such that E={P+1, q1,...,qs} is a set of uniqueness. (Acta
Arithmetica: 16 (1968), 1-4).

Elliott proved: P 4+ 1 is a set of uniqueness (Acta Arithmetica 26
(1974), 11-20).

Wolke (Elemente der Math. 33 (1978), 14-16) proved: E is a set of
uniqueness if and only if every n € N can be written as

n:egll...e::, ri,...,7h € Q.

Hildebrand (Proc. London 53 (1989), 209-232) proved that the con-
vergence of (a), (b), (c) are necessary to the existence of the limit distri-
bution of f(p+ a).

From Hildebrand’s theorem it follows that, if for each € > 0,

s <a | fer)IZe) -0 (2 o),

()

then f(p+1) =0.
Definition. We say that E C N 4s a set of uniqueness for the class of
functions in A, if f € A%, f(E) =0 implies that f(N) =0.

Let G =T = torus = {z € C, |z| = 1}.

Meyer, Indlekofer, Dress and Wolkman, Hoffman proved: in order
that E would be a set of uniqueness for the class A%, it is necessary and
sufficient that every positive integer n had a representation

u d

. J

”—Haa‘ ’
j=1

with some integers d; and a; € E.

Let K be the multiplicative group generated by the elements {p +
1|peP}.

In my paper implicitly is stated: there is a suitable constant L, such
that every integer n can be written as a(n) - k(n), where k(n) € K, and
a(n) is such a rational number in the reduced form of which all prime
factors are less than L.

Elliott proved: L = 10387 is appropriate.

Recently Elliott proved: O(Q, | K) € {1,2,3}.

It is not known whether (—1)2+1) = constant for every large prime
p, or not?

Question: Under what condition is true, that for f € A, Af(n) =
f(n+1) — f(n) has a limit distribution?

If f(n) = clogn, then Af(n) — 0= 3 limit distribution.
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Hildebrand proved: Let f € A, such that Af(n) has a limit distribu-
tion. Then f(n) = clogn + g(n),

min(g?

p

< 00.
peEP

If (x) holds, then the function Af(n) has a limit distribution.

2. Characterization of logn as an additive function

The first result is from Erdds (Annals of Math. 1946). Here we shall only
list the most important results on this topic:
1. IfA(n)=f(n+1)— f(n) — 0, then f = clog. (P. Erd&s, 1946)
2. If A(n) >0 (Vn), then f = clog. (P. Erdds, 1946)
3. Ifliminf AFf(n) >0, then f = clog. (I. Kétai)
4. If Af(n) > —K, then f(n) = clogn + u(n), u(n) bounded.

(Wirsing)
5. If )
IS A =0 (2 o0),
n<x
then f = clog. (I. Kdtai)
Af(n)

6. If fe A", and ] — 0 (n— 00), then f = clog. (Wirsing)
ogn

7. Let f,ge A, npi=g(n+1) = f(n). If
a) 17, — 0, then f(n) = g(n) = clogn,
b) n, is bounded, then f(n) = clogn + u(n),
g(n) = clogn + v(n), and u(n), v(n) are bounded.

c) If f,g € A%, i 0, then f(n) = g(n) = clogn.
logn

8. Elliott characterized f € A, satisfying

flan+0b) — f(An+ B) - C, (n— ),

it A=aB — Ab#0.
Assume that aAA # 0. Then there exists ¢, ¢, so that

L 50|, (L) | Lo

logm ) logn logm  logn

holds uniformly for all integers m and n which satisfy 2 < m < n < e™,
and are prime to aAA.
Here
L(z) = max|f(an +b) — f(An + B)|.

n<x¢
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3. Characterization of n° as a multiplicative function

In a series of papers: Multiplicative functions with reqularity properties
I-VL, (Acta Mathem. Hung. 1983-1991) the following assertions are
proved:

LIf f,g € M, and

3 lg(n + 17)1 f(n)]

< 00,

then either

n

or
f(n)y=gn)=n" g r1eER, 0<0o<1.

II. Assume that f,g € M*, k> 1 be fixed, f(n) # 0, g(n) # 0, if
(n,k) =1, and f(n) = g(n) =0 if (n,k) > 1, furthermore

3 gl + k)= f)] < oo.

n

Then either (!) is satisfied or there exist F,G € M*, s € C with
Res < 1, such that f(n) =n°F(n), g(n) =n°G(n), and

Gn+k) =F(n) (neN)

holds.

Consequence: Y %M(n + 1) — A(n)| = 00, A =Liouville function.
Conjecture (1984): If f € M, Af(n) — 0, then either f(n) — 0 or
f(n)=n'".

Conjecture proved by Wirsing in 1984, published by Wirsing, Tang
and Shao Journal of Number Theory 56, (1996).

Bassily and Katai proved: If f,g € M, g(2n+1)—cf(n) -0 (n —
o0), ¢ # 0, then either f(n) — 0, or f(n) =n®, 0 < Res <1, gn)=
f(n) if n odd.

Problem: Characterize f,g € M with g(An + B) 4+ Cf(an +b) — 0.

Some important results are proved by B.M. Phong.

Conjecture 1. If f € M and

(¥ 2SI o,

n<x
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then either

= IGIEN

n<x

or f(n)=n®, 0 < Res<1.

Mauclaire and Murata proved: If f € M, (x) holds, |f(n)| =1 (Vn €
N), then f € M*.

Hildebrand proved: 3¢ > 0: If g € M*,|g(n)| =1, and |g(p) — 1] <
¢ (p € P), then either g(n) =1 (n € N), or

|
lim inf - Z |Ag(n)| > 0.

n<x

I proved: 30 < B <1, 6 >0: If g € M*,|g(n)| =1, and

-1
lim sup Z W<5,

zB<p<ax

|
liminf — > [Ag(n)| =0,
$<n<zx
then g(n) =1 (Vn).
Let ||z|| = min |z — n|.
neL
Bui Minh Phong proved the following theorems:
1. Let k be fixed. Then there exist suitable positive constants §, n >
0 such that if f07f17"'7fk € A7 Hf](p)” <9 (p € P? j = 077k)
l(n):= fo(n)+ ...+ fr(n+ k), then

1
liminf = S fi(n) + T
iminf =% i(n) + T <7

n<x
implies that
I(n) + T =0(mod1).

II. Let a1,b1,a2,b0 € Z, ay,a2 € N,A = a1by — asb; # 0. Then
there exist 4,7 > 0 such that: if

frge A [[fI <9, llgp)l <6 (peP)

and
1
lim inf = b b T <
im in x;”f(am-i- 1) + glagn +b2) + T|| < n,
then
flain +b1) + glagn + b2) + T' =0(mod 1) (n € Z).
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4. On additive functions mod 1.

Let T =R/Z.
Definition. We say that F' € Ap is of "finite support" if F(p®) =0
holds for every large p and o € N.

Let Fy, ..., F_1 € Ap,

Ln(Fo, .. '7Fk—1) = F()(?’L) + ...+ Fk_l(n—l— k— 1)

Conjecture 2.

Let E(()k) be the space of those (Fy, ..., Fy_1) for which L, (Fy, ..., Fx_1) =
0 (YneN).

Then every Fj is of finite support. Furthermore E(()k) 18 a finite di-
mensional Z module.
Remark. If Gj(n) = 71jlogn (mod 1), 7 + ...+ 7,—1 = 0, then
Ln(G[), e 7Gk—1) — 0 (n — OO)
Conjecture 3. If F, € Ay (v=0,...,k—1), and

Ln<F0, . ,kal) — 0 (n — OO)7

then there exist suitable real numbers tg,...,TL—1 Such that 79 + ...+
T,—1 = 0 and for the functions Hj(n) = Fj(n) — 7;logn we have

Ly (Hg,..., Hy_1) = 0.

Remarks.

1. Conjecture 3, k = 1 follows from Wirsing’s theorem.

2. Conjecture 2, k = 3 was proved by Kaétai for F,, € A%, and for
F, € Ar by R. Styer.
Conjecture 4. For every integer k > 1 there exists a constant c such
that for every prime p greater than cg,

min max P(jp+1) <p.

1<) i€[—kk]
P(j)<p 17#0

No proof for k > 2.

Proposition. Let L be the space of those l-tuples (Fy,...,Fi_1) of
F, € A% for which Ly (Fy,...,Fi_1) =0 (n € N) holds. Assume that
Conjecture 4 is true for k =1. Then [,E‘)l s a finite dimensional space.

5. Continuous homomorphisms as elements of Ag,
G = Abelian compact group

Z. Daréczy and 1. Kédtai: Let G = metrically compact Abelian group.



94 DISTRIBUTION OF ARITHMETICAL FUNCTIONS

[N — G. Sf = set of limit points of f(n)(n € N). S is a closed
space, f(N) C 5.

Theorem. Let f € A;, Af(n) — 0 (n — o00). Then there exists a
continuous homomorphism ¢ : Ry — G such that f(n) = ¢(n).

More generally: Let H : Sy — Sy be continuous. Assume that f €
Aty f(n+1) — H(f(n)) — 0. Then f(n) = ¢(n), ¢ : Ry — G is a
continuous homomorphism.

Conjecture 5. Let f € A}, e, = (f(n),..., f(n+k—1)). Then either
f(n) = Alogn(mod 1) with some A € R, or {e, | n € N} is dense in
Th.=Tx---xT.

Conjecture 6. (I. Kédtai & M.V. Subbarao). Assume that f € Ay, G =
Abelian compact group. Assume that Sy = G. Let H = set of limit points
of Af(n). Then H is a closed subspace of G, and

f(n) = ¢(n) + a(n),

where ¢ is the restriction of a continuous homomorphism ¢ : R, — G
(i.e. o(n) =¢(n) (neN)) and a(N) C H, closure a(N) = H.

A special case of Conjecture 6 can be formulated as
Conjecture 7. Let f € M*, |f(n)| = 1(n € N), and

B = {au,...,ar} = limit points of {f(n+1)f(n) (n e N)}.

Then By, = S, = {wjw* = 1}, f(n) = n"F(n), where F(N) = S, and

for every w € Sy, there is an infinite sequence n, such that
F(n, +1)F(n,) = w.

I. Kétai and M.V. Subbarao proved: Conjecture 7 is true if k = 1,2, 3,
and partially proved for k = 4.

Wirsing proved: Under the conditions of Conjecture 7, there is an
integer [, such that f(n) = ni"F(n), where F(N) = S;. (Annales Univ.
Budapest, Sectio Computatorica, 2004.)

6. Diophantinely smooth sequences

The definition and some interesting theorems are proved by Barban.
Let B = {a1 < a2 < ...} be a subsequence in N, A(x) = #{a, <
z}, Alxz,D,l)=#{a, <z, a, =1 (mod D)},

A(x)
e(D)|

R(z,D,l) = |A(z, D,1) —
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Assume that

Do 11/1%2 (l,lflj?lzl Ry, D,l) < (log z)B’
where « is a suitable positive and B an arbitrary large constant.

We say that A is diophantinely smooth.
Examples for diophantinely smooth sequences:

1. A=P. (Linnik, Rényi, Barban, Bombieri - A.I. Vinogradov)

2. A={n|pln=p=1 (mod 4)}. (Levin - Timofeev)

3. A = {n | w(n) = k}. (Wolke - Zhan Math. Z. 1993.)

One can prove that f € A has a limit distribution on the set of
Bi. = B+ e, e # 0, where B is a diophantinely smooth sequence, if it
has a limit distribution on N.

7. Distribution of additive functions on A,

Let mp(z) = #{n <z | w(n) =k}, Ay = {n | w(n) = k}.
I. Kétai and M.V. Subbarao (Publicationes Math. 2003) proved:

Theorem: Let k = k(z) be such a sequence for which

0z, 0z — 0. Assume that f € A, and

Z 17 Z @7 f*(p)
p

it Y <t Fp)I<1

k
-1 <
x2

are convergent.
Then

. 1
lim

#{TZS.T, neAkvf(n) <y}:F(y)7

where F' is a distribution function.
Theorem. Let k = k(z) be as above. Let g € M, |g(n)| =1 such that

Z 1—g(p)

> b

is convergent. Then
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e M(g) =] en
e (1) (192 9 ).

8. On the iterates of arithmetical functions

I. Let ¢(n) = pi(n) be Euler’s totient function, ¢x(n) = ©(pr—1(n))
(k=2,3,...). Let ® be the Gaussian distribution function.
Theorem 1. (N.L. Bassily, I. Kdtai and M. Wijsmuller, Journal of Num-
ber Theory, 1997)

Let

1 1
ap = , by = —=ax,
AR (7 TR RN A R

k > 1 be fived. Then

lim = 14 {n <z
T—00

w(pr(n) —ay, - 25"
R C=TE <zp =®(2),
k- Lo

and

Let A(n) = Q(n) —w(n).

In Publicationes Math. Debrecen (Bassily, Katai, Wijsmuller) is
proved:
Theorem 2. We have for every fized k:

A(pr(n)) = ar—1(1 4 o(1))z5zs

for all but o(x) integers n < x.
Theorem 3. We have

A _
lim ' # {n <z (p(n) = s(z) < z} =d(z)
T—00 VT2 Ty
where s(x) = xa - x4+ c122 + 0(z2), ¢1 is a suitable constant.
II. Leto*(n)= > d= sum of unitary divisors of n. o} (n) =
din
(@3)=1

o*(o}_1(n), k=2,3,..., o" =o}.
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Erdés and Subbarao proved:

5(n)

i(n)

I. Kétai and M. Wijsmuller proved:

Q

— 1 almost all n.

Q

o3(n)

— 1 almost all n.
o3(n)

(Acta Math. Hung.)

We hope that

Thy1(n)
i (n)

is true for every k =3,4,... .

III. In our paper (Mathematica Pannonica 1999, I. Kdtai and M.V.
Subbarao) we investigated the iterates of the sum of "exponential divisors:
o©(n). ¢(® is multiplicative and

O p?) = 1"

bla

— 1 almost all n

Let

fon)=n, filn)=c9n), fir1(n) = fi(fij(n)).
Theorem. k£ > 1 fix. We have

%<0€j7 j:l,...,k} = Fi(aq,...,ak),
/-
k

where Fy, is strictly monotonic in each variables in (1,00)".
IV. Indlekofer — Katai: (Lietuvos Mat. Rinkinis 2004). k& > 1, fix.
Q prime, fix: kg, K1,... be completely additive functions,

lim =~ '# {n <z
Tr—00

U iftp=Q _ .
no(p)—{o fp£Q Kit1(p) = q%:l ki (q),
qeEP

(@) =pe@x)= [ (-1/p).

p
Ki+1(p)#0
peEP

Ni(Qlz) =#{n <z | Q{prs1(n)}.
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Theorem 1. Lete > 0, k > 2 be fized, QQ € [Jsgﬁ,xlgﬂ_ﬂ , Q be prime.
Then
Ni(Qlz) = pr(Q) x (1+ 0 (1/22)),

and
1 a3ttt
logm = Ap1(2) +0O(1/Q) + O ( Q? ) ’
k+1 k+e/2
_ ) T2
Apy1(z) = (k+1)N(Q—1) +O( Q > .

Theorem 2. Let x3-22 < Q < x% Then

Ni(Qlz) = 3p1(Q) (1 +0 (W?’)) ,

Q
1 a3 <m% 3?210gQ>
a0 N\t e )

Theorem 3. Let e >0, k> 2, r > 1 be fized.
Let Q1,...,Q, € [x§+1/2+8, xé“fs] ,Q1,...,Q, be distinct primes.

Then N(Q Q
W 1,.3;., B @) (O

{1+0 (33 1/Q2) }.
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