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n-ary comodules over n-ary (co)algebras
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ABSTRACT. In the paper we study connections between
(co)modules over n-ary and binary (co)algebras.

Introduction

In this paper, the notations of right (left) (co)modules over (co)algeb-
ras are generalized from binary to n-ary case Definition 1.1 and 1.2 It
is proved that a module M is a right n-ary C-comodule if and only if
it is a left n-ary C*-module Theorem 2.1. A dual statement is proved
in Theorem 3.1. Notations of right (left) n-ary (co)module algebras are
introduced and it is proved that an n-ary C-comodule algebra is an n-ary
C*-module algebra, Theorem 2.2. Moreover, n-ary C-module algebra is
an n-ary C*-comodule algebra Theorem 3.3.

All necessary notations and definitions can be founded in the papers
listed in References.

1. Basic notions

Let k be a ground commutative associative ring with a unit, C' and M
modules over k. In what follows, ® is a tensor product over k. All
homomorphisms are k-linear maps. In [Z1], the concept of n-ary algebras
(C,m) is defined, where m : C ® --- ® C' — C is n-ary multiplication,
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which is associative. It means that the following diagram is commutative:

®(n—1)
me1ls
C®(2n-1) cen
1%i®m®1ég(n—i—1)l lm
cen po- C

i.e. for any ¢ =1,...,n we have
m - (m ® lg(n_l)) =m- (I%i ®@m® lg(n_i_1)> .

The concept of n-ary coalgebra (C, A) is defined in [Z2], where A : C' —
C®---® (C is n-ary comultiplication, which is coassociative, that is the
following diagram is commutative:

C = cen
Al ll%@A@lg(”""”
cen A@18(Y cetn=l)
ie. forany i =1,...,n we have

(A215" V) a= (18 eae1Z" V) A

Analogously, the concept of n-ary bialgebra (C,m,A) , where m is as-
sociative m-ary multiplication and A is coassociative n-ary comultiplica-
tion. It is shown that A is a homomorphism of n-ary algebras. We do
not suppose an existence of the unit and counit. In |Z1] the notion of
homomorphism f : (C,m¢g) — (C',m¢r) of n-ary algebras is defined as a
morphism f : C — C’, such that the following diagram is commutative:

C®n ‘f®n C/®n
mqc \L J{mcl
/
C 7 C

ie. f-mec=meg - fO.

Let C' be an n-ary coalgebra and a finitely generated projective k-
module. Denote by C* the k-module Hom(C, k). Then C* is an n-ary
algebra with multiplication Iy % - - - * [, where for ¢ € C"

(Iy %+ x1y) (c) = Z I (0(1)) o ln (C(n)) (1)
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if
Alc) = ZC(l) Q- Qcm) € cen,

Conversely, let C' be an n-ary algebra and a finitely generated projective
k-module. Define n-ary comultiplication A* in C* = Hom(C, k), by the
rule:

(A) (21 @ @ap) = U1+ n) (2)
where x; € C. Here we use the isomorphism of k-modules:
(C®’n)* ~ (C*)®n
because C is a finitely-generated projective k-module. Then, C* is a
n-ary coalgebra. If C'is a n-ary (co)algebra, then (C*)* ~ C, [B|.

Definition 1.1. Let C' be a n-ary coalgebra. We say that k-module M s
a right n-ary C-comodule, if there exists a map p : M — M ® C®(—1),
such that the following diagram is commutative:

p

M M@ Cc®n=b
pJ{ ilM(g)l%i@A@l?("iQ)
M@ OB e M 09
C
i.€.
(ve1@eae1d™ ) p=(pe1d" V) p
for any 1.

Definition 1.2. Let C' be a n-ary algebra. k-module M 1is called a left
n-ary C-module, if there exists a map v : C®"=1 @ M — M, such that
the following diagram is commutative:

~

c®=1 @ M M
T@(””@y Tv
C®(2n—1) QM C@(n—l) QM

18 @me12" " ey,

1.€.
v - (1?3("71) ® 7) =7- (1? am®15" g 1M)

foranyi=1,...,n.
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Definition 1.3. Let C be a n-ary bialgebra. n-ary algebra M is called a
left n-ary C-module algebra, if:

1) M is a left n-ary C-module;
2) foranyci,...,cn—1 €C, my,...,my € M
(Cl®...®cn_1)(m1...mn)

- Z (erqry - enmrayma) == (ermy  * Cn1(myn)

Cly--5Cn—1

Definition 1.4. Let C be an n-ary bialgebra. n-ary algebra M is called
a right n-ary C-comodule algebra, if:

1) M is a right n-ary C-comodule with the structure morphism p : M —
M® C®(n71);

2) p is a homomiorphism of n-ary algebras.

2. The relations between n-ary comodules and modules

Theorem 2.1. Let C be a n-ary coalgebra. Then M is a right n-ary
C-comodule if and only if M is a left n-ary C*-module.

Proof. Suppose that M is a right n-ary C-comodule and

pm) = " m) @ m) ® -+ ® my_1), (3)
(m)

where m € M and m(g) € M, mg € Cfor=1,...,n—1. Ifly,...,l,1 €
C*, m € M, then we put

p* (ll K- ® ln71 & ’ITL) = Zm(o)ll (m(l)) cee Slnfl (m(n_l)) e M. (4)
(m)

Further, ifl1,...,lop—2 € C* and m € M, then by Definition 1.2 we have:

(p* . (1?£"_1) ® ,0*)) (L ®- ®lop_2®m)
=p [1® @l ® > myln (M) lan-2 (M)
(m)

= myoh (M) a1 (M©)m=1)) bn (M@1)) -+ lan—2 (M) -

m(0)
(5)
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On the other hand,
(p* . (1?9'71) om* 1201 g 1M)) (L@ ®lops®@m)
=p (L ® ®lz 1®(l koooxlipn 1) @lppi @ -+ lap—2 ®@m)

Z ) - lict (mg—1)) (s lign—1) X

m(i)) livn (m(i—l-l)) o lop—o (m(n—l))

Zm(O)ll (me1y) -+ lic1 (mgi—1)) X

—

Z my)) - livn—1 (MG | livn (M) - - len—2 (M(n-1)) -

(6)

By Definition 1.2 we have:

Z m(0)(0) ® M(0)(1) & "+ @ M(0)(n—1) @ M(1) @ @ M(n_1)

- ZWO) B @M—1) M) (0) @ -

e M) (n—1) & M(i41) R R® M(p—1)-

It proves the equallities (5) and (6), i.e. M is a left n-ary C*-module.
Since, the module C' is a finite-generated projective k-module, then
(C*)* ~ C and therefore the converse statement follows. O

Theorem 2.2. Let C be an n-ary bialgebra. If M is a right n-ary C-
comodule algebra, then M is a left n-ary C*-module algebra.

Proof. Suppose that M is a right n-ary C-comodule algebra and C is an
n-ary bialgebra. We shall show that M is left n-ary C*-module algebra
with respect to the action (4). It is necessary to prove the following
equality:

= > rlym @ @lp-nym @m) x

Hyoelne1
X"l @ ln-1)(m) © M) -
By (3) and (4), we have:

Prh®  ®lp—1 @ (my---my)]

_ Z ol (( mn)(l)) el ((m1 .. .mn)(n_1)> _
(7)
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But, the map p : M — M®C®"=1) is a homomorphism of n-ary algebras,
S0:

p(m ) Z(ml...mn)(o)®...®(m1...mn)(n_1)7
p(m =

( 1(0) ¥ & ml(n—1)> (Z Mpo) @+ & mn(n—l))

(M) M) @+ @ (Mi(n-1) @+ @ Mi(n—1)) -

miy,. ’mn

Consequently,

So in (7), we have:
Prh® - ®l—1®(my---my)
=D (mi) M) i (Magry = min1)) - lnet (Magmn) =+ M)

=Y my) - Ml (M)

Uiy (M) = 1) (M) - b 1gn) (Magne1)) -
But, it is equal to:

[Z myoyliy (M) -+ 1) (ml(nl))] x
my
: [Z M)l (n) (Mn(1)) *+ ln1(n) (W(n—l))] :
mi1

3. Dual situation
Theorem 3.1. Let C' be an n-ary algebra. Then M is a right n-ary
C-module M iff M is a left n-ary C*-comodule.

Proof. Suppose that m € M and the submodule mC®™~—1) C M is con-
tained in the span of linearly indepedent vectors aq,...,as . Then, for
c1,...,ch—1 € C, we have:

m(cl®cn_1):f1(01®-~®cn_1)a1+“-+ft(cl®"-®cn_1)at (8)
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where f1,...,f; € [C@(”_l)]* = (C’*)®(”_1), and so C is finitely gener-
ated. If the system of vectors {aj,...,a;} can be enlarged by a vector
at+1 and then we can put fi1q = 0.

Lemma 3.2. Let by,...,bqg € (a1,...,a;) be given and g1,...,9q4 €
(C*)®(n71), such that for all c1,...,ch_1 € C':

d
me - ®cp_1) = Zgz' (€1 ® cn-1) b;.
i—1

Then Y4 | gi @ b; = 23:1 fj ®aj holds in (C")®=Y @ 0.

Proof. By the assumption b; = 2321 ajja; where a;; € k. Then

d t
mc1® - @cp1) =Y gilc1 @cn1) Y aijay
P j=1

t [d
= Z Zgi (1 ® - ®cp_1)ij| aj
j=1 Li=1
Since ay, ..., a; are linearly indepedent, for all j by (8) we get:

d
filei®: - -cpn) = Zgi (1 ® @ epat) vj.
=1

Thus, f; = Zle gjj in (C*)®=D | Then
t t d d t d
D fi®a=3 3 gicy®a;=) | 9:®) aya; | = 9@ b
=1 J=1 =1 i—1 =1 i—1

O]

Define the map p: M — (C*)®™~Y @ M by the following rule: if (8)
holds, then we put

plm) = fi®ar + -+ fi @ ay. (9)

By Lemma 3.2 this definition is correct. Let us show now that if M is a
right n-ary C-module, then M is a left n-ary C*-comodule with respect
to (9). In fact,

(187 @ ) plm) = fr ® plma) + -+ i@ plmy).
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But p(m;) = >, fij ® m;j where f;; € (C*)®(”—1). So
( Sn 1)®p> Zfz@)f”@m]

On the other hand,
(1%; ARSI g1 M) p(m)
=Y (1 eae1d ) om,
J

Further, by associativity Definition 1.2, for all ¢q,...,co,—2 € C and all
m € M, for any ¢ we have

[m (Cl R ® Cn—l)] (Cn R Q& CQn—Z)

(10)
=me® - ®c®(Cir1 Q@ @ Cign) @ Cignt1 @ -+ & Con_2]

Suppose that my, ..., m; be as above. Then, as in (8)

TTLj (Cn®"'®62n_2)
=0j1(cn @ - Rcopg)mi+ -+ gji (cn @ -+ @ Cap—2) My

where gj1,...,gjt € (C®M=D So. by (8) and (9) , we have

(67 0 ) otm) = X fio g o
y (10) for all j:
D file1® - ®cn1) gij(n @+ @ can2)
=file1® - ®c;®(Cit1® B Citn) ® Cignt1 @+ @ Can—2]-
In other words we have that in (C*)®®"~2 that
Zfi@)gij = (1 ® Ag» ® 18772 ) fi-
i
Tensor-multiplying by m; and summing on j, we obtain
Y fi®gi©m; = (1% ® Ao+ ® 1®£n_i_2)> > fiem;.
— I

But, the left side is equal to <1®(n 2 ® p) p(m) and right side is equal

0 (101 QA+ ® 1&m=i- 2)) p(m). Consequently, M is a left n-ary C*-

comodule. ]
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Theorem 3.3. Let C' be an n-ary bialgebra, now. If M is a right n-ary
C-module algebra, then M is a left n-ary C*-comodule algebra.

Proof. Assume that M is a right n-ary C-module algebra. It means that
forall ¢1,...,¢,_1 € C and all mq,...,m, € M we have:
(my---my) (1@ ®@cp_1)
= Y mi(am® @) ma(ew @ @)
Cly--+yCn—1

Let us show now that M is a left n-ary C*-comodule algebra, i.e. the map
(9) is a homomorphism of n-ary algebras. Suppose that mq,...,m, €
M and ay,...,a is a base in >7%_, m;C®"=1) " Assume that p(m;) =

Z§:1 fij ® aj where f;; € (C*)®=1 But,

Y. mi(an ® @) (Cin) 0 @ Camam)

Cly.-sCn—1
= > D i (@ @ @ cui) aj, | times
Cl,e.sCn—1 J1
s X Z fl,jn (Cl(n) K- Cn—l(n)) as,
j’ﬂ
Z @ A [Z fra (@@ ® - ®cair)) X
J1yeeesdn
o X frgn (1) ® - ® Cni(m)) ]
For all ji,...,j, we have:
Yo S (@ @cn1w)  fage (1) @ ® i)
Cly.-sCn—1

= (frg*-* fuja) (1 © - ®cnn).
In that way, the right side of (11) is equal to:
S (frj ke H faga) (@ @ 1) ag, - a,.
jlvn-’jn

By Lemma 3.2 b, = aj, ---aj, for all ji,...,7, and by (11), we obtain
that

plmi-mp) = > (frg* % faj,) ®aj, - aj,

jl7"'7jn

- H Z (fsje ®ag,) | = p(ma) -~ - p(my).
s=1

Js
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