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ABSTRACT. It is proved that the lattice of 7-closed totally
saturated formations of finite groups is distributive. This is a solu-
tion of Question 4. 2. 15 proposed by A. N. Skiba in his monograph
"Algebra of Formations" (1997).

Introduction

All groups under consideration are finite. The notations and definitions
we use are borrowed from [1]-[4]. Recall that a formation § is called
saturated if G/®(G) € § always implies G € §. It is known that if § is
a non-empty saturated formation, then § = LF(f), i. e., § has a local
satellite f.

In [5] Skiba has offered the following concept of a totally saturated
formation. Every group formation is 0-multiply saturated. For n > 1, a
formation § # @ is called n-multiply saturated, if it has a local satellite
f such that every non-empty value f(p) of f is a (n — 1)-multiply satu-
rated formation. A formation is called totally saturated if it is n-multiply
saturated for all natural n. By definition any totally saturated formation
is non-empty.

Let 7 be a function such that for any group G, 7(G) is a set of
subgroups of G, and G € 7(G). Following [3] we say that 7 is a subgroup
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functor if for every epimorphism ¢ : A — B and any groups H € 7(A)
and T € 7(B) we have H? € 7(B) and T¥ ' € 7(A).

A group class § is called 7-closed if 7(G) C § for all G € §. The set
I7, of all 7-closed totally saturated formations is a complete lattice [3].

In [3] Skiba proved that the lattice of all soluble totally saturated for-
mations is distributive. There were some open questions on modularity
or distributivity (see [2], Problem 10.11; [6], Question 14.80; [7], Prob-
lem 21; [3], Questions 4.2.14). These questions were solved in [8]-[11]. In
[10] we proved that [7 is modular.

In this paper we prove that {7  is distributive; this is a solution of
Question 4.2.15 in [3].

1. Definitions, notations and preliminary results

Every function of the form f : P — { formations of groups} is called a
local satellite [12]. A group G is called a pd-group if p divides |G|; 7(G) is
the set of all primes dividing the order of a group G; 7(§) = Ugez 7(G);
Fp(G) = Op p(G).

Following [4], we denote by LF(f) the class of all groups G which
satisfy the following condition: for any chief factor H/K of G and for all
primes p dividing |H/K|, we have G/Cq(H/K) € f(p). The notation
§ = LF(f) means that f is a local satellite of §. It is well known that a
non-empty formation has a local satellite if and only if it is saturated.

For any set X of groups, 7 formX denotes the 7-closed totally satu-
rated formation generated by X, i.e., {7 formX is the intersection of all
7-closed totally saturated formations containing X. For any 7-closed to-
tally saturated formations 9 and $), we set M VI H = I form(M U H).
Formations in {7 are called 7 -formations.

A satellite f is called (7 -valued if all its non-empty values are [7_-
formations. A local satellite f is called integrated if f(p) C LF(f) for
all primes p. If g, h are [T -valued local satellites, then the satellites
f =gVl h and m = gNh are defined in the following way:

(1) if either g(p) # @ or h(p) # @, then f(p) = IZform(g(p) U h(p));

(2) if g(p) = @ and h(p) = @, then f(p) = &;

(3) m(p) =g(p) N h(p) for all p € P.

If § is an 7 -formation, then §7  denotes the minimal I7_-valued local
satellite of §, i.e., §7, = Nier fi, where { fi|i € I'} is the set of all [7_-valued
local satellites of 3.

For an arbitrary sequence of primes p1,ps,...,p, and for any set X
of groups, the class XP1P2P» is defined recursively in the following way:

(1) X7 = (A4/Fyy (A)|A € X);

(2) XPiP2---Pn — (A/Fpn (A)‘A c %plpzmpnq).
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For any set X of groups, we put X7_(p) = I7 formXP?, if p € 7(X), and
xX5.(p) = 2 if p & (%),

A sequence of primes pi,pa,...,p, is called suitable for X (or X-
suitable) if p1 € w(X) and for any i € {2,...,n} we have that p; €
77(:{271132---1)1'—1).

Let p1,p2,...,pn be an F-suitable sequence. Then the totally local
satellite T p1p2 . . . pn is defined recursively as follows:

(1) $Zp1 = (o (p1))es

(2) 8%p1---pn = (8p1 - - Pn-1(Pn))%

If © is a complete lattice, then ©' denotes the complete lattice of all
saturated formations § = LF(f) such that f(p) € © for every p € 7(F).

A complete lattice © is called inductive if for any set

{F:i=LF(f)|5: € O, f; is integrated, i € I},
the following equality holds:
\/@z(&\z’ € I) = LF(\/@(fZ‘H S I))

For any group G and a non-empty formation §, by G¥ we denote the
§-residual of G, i.e., the intersection of all normal subgroups N of G such
that G/N € §. §9 = {G|G® € F} is the product of formations § and $.

S is the class of all soluble 7-groups (7 is a non-empty set of primes);
N, is the class of all p-groups (p is a prime).

The next lemma is a special case of Lemma 4.1.2 in |3, p. 152].

Lemma 1. Let §; be a T-closed totally saturated formation, i € 1.
Then f = VI (Sicolt € I) is the minimal 17 -valued local satellite of
§=Vi@ili€I).
Lemma 2. /3, p. 33/. Let X be a non-empty class of group and § =
17 formX. If f us the minimal I7_-valued local satellite of §, then

(a) (%) = 7(3);

(b) f(p) = I form(G/F,(G)|G € X) = I form(G/F,(GQ)|G € §) for
all p € w(X);
(c) f(p) =@ for all p & w(X);
(d) if § = LF(h), where h is an [7_-valued local satellite, then

f(p) = 15form(A|A € h(p) NF, Op(A) = 1).

Lemma 3. [13]. The lattice of T-closed totally saturated formations is
inductive.

Lemma 4. [14]. Let § be a non-empty T-closed formation and 7 be a
set of primes such that w(§) C 7. Then the formation &;F is T-closed
totally saturated.
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Lemma 5. /3, p. 41]. Let A be a monolithic group and let Soc(A) be a
non-abelian group. Let M be a T-closed homomorph. If A € [T form9N,
then A € 9.

Lemma 6. [2, p. 168]. Let § be a formation, M a saturated formation,
and let G be a group of minimal oder in §\ M. Then

(a) G is a monolithic group and Soc(G) = G™;

(b) if G™ is a p-group, then G = Cq(G™) = F,(G).

Lemma 7. [2, p. 78]. Let § = LF(f). If G/Op(G) € f(p) NG, then
Geg.

Lemma 8. [1, p. 38]. Let § = LF(f). Then the following statements
are equivalent:

(a) G € §;

(b) G/E,(G) € (p) for all.p € (G

Lemma 9. [3, p. 152]. Let G be a group such that Op(G) = 1, let
Ny X ... X N = Soc(G), where N; is a minimal normal subgroup of G
(k > 2). Let M; denote a maximal normal subgroup of G, which contains
Ny x...xXNj—1 X Nj41 X...X Ng and does not contain N;, i € {1,...,k}.
Then

(a) G/M; is a monolithic and Soc(G/M;) = N;M;/N; for any i €
{1,...,k};

(b) N;M;/N; is G-isomorphic to N;;

(c) Oy(G/M;) =1,

(d) MiNn...N M, =1.

2. Main result

The following lemma can be proved by direct calculations.

Lemma 10. Let § = LF(f;), where f; is an integrated [7_-valued local
satellite of §i, i € I. If § = N(Fili € I), then f = N(fili € I) is an

integrated 17 -valued local satellite of §.

Let §, M, and X be 7-closed totally saturated formations. Let p1, ..., py
be some suitable sequence for §, 9, and X. Then by £5,, 97, £3 p1,
DDy KD v Dy DD - .. D, We denote a (] _-valued local satellites

such that
€7, = (X, N L) Vi (M, NEL), O = (X7, Vi, M) NFL,

Llopi = (X p1 NFop1) Vi (M p1 NFoopr),



92 ON A QUESTION OF A. N. SKIBA

Nip1 = (Xp1 VI M p1) N Fop1, s

~

Llpip2 .. pn =
= (X p1p2 - PNFLp1P2 - - Pn) Vi (M pip2 - .. PnNFoPID2 - - Pn),

~

DLpip2 - P = (XL p1ip2 . pn VI M p1p2 .. ) NFLDID2 - - - Dn-

Lemma 11. Let M, X, and § be 7-closed totally saturated formations.
If€=&ENF VL, MNF) and H = (X VL, M) NF, then

(a) m(£) = 7(H);
R (IQ for any suitable sequence p, ... ,pn for X, M and §, the satellites
£, 9%, LL.p1, DLp1,-- ., LLp1 .. Dy, HIPL ... D, are integrated 17 -
valued local satellites of the formations £, $,

~ ~

’Q’go(pl)v fjgo(pl)v SERE) E’gopl v pn—l(pn)7 57)20171 cee pn—l(pn)7
respectively.

Proof. Put £, =XNF, Lo =MNGF, H1 =XV M 1 =X NF, o=
M7 N, and hy = X7 VI 9T . By Lemmas 10 and 1, it follows that
£ = LF(ll), £ = LF(h), H1 = LF(hl), and [, lo, hy are integrated
7 -valued local satellites.

(a) Since the inclusion £ C §) is obvious, we obtain 7(£) C 7($)). Let
p € w(H) \ 7(L). Since p € 7(H1), we have hi(p) # &, by Lemma 2.
If p ¢ m(X)U (M), then it follows from Lemma 2 that X7 (p) = @
and M7 (p) = @. Consequently, hi(p) = @, a contradiction. Hence
p € m(X) Un(9IM). But in this case p € 7(XNF) UM NF) = 7(L).
Thus, 7(£) = 7(9).

(b) Since £ = £1 VI, £ and $ = H; N F, it follows from Lemmas 3
and 10 that

L =1 Vi lo = (X5 N FL) Vi (M NFL),

D =h NF5 = (X5 Vi ML) NI

are integrated [7 -valued local satellites of the formations £ and §), re-

spectively.
Let p1, ... ,pn be a suitable sequence for X, 91, and §.
Since by the definition X7 p1 ...p;, ML p1...pi, FoP1 - - . pi are min-

imal I7_-valued local satellites of the formations

XIpi-..pic1(pi), MLpr...pi—i(pi), and Foopi-..pi—1(pi)

(1 = 1,n), respectively, it follows from Lemmas 1, 3, and 10 that

~

L£lpip2 ... pi =
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= (XZp1p2 - Pi N SouP1P2 - - - i) Voo (MEp1p2 - pi N Fop1P2 - - - Pi),

T

Dipip2 - pi = (X pip2 - i VI M pip2 .. pi) N FoPiD2 - - - D

are integrated [7_-valued local satellites of the formations

Lopr ... pi—1(pi) and Hip1...pi-1(pi),
respectively. ]

Lemma 12. Let M, X, and §F be 7-closed totally saturated formations.
Let A be a monolithic group with a non-abelian socle. If A € FN(XVI M),
then A€ (XNF) VL, (MNF).

Proof. Let A € N (X VL, M) and 7 = m(X VI, M). It follows from
Lemma 4 that &,7form(XUM) is a 7-closed totally saturated formation.
Therefore

[Zform(X UM) C S rform(X U M).

Since A is a monolithic group and Soc(A4) is a non-abelian group, we have
A € tform(X U M). But then by Lemma 5, it follows that A € X U 9.
Since A € §, we obtain A € (XN F) U (M NF). Hence

Aelform((XNF)UENF) = (XNF) VL, (MNF).
O

Theorem 1. The lattice I7; of all T-closed totally saturated formations
1s distributive.

Proof. Assume that there exist 7-closed totally saturated formations 901,
X, and § such that

(XNT) Vi (MNF) # (X VL, MNT.

Put £=(XNF) VL, OMNF) and H = (X VI M) NF. Since the inclusion
£ C 9 is obvious, we obtain $ € £. Let A be a group of minimal order
in $\ £. Since H and £ are 7-closed saturated formations, we see that A
is a 7-minimal non-£-group with a unique minimal normal subgroup P
and P = A% Z ®(A).

If P is a non-abelian group, then A € £ by Lemma 12. This contra-
diction shows that P is an abelian p-group for some prime p € 7($). It
follows from Lemma 11 that p € 7(£), £ = LF(E&)), H= LF(;‘S&)), and
Ego, Bgo are integrated [T -valued satellites such that

£7.(p) = (X7 (p) N T (p)) VI, (T (p) N (),



94 ON A QUESTION OF A. N. SKIBA

Nre(p) = (XL (p) Vi M (p) N F ().

Since £ is a saturated formation and p € m(L), we see that A is not a p-
group and £7_(p) # @. By Lemma 6, it follows that P = C4(P) = F,(A).
Then P = Op,(A). Since P Z ®(A), we have A = [P]A;, where 4, is a
maximal subgroup of A such that P Z A;.

The inclusion €7 (p) € 97 (p) is obvious. Since A4 € §\ £, we claim
that £7_(p ) C H7.(p). Indeed, by Lemma 2, it follows that AJF,(A) €

95 (p). 1 £5(p) = HZ(p), then
AJOy(A) = A/Fy(A) € 9,(p) € 9, (p) = £5(p)

and A € £, by Lemma 7. It is a contradiction. Therefore e (p) C Ego (p).
Note also that the condition €T %(p) C 97 (p) implies X7_(p) # @ and
M7 (p) # @, otherwise £7_(p) = H7(p). Hence p € 7(X) N x(M). Thus

Ay~ A/Fy(A) € 93.(0) \ £5.(p); L5(p) # @.

It follows from Lemma 11 that W(ET (p)) = (97 (p), £.(p) =
LF(ST D), 537 (p) = LF(Y)T p), and £r D, 537 p are integrated (7 -valued
local satellites such that

£1op = (X3p N F5ep) Vie (Mep N Fop),
H7p = (Xp Vi, MLp) N §oop-
Since A; ¢ Ego(p), by Lemma 8(b), there exists a prime p; € 7(41)

such that Al/Fp1 (A1) ¢ £7 p(p1). Since p; € ﬂ(.%go(p)), we have p; €
(L%, (p)) and £7 T.p(p1) # . Obviously,

LT p(p1) = (Xop(p1) N Foup(p1)) Ve (MTp(p1) N Foep(p1)) C

C 9%p(p1) = (Xp(p1) Vi Mp(p1)) N Fop(pr)-

Besides, since A;/F)y, (A1) € f)gop(pl) \2 p(p1), we have £ T.p(p1) C
ﬁgop(pl). Therefore X7 p(p1) # @ and M p(p1) # @. Hence p; €
(X% (p)) N (ML, (p))-

Suppose that F), (A;) =1 and let N be a minimal normal subgroup
of A. Then N is a non-abelian pyd-group. If A; is a monolithic group,
then since

A1 €HL(p) = (XL (p) V ML (1)) N3 (0,
by Lemma 12, it follows that

A1 € (XT,(p) N (p)) VI, (M7 (p) N FL(p) = £5,(p),
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a contradiction. Therefore the group A; is not monolithic.

Let Soc(A41) = Ny X ...x Ng, where N; is a minimal normal subgroup
of Ay, and let M; denotes a maximal normal subgroup of A; such that
M; contains Ny X ... X N;—1 X N;p1 X ... X Ni and does not contain N,
i=1,2...,k. By Lemma 9, it follows that A;/M; is a monolithic group
with a non-abelian minimal normal subgroup N;M;/N;, and N;M;/N; is
Aj-isomorphic to N;. Set B; = Aj/M;, i =1,2...,k. Since

Bi € H%(p) = (X3 (p) Vi ML, (p) N T (p),

we have B; € £7(p), by Lemma 13. It follows from Lemma 9(d) that A,
is a subdirect product of By, ..., Bx. Hence A; € £7_(p), a contradiction.
Therefore Fj, (A1) # 1.

On the other hand, Fp (A1) # Ai, otherwise A;/F, (A1) ~ 1 €

£lp(p1) # 2.
Thus

A1/ Fp (A1) € 95p(p1) \ £2p(p1), L2p(p1) # @, 1 # Fp (A1) C Ar.

Put Ay = A1 /F,, (A1). It follows from Lemma 11 that

T(€5.p(p)) = T(Hp(p1)),
S7p(p) = LE(ELpp1), 9Lplp) = LE(Hpp1),

and Egoppl, ?)goppl are integrated (7 _-valued local satellites such that

Llorp1 = (Xopp1 NFLpp1) Ve (ML pp1 N FSpp1),

95.pp1 = (Xl pp1 Vi, ML pp1) N Fopp1-

Since Az & Egogz\(pl), by Lemma 8(b), there exists py € w(As2) such
that A/ Fp,(A2) & £2.pp1(p2). Hence

Ag/ Ty, (Az) € HTpp1(p2) \ E5pp1 (p2).
Considering As in the same way as the group Ap, we obtain
p2 € m(Xp(p1)) N (M p(p1)),

As/Fpy(Az) € 97pp1(p2) \ £3pp1(p2),

ST ppi(p2) # @, and 1# Fyy(Ag) C Ay

Put Az = Ay /F,,(A2). According to the same argument, we see that the
group As satisfies the analogous conditions: there exists

p3 € m(Xpp1(p2)) N m (M pp1(p2))
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such that R R
A3/ Fy,(As) € H2.ppip2(p3) \ Looppip2(ps),

~

Looppipa(ps) # 9, and 1 # F,(Az) C As.

Continuing this line of reasoning, we construct the groups
Ay = A3/F,,(A43), ..., Ay =An1/F,, (An—1), ..
such that for any ¢, the following conditions are satisfied:
pi-1 € T(Xipp1 - pi-3(pi-2)) NT(Mpp1 - - - pi-3(Pi-2)),

Ay = Ai1/Fpy (A1) € 95eppi - Dia(pie1) \ £Lppi - - pia(pic1),

)32027171 .- -1%'—2(1%’—1) #, and 1# Fp¢_1(Az‘—1) C Aiq.

Since Fp, ,(Ai—1) # 1, we see that for the constructed sequence
A, Ay, Ao, As, ..., A,, ... of groups, it follows that

Al > A1l > A2 > |A3] >... > |4, > ...

Since A is finite, we obtain A,, = 1 for some number m. But A,, =
Am-1/Fp,,_(Apn—1). This implies that F, . (Am—1) = Am—1, a contra-
diction.

Thus, our assumption is not true and $ C £. Hence $ = £. O

Let 7 be the trivial subgroup functor. Then from Theorem 1 we
obtain

Corollary 1. [11]. The lattice lo, of all totally saturated formations is
distributive.

In the case when 7(G) = S(G) is the set of all subgroups of G, from
Theorem 1 we have the following.

Corollary 2. The lattice of hereditary totally saturated formations is
distributive.
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