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ABsTRACT. We introduce quantum Boolean algebras which
are the analogue of the Weyl algebras for Boolean affine spaces.
We study quantum Boolean algebras from the logical and the set
theoretical viewpoints.

1. Introduction

After Stone [20] and Zhegalkin [23], Boole’s main contribution to
science [5] can be understood as the realization that the mathematics
of logical phenomena is controlled — to a large extend — by the field
Zs = {0, 1} with two elements; in contrast the mathematics of classical
physical phenomena is controlled — to a large extend — by the field
R of real numbers. The switch from Zs to R corresponds with a deep
ontological jump from logical to physical phenomena. The switch from R
to C corresponds to the jump from classical to quantum physics.

What makes the logic/physics jump possible is the fact that Zs may
be regarded as an object of two different categories. On the one hand, it
is a field (Z9, +,.) with sum and product defined by making 0 the neutral
element and 1 the product unit. On the other hand, it is a set of truth
values with 0 and 1 representing falsity and truth, respectively. Indeed,

(Za,V, A, (+)) is a Boolean algebra: a complemented distributive lattice

with minimum 0 and maximum 1. The operations V, A, and ( - ) correspond
with the logical connectives OR,, AND, and NOT. The two viewpoints are
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related by the identities: a Vb=a+ b+ ab,a Ab = ab,a = a+ 1. These
identities, together with the inverse relation a+b = (a Ab) V (@ A b), allow
us to switch back and forth from the algebraic to the logical viewpoint.

By and large, the logical and algebraic viewpoints have remained
separated. In this work, in order to explore quantum-like phenomena in
characteristic 2, we place ourselves at the jump. Our algebraic viewpoint
is, in a sense, complementary to the quantum logic approach initiated
by Birkhoff and von Neumann [3] based on the theory of lattices. For
example, while the meet in quantum logic is a commutative connective,
we propose in this work a quantum analogue for the meet which turns out
to be non-commutative. The appearance of non-commutative operations
is an essential feature of quantum mechanics [1,7,22].

We take as our guide the well-known fact that the quantization of
canonical phase space may be identified with the algebra of differential
operators on configuration space. In analogy with the real/complex case,
we introduce the algebra BDO,, of Boolean differential operators on Zj.
We provide a couple of presentations by generators and relations of BDO,,,
giving rise to the Boole-Weyl algebras BA,, and the shifted Boole-Weyl
algebras SBA,,. We call these algebras the quantum Boolean algebras.
We study the structural coefficients of BA,, and SBA,, in various bases.

Having introduced quantum Boolean algebras, we proceed to study
them from the logical and set theoretical viewpoints. For us, the main
difference between classical and quantum logic rest on the fact that
classical observations, propositions, can be measured without, in principle,
modifying the state of the system; quantum observations, in contrast, are
quantum operators: the measuring process changes the state of the system.
Indeed, regardless of the actual state of the system, after measurement
the system will be an eigenstate of the observable. Quantum observables
are operators acting on the states of the system, and thus quite different
to classical observables which are descriptions of the state of the system.

This work is organized as follows. In Section 2 we review some stan-
dard facts on regular functions on affine spaces over Zs. In Section 3
we introduce BDO,,, the algebra of Boolean differential operators on
Z5. In Section 4 we introduce the Boole-Weyl algebra BA,, which is
a presentation by generators and relations of BDO,,. We describe the
structural coefficients of BA,, in several bases. In Section 5 we introduce
the shifted Boole-Weyl algebra SBA,, which is another presentation by
generators and relations of BDO,,, and describe the structural coefficients
of SBA,, in several bases. In Section 6 we discuss the logical aspects of our
constructions: we introduce a quantum operational logic that generalizes
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classical propositional logic, and for which Boolean differential operators
play a semantic role akin to that played by truth functions in classical
propositional logic. We use the theory of operads and props to describe
our results. In Section 7 we adopt a set theoretical viewpoint and show
that just as classical propositional logic is intimately related with PP(x),
the Boolean algebra of sets of subsets of x, quantum operational logic is
intimately related with PP(x U z) the quantum Boolean algebra of sets
of subsets of two disjoint copies of z. In the final Section 8 we make some
closing remarks and mention a few topics for future research.

2. Regular functions on Boolean affine spaces

Our main goal in this work is to study the Boolean analogue for the
Weyl algebras, and to describe those algebras from a logical and a set
theoretical viewpoints. Fixing a field k, the Weyl algebra W,, over k can
be identified with the k-algebra of algebraic differential operators on the
affine space A"(k) = k™. By definition [14, 19] the k-algebra k[A"] of
regular functions on k" is the k-algebra of maps

ik =k

such that there exists a polynomial F' € k[z1,...,2,] with f(a) = F(a)
for all @ € k™. If k is a field of characteristic zero, then the k-algebra of
regular functions on k™ can be identified with k[z1, ..., x,] the polynomial
ring of over k. Let 0, ...,0, be the derivations of k[z1,...,x,| given by
Ojxj = 0;; for i,j € [n] = {1,...,n}. The k-algebra DO,, of differential
operators on k™ is the subalgebra of

Endy(k[z1, ..., z])

generated by 0; and the operators of multiplication by z; for i € [n].
By definition, the Weyl algebra A,, is the k-algebra defined via gene-
rators and relations as

Ry @n, Yty oo Yn) [T — 520, Ysly — Y5 Yis Yilli —TjYs, Yili—TiYi—1).

where k{x1,...,Zn,y1,-..,Yn) is the free associative k-algebra generated
by Tiy-o 5 Tns Y1y -5 Yn, and <.’131.’L’] — X%, YilY5 — Yj¥Yi, Yilj — TjYi, Yilq —
x;y; — 1) is the ideal generated by the relations x;x; = z;x; and y;y; =
y;yi for 4,5 € [n], yiz; = xjy; for i # j € [n], yiz; = x;y; + 1 for
i € [n]. The Weyl algebra A, comes with a natural representation
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A, — Endg(k[z1,...,2,]) sending y; to 0; and z; to the operator of
multiplication by x;. This representation induces an isomorphism of
algebras A,, — DO,,.

We proceed to study the analogue of the Weyl algebras for the Boolean
affine spaces A"(Zz) = Z4. First, we review some basic facts on regular
functions on Z5. Let M(Z4, Z2) be the Zy-algebra of all maps from Z% to
Zs with pointwise addition and multiplication. The Zq-algebra Zy[A"] of
regular functions on Z% is the sub-algebra of M(ZY, Z2) consisting of the
maps f: Z5 — Zg for which there exists a polynomial F' € Zg|x1, ..., ]
such that f(a) = F(a) for all a € Z%. In this case Zg[A"] is not a
polynomial ring; instead we have the following result.

Lemma 1. There is an exact sequence of Zo-algebras

0— <a:% +x1,....,x,21 + xy) = Zalz1, ..., xn] — Zo[A"] — 0
where (v3 421, . ...,22 +m,) is the ideal generated by the relations ¥? = x;
for i € [n].

Therefore the ring Zy[A"] of regular functions on Z% can be identified
with the quotient ring

Zo[A"] = Zo|xy, . .. ,J;n]/@% +a1,... .,x% + Xp).

Often we think of Z3 as a ring, with coordinate-wise sum and product.
We identify Z3 with P[n], the set of subsets of [n], via characteristic
functions: a € Z% is identified with the subset a C [n] such that i € a if
and only if a; = 1. With this identification the product ab of elements
in Z5 agrees with the intersection a Nb of the sets a and b; the sum
a + b corresponds with the symmetric difference a +b = (aUb) \ (a N b);
the element a + (1,...,1) is identified with the complement @ of a. Note
that a Ub = a + b+ ab. We let PP[n| be the set of families of subsets of
[n]. For a € P[n], let m®: Z% — Zy be the characteristic function of the
set {a} C P[n]. For a € P[n| non-empty, let 2 € Zs[z1,...,z,]| be the
monomial z% = [];c, x;. Also set ¥ = 1. The monomial 2 defines the
characteristic function z%: Z% — Zsy of the set {b | a C b} C P[n]. For
a € P[n] non-empty, let w* € Zs[x1, ..., z,] be given by w® = [];c,(zi+1).
Also set w? = 1. The monomial w® defines the characteristic function
w: 7§ — Zs of the set {b | b Ca} C Pln].

Lemma 2 below follows from the definitions above and the Mdbius
inversion formula [18], which can be stated as follows. Given maps
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fyg: P[n] — R, with R a ring of characteristic 2, then

=Y g(a) ifandonlyif g(b) = f(a).

aCbh aCbh

Lemma 2. The following identities hold in Zo[A"]:

1) m® = 2% ®.  2) 2% = Zmb. 3) m* = Z:Ub. 4) wb = Zm“.

aCh aCbh aCbh
5) m® = Z wP. 6) wb = Z x* ) 2t = Z w?. 8) m®m? = 8,mo.
aCb aCh aCh
9) %% = 29 10) wuw® = wP.

Note that Zs[A"] = M(Z%,Z2), indeed a map f: Z§ — Zs can be
written as

Z m® = Z i = Z H:J;ZH x;+1)

fla)=1 fla)=1 fla)=1i€a ica
_ Z AU Z azb.
fla)=1,bCa f(a)=1,aCb

From Lemma 2 we see that there are several natural bases for the
Zo-vector space

ZQ[A”] = Zg[i{]l,. . ,.’L‘n]/<$% + 21, .. .,xi —|—$n>,

namely we can pick {m® | a € P[n]}, {z%| a € P[n]}, or {w® | a € P[n]}.
We use the following notation to write the coordinates of f € Za[A"] in
each one of these bases

f=2 flam®= Y falaaz®= Y fula)uw

a€P[n] a€P[n] a€P[n]

We obtain three linear maps f — f, f — f, and f — f,, from Za[A"] to
M(Z%,7Z3). The coordinates f, f, and f,, are connected, via the Mobius
inversion formula, by the relations:

= Zf(a)af(b) = Zf:c(a)’fw(b) = Zf(a)a

aCb aCbh aCb

= Z fw(a), fx(a) = Z fw(b),fw(a) = Z fx(b)

aCh aCh aCb
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The maps f — f, and f — f,, fail to be ring morphisms. Instead we
have the identities:

(fg)w(c) = Z fw(a)gw(b) and (fg)w(c) = Z fw(a)gw(b)'
alUb=c alUb=c
We define a predicate O on finite sets as follows: given a finite set a,
then Oa holds if and only if the cardinality of a is an odd number. In
other words, O is the map from finite sets to Zs such that Oa = 1 if and
only if the cardinality of a is odd.

Example 3. Let C € PP[n]. An ordered k-covering of a € P[n| by
elements of C'is a tuple ¢q,...,¢; € C such that ¢q U---Uc¢, = a. Let
k-Covc(a) be the set of k-coverings of a by elements of C. Then a € P[n]
belongs to C' if and only if |k-Covc(a)| is odd for every k > 1. Indeed, let
f € Zs[A™] be given by

f=>Y 2= Y 1lc(a)a”,

ceC a€P[n]

where 1¢: P[n] — Zs is the characteristic function of C. Since f* = f for
every [ € Zo[A"], we have

> tetwar=r=r= X (X [[iefa)s

a€P[n] a€P[n] ~a1U-Uap=ai=1

= Z O(k-Covc(a))x®.
a€P[n]
We conclude that 1¢(a) = O(k-Covc(a)), and thus a € C if and only if
|k-Covc(a)| is odd.

3. Differential operators on Boolean affine spaces

Next we consider the algebra of differential operators on affine Boolean
spaces. Note that the partial derivatives d; on Zs[x1, . .., zy] do not descent
to well-defined operators on Zy[A"]; indeed if we had such an operator,
then 0 = z; + z; = 61'1‘12 = O;x; = 1. The Boolean partial derivative
O0if: Zy — Zy of a map f: Z§ — Zs is given [6,17] by

0if(x) = f(z +e) + f(x)

where e; € Z4 is the vector with vanishing entries except at position i.
This definition yields well-defined operators 9;: Za[A"] — Z2[A"]. The
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operators 0; are skew derivations; indeed they satisfy the twisted Leibnitz
identity

9i(fg) = (0if)g + (sif)(0ig)
where the shift operators s;: Zo[A"] — Z2[A"] are given by s;f(z) =
f(x + ¢;). Indeed:

Oi(fg)(x) = f(x +ei)g(x +e) + fz)g(z)
= [f(@+e) + f(@)lg(x) + f(x + ei)lg(x + ei) + g()]
= 0if(x)g(x) + sif ()0ig(x).

The operators J; are nilpotent:

Rf(x)=0if(x+e)+0if(x) = fa)+ f(x+e)+ fle+e)+ flz) =

Definition 4. The Zs-algebra BDO,, of Boolean differential operators
on Zy is the Zy-subalgebra of Endy,(Z2[A"]) generated by 0; and the
operators of multiplication by x; for i € [n].

Theorem 5. The following identities hold for xz;,0;,s; € BDO,, and

La?=ax; 2.02=0; 3.s52=1; 4.0;=s;+1;
5. 0;8 =8;0;, =0;; 6.8, =0;+1; 7.8;x;=ux;8+8 = (l’z + 1)81';
8. Oiw; = x;0; +8; = x;0; + 0; + 1.

Proof. We have already shown that 2? = x; and 9? = 0. For the other

identities we have

o 57f(2) = sif(x+e;) = fla+ e +e) = f(a);

° Jif(z) = flz+e)+ flz) =sif(x) + f(2) = (si + 1) f();

0 5.0 f(x) = 0if(x+e) = flete+e)+flate)=flx)+flzte)=

0if(x);

o Oisif(x) = sif(x+ei) +sif(x) = flwte+e)+ flwte)=f(z)+

flz +e) =0if(2);

o5z f(x) = (xi+1)f(zte;) = zi f(xt+e)+f(ate;) = xisi f(x)+si f(x) =

(isi + i) f();

e s5if(z) = flete) = flate)+ fl)+ flz) = 0if(z) + f(z) =

(0; + 1) f(2);

® Oi(wif) (@) = wif(x + ) + fz + e) + wif(x) = 2i(f(z + &) + f(2) +
(x + ez) thus
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The operator 9; acts on the bases m%, % and w® as follows:
Oym® = mote 4 m?,

Dra — N\ ifi€a and Bt — wN if i € a
0 otherwise 0 otherwise.

From these expressions we obtain that:
e 0;f(a) =1 if and only if f(a) # f(a + €;), that is,

Oif = Z m.

a€Pn],f(a)#f(a+e;)

e (0;f)e(a) = frlaUi) ifi & a, and (0;f).(a) =0 if i € a, that is,

oif = Z fola)z®",

1€a€P[n]
e (0;f)w(a) = fulaUi) ifi ¢ a, and (0;f)y(a) =0 if i € a, that is,

oif = Z fuw(a)w®".

i€a€P[n]

More generally one can show by induction, for a,b € P[n], that:

8bma _ Z ma—&-c’
cCb
b 2\ ifpCa d obwe w\b ifhCa
xr = an f—
0 otherwise, 0 otherwise.

By definition BDO,, C Endgz, (Z2[A"]) acts naturally on Za[A"], so we
get a map
BDO,, 2 Zo [An] — Lo [An]

Proposition 6. Consider maps D: P[n] x P[n] — Zy and f: P[n]— Zs.
1. Let D= Y D(a,b)m?®” € BDO,,, f = > fle)m® € Zs[A"],
a,beP[n] ceP[n]

and Df = > Df(a)m®. Then we have
a€P[n]

Df(a) => D(a,b)f(a+e).

eCb
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2. Let D= Y Dg(a,b)z%0" € BDO,, f = > fo(c)z° € Zy[A"],
a,beP[n] c€P[n]
and Df = Y Dfy(e)x®. Then
e€P[n]

Dfs(e)= ). Da(a,b)fa(c).

a,bCc
aU(c\b)=e
Proof.

1.Df = Z D(a,b) f(c)m®d@°m® = Z D(a,b) f(c)m®m"

a,b,ceP[n] a,eCb,c
= ZD(a,b) a+em Z (ZDab a+e)>m

a,eCh a€Pln] “eCb
2.Df = > Du(a,b)fu(c)20"2° = > Dyla,b) fo(c)z ™\

a,b,c€P[n] a,bCc

- > (X Dalabfa(o)s" 0
e€P[n] * a,bCc
aU(c\b)=e

Theorem 7. Forn > 1 we have BDO,, = Endgz, (Z2[A"]).

Proof. Note that
dim (Ende(z2 [A”])) — dim(Zo[A"])dim(Z[A"]) = 22" — 227,

The set {2°0° | a,b € P[n]} has 22" elements and generates BDO,, as
a vector space over Zo; thus it is enough to show that it is a linearly
independent set. Suppose that

> faved =¥ (T fans)o =0

a,beP[n] beP[n] “a€Pn]

Pick a minimal set ¢ € P[n] such that Y f(a,c)z® # 0. We have

a€P[n]
(Zfab“é)b)( Z(Zfab )()
a,bEP[n] beP[n] “a€P[n]
= Z fla,c)z® = 0.

a€P[n]
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Therefore, since {2 | a € P[n]} is a basis for Z[A"], we have f(a,c) =0
in contradiction with the fact > cpp, f(a,c)z® # 0. We conclude that
dim(BDO,,) = 22" yielding the desired result. O

Putting together Proposition 6 and Theorem 7 we get a couple of
explicit ways of identifying BDO,, with Man(Zs), the algebra of square
matrices of size 2™ with coefficients in Zy. Note that Man(Zy) may be
identified with M(P[n] x P[n],Zs). Moreover, we can identify M(P[n] x
P[n],Zy) with the set of directed graphs with vertex set P[n] and without
multiple edges as follows: given a matrix M € Man(Zs) its associated graph
has an edge from b to a if and only if M, = 1. Let R: BDO,, — Man(Z2)
be the Zs-linear map constructed as follows. Consider the bases

{m?®d" | a,b € P[n]} for BDO,, and {m®|a € P[n]} for Zs[A"].

For a,b € P[n], let R(m®d®) be the matrix of m®d® on the basis m®.
The action of m®d® on m¢ is given by m?®d*m¢ = mo3Y. c, mT® =
oy mOmete = mifc + a C b and zero otherwise. Therefore, the matrix
R(m?3®) is given for ¢, d € P[n] by the rule

1 ifc=aandd+aCb,

0 otherwise.

R(maab)c,d = {

Example 8. The graph of R(m{129{%3}) is show in Figure 1.

®

ONONT
FI1GURE 1. Graph of the matrix R(m{2}912:3}),

For a second representation consider the Zs-linear map S: BDO,, —
Man (Za) constructed as follows. Consider the bases

{20 | a,b € P[n]} for BDO,, and {z|a € P[n]} for Zy[A"].

For a,b € P[n] let S(z¢0°) be the matrix of x?0” on the basis 2% The
action of z%0® on z¢ is given by

Lgbe TN if p C e,
0 otherwise.



116 QUANTUM BOOLEAN ALGEBRAS

Therefore, the matrix S(x?9°) is given for ¢, d € P[n] by the rule

1 ife=aUd\bandbCd,
0 otherwise.

S(@0")e,a = {

Example 9. The graph associated to the matrix S(m{?913}) is shown
in Figure 2.

O ®

\ / \

olofolc

FIGURE 2. Graph of the matrix S(m{19{3}).

4. Boole-Weyl Algebras

First we motivate, from the viewpoint of canonical quantization, our
definition of Boole-Weyl algebras. Canonical phase space for a field k
of characteristic zero can be identified with the affine space k" x k".
The Poisson bracket on k[x1,...,Zn, y1,...,Ys| in canonical coordinates
TlyevesTpyYly---,Yn o0 k™ X k™ is given by

{zi,2;} =0, {yi,yi} =0, {zi,y;} = dij.

Equivalently, the Poisson bracket is given for f,g€k[z1,...,Tn, Y1, ..., Yn]
by
" 0f g Of Of
9y =2 550 oo
-1 O0x; Oy; 0y; Ox;

Canonical quantization may be formulated as the problem of promoting
the commutative variables z; and y; into non-commutative operators ;
and ¥; satisfying the commutation relations:

[-i'\z'a f]] =0, [ﬂhg//\j] =0, [@\17'%]] = 5@3"

Note that the free algebra generated by Z; and 7; subject to the above
relations is precisely what is called the Weyl algebra and its usually
denoted by A,. Now let k = Zs and consider the affine phase spaces
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Zy x Z5. Let z1,...,%n, Y1, ...,Yn be canonical coordinates on Z5 x Zi.
The analogue of the Poisson bracket

{,}: Zo[A®"] @ Zy[A?"] — Zo[A®"]
can be expressed for f, g € Zo[A?] as

af dg ~ Of Of
{f.g} = Zaxlayl o

where % and 8y are the Boolean partial derivatives along the coordinates

x; and y;. Clearly, the full set of axioms for a Poisson bracket will not
longer hold, e.g. Boolean derivatives are skew derivations. Nevertheless,
the bracket is still determined by its values on the canonical coordinates:
{zi,z;} = 0,{yi,y;} = 0,{z;,y;} = 0; ;. Canonical quantization consists
in promoting the commutative variables x; and y; to non-commutative
operators z; and ¥; satisfying the commutation relations:

[Z5,2;] =0, [U:,9;] =0, [535,7;] =0fori#yj, and [y;,7]s =1
Note that in the last relation we use the twisted commutator

[, 9ls; = fg+ (sif)g;

this choice is expected since the operators y; are skew derivations instead
of usual derivations. The relation [g;, Z;]s, = 1 can be equivalently written
using commutators as [y;, Z;] = y; + 1.

Definition 10. The Boole-Weyl algebra BA,, is the quotient of Zg (1, . . .,
Tn,Yl,---,Yn), the free associative Zs-algebra generated by x1,...,z,,
Yl - -+ Yn, by the ideal

(T2 + @4, 25 + T2, YY) + YjYi, Yo YiTs + TiYi, i + Tiyi + yi + 1),

Theorem 11. The map Za(x1, ..., Tn,Y1,---,Yn) — Endg, (Za[A"]) sen-
ding x; to the operator of multiplication by x;, and y; to 0;, descends to
an isomorphism BA,, — Endg, (Z2[A"]) of Zs-algebras.

Proof. By Theorem 5 the given map descends. By definition it is a
surjective map BA,, — BDO,, = Endy,(Z3][A"]). Moreover, this map is
an isomorphisms since dim(BA,,) = dim(Endz, (Z2[A"])). Indeed using
the commutation relations it is easy to check that the natural map

Zolxq,. .. ,:cn]/<x22 + x;) @ ZLolyi, - - - ,yn]/<yl2> — BA,,
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is surjective. If Y f(a,b)z® ® y° is in the kernel of the latter map,
a,beP[n]

then the Boolean differential operator Y.  f(a,b)z?d" would vanish,
a,beP[n]
and therefore the coefficients f(a,b) must vanish as well. Thus

dim(BA,,) = dim(Zs[z1, . .., z,]/(2? 4+ z;))dim(Za[y1, . . ., yn] /(y2))
= 2"2" = dim(Z2[A"])dim(Z2[A"]) = dim(Endy, (Z2[A™])).O
Theorem 12. The map Zo(x1,...,Zn, Y1, -, Yn) — Endg, (Z2[A"]) sen-
ding x; to the operator of multiplication by w; = z; + 1, and y; to

the operator 9;, descends to an isomorphism BA,, — Endgz,(Z2[A"]) of
Zo-algebras.

Proof. Follows from the fact that w; and 0; satisfy exactly the same
relation as x; and 0;. O

Corollary 13. Any identity in BA,, involving x; and J; has an associated
identity involving w; and J; obtained by replacing z; by w;.

Lemma 14. For a,b,c,d € P[n| the following identities hold in BW,,:

1. ybmc _ Z mc+b2ybl .
b1 CbaCb
2. maybmcyd —_ Z maye'
dCe
e\dCa+cCb
3)' ybxc — Z xc\kzyb\kl .
k1CkoCbNe
4' xaybxcyd = Z C(a’7 b7 ¢, d) €, f)xeyf7 where c(a, bv ¢, d7 €, f) -
aCedCf

O{k:lgkzggbﬂc|au(c\k2):e,b\lﬁ:f\d}.

Proof. 1. By Theorem 11 it is enough to show that the differential opera-
tors associated with both sides of the equation are equal. Consider the
operator of multiplication by f: Z3 — Zo and let g: Z5 — Zo be any
other map. The twisted Leibnitz rule 9;(fg) = (0;f)g + (sif)d;g can be
extended, since s; and 9; commute, to the identity:

P (fg)= > (s=o"f)oy,

b1Uba=b

thus the following identity holds in BA,,:

W f = Z s2 (% fyP  for f € Zolwy,. .., x).
b1LUbo=b
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In particular we obtain that

ybmc _ Z SbQ Sbl (mc)yb Z mc+b1+b2 bo _ Z mc+b2 b1

b1Ub2Ch b1Uba Ch b1 CbaCh
2. We have
a b _c d __ c+bs, b a, bild
mey’'myt = Y mimytyt = N T Gacqpmy”
b1 CbaCh b1 CbaCh
a, b ud a, e
DI R S
b1 Ca+cCbh dCe
e\dCa+cCb

where the last identity follows from the fact that bo = a+c and e = by LId.
3. From the relations y;x; = x;y; for i # j and y;z; = xy; +y; + 1

we can argue as follows. If a letter y; is placed just to the left of a z; we
can move it to the right, since these letters commute. If instead we have
a product y;x;, then three options arises:

a) y; moves to the right of x;;

b) y; absorbs x;;

¢) x; and y; annihilate each other leaving an 1.

Call k; the set of indices for which ¢) occurs, and ks the set of indices
for which either b) or ¢) occur. Then k1 C ko C bNc and the set for which
option a) occurs is bN ¢\ kz. Thus the desired identity is obtained. 4. We
have

aiyfatyt = Y0 gy NRILd — NP (g b, e de, f)aty

k1 CkaCbNe aCe,dC f
where c(a,b,c,d, e, f)=0{k1 CkaCbNc | aU(c\ke)=e, b\k1=f\d}. O

Example 15. yUm{ = m{} 4 m@ 4 {2y {1 il (U (1) =
milhy (1} (128 = {02} {2 4 {00 (2 (U (121 (1) =
mZhy (1} {12 {1230 — (123 4 {23} 4 (13} 4y {1 4 (23110 4
mBy 1§ {3}y (2 4 3102 4 {3 (L2, (3, {121, {123, {1} =
m 3y 1.2}

Example 16. For i € [k] assume given A; € PP[n] and f; = >- 4. 9%
Then

= Z O{(al,...,ak)eAl><...><Ak\a1u--~LIak:b}yb.
beP[n]
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In particular, for A € PP[n] and f =3 ,c 4 y%, we get that
k= Z Olay,...,ap € AlaU---Uay = b}yb.
beP[n|
For example, if A = P[n] then for k¥ > 2 we have
fr= Z O{ai,...,ax € Pln] | a;U---Uag = b}y’ = Z (K" mod 2)y°
bePn] beP[n]
thus f* = f if k is odd and f* =1 if k is even.

From Lemma 2 we see that there are several natural basis for BA,,,
namely:

{m*y’la,b € P[]}, {2’ |a,be P}, {w'y|a,bePn]}.
We write the coordinates of f € BA,, in these bases as:
Z fm(aa b)mayb = Z fx(av b)xayb = Z fw(av b)w
a,beP[n] a,beP[n] a,beP[n]

These coordinates systems are connected by the relations:

fe(byc) = meacfmbc Zfa:acfwbc meac

aCb aCb aChb
waac fxac wabc fw ngcbc
aCb aCb aCb

Theorem 17. For f, g€ BA,, the following identities hold for a,e, h€P[n]:
1) (fg)m(aa 6) = > fm(av b)gm(cv d) :

b,c,dCe

YW=

e\dCa+cCb

2) (fg)iﬂ(ev h‘) = Z C(a‘7 bv ¢, d: €, h)fit(av b)gm(c7 d)v where
aCe,b,c,dTh

c(a,b,e,d,e,h) = Ofky C ks CbNe|aU(c\ ko) = e,b\ ki = h\d}.

Proof. 1. Let f = Y, peppn) fm(a,0)m y®, g = 3. sepn) 9m (e, dymey?,
then

fa= 3 fula,b)gm(c,dymyPmey*

a,b,c,deP|n]
= Z fm(a,b)gm(c,d) Z m®y*
a,b,c,d,e€P[n] dCe

e\dCa+cCb

- Z fm(av b)gm(c, d)m

dCe,e\dCa+cCb
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2. Let f = Za,bEP[n] fw((l, b)xayb and g = Zc,dep[n] gm(c7 d)xcyd7 then

fa= Y fula,b)g.(c, d)zy zy*
a,b,c,deP[n|

= Z Z fala,b)ge(c,d)c(a, b, ¢, d, e, h)zy",

a,b,c,deP[n] aCe,dCTh
where C(av b? ¢, da €, h) :O{kl - k2 - bmc‘ GU(C\kQ) = €, b\kl :h\d} ]

Example 18. Let 27y = 3 fn(a,b)m®® and 25y° = 3 gm(a, b)m2y®.

a,beP[n] a,beP[n|
Then
(fg)?n(ave) - Z fm(a7 b)gm(ca d)
b,c,dCe
e\dCa+cCb

For a non-vanishing summand we must have that a =b=7r,c=d = s,
and s C e. The conditions e \ s C r + s C r implies that s C r and
e\ s Cr\s, thus e C r. We conclude that (fg)2 (a,e) = 1 if and only if

sgr,a:randsgegr.Thusa:ryrxsyszoifsgr.Forsgrweget

TV eS,,S

'y xty® = Zmy

In particular we get that («"y")" = a"y".

Example 19. Let f = 3, jcpp myl = >_a,bePn] fm(a,bymayb. We
have

f2(a,e) = Z 1:O{b,c,d]dge,e\dgoH—cgb}.

b,c,dCe
e\dCa+cCb

Note that if a + ¢ is not equal to [n], then there are an even number of
choices for b, thus we can assume that ¢ =@ and b = [n]. The condition
e\ d C a+ c = [n] becomes trivial, and therefore f?(a,e) = OP|le|] = 0 if
e # @ and f2(a,e) = 1 if e = @. Therefore we have f2 = >acpln] M

Example 20. Let r =3¢ AGING =2 apcPn) T (@ b)zy’ € BA,,, then

r2(e, f) = > cla,b,c,d, e, f)ry(a,b)ry(c,d), where c(a,b,c,d, e, f) =
aCe,b,c,dC f

O{k1 CkaCbNec|aU(c\ke) =e,b\ k= f\d}. Clearly |a| = |b| =

le| = |d| =1, a = b, and ¢ = d. Moreover, we have [bNc| < 1. If [bNe| =1,

then a = b= c=d = e = {i} for some i € [n]. If k; = @, then there are
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two options for ko leading to a vanishing coefficient. Thus we may assume
that k1 = ko = {i} and then necessarily f = {i}. Thus we conclude that
r2({i},{i}) = 1. If instead |[bNc| =0, then k; = ks = &, aUc = e and
b= f\d. Let i # j and suppose that a = b= {i} and ¢ =d = {j}. Then
e=f=1{i,j} and r2({i,j}, {i,7}) = 1. All together we conclude that

2= Y gyl Y iy Gt

i€l i#jeln]

Example 21. From Corollary 13 we see that if s = 3, wityl} then

$2 — 3 w4 3 wliakylid},

i€[n] i#j€ln]

Equivalently, if s = Eie[n] yl 4 Zie[n} 2yl then s = Zie[n] ylh +

{j}) {ig}
I ythds,

5. A shifted presentation

So far, the operators 0; have played the main role. In this section
we take an alternative viewpoint and let the operators s; be the main
characters. Recall that the Boolean partial derivatives and the Boolean
shift operators are related by the identities y; = s; + 1 and s; = y; + 1.
For a,b € Pln], set y* = [[y; and s* = [[s;. We have

i€a i€a
v =1Twi =]l +1)=>_s"
ich i€b aCb

and by the Mobius inversion formula s® = dach Y™

Proposition 22. Consider maps D: P[n]xP[n] — Zs and f: Pln] — Zs.
1. Let D= Y D(a,b)m®s® € BDO,, f = > flc)m® € Zy[A"],
a,beP[n] c€P[n)
and Df = >~ Df(a)m®. Then we have
a€P[n]

Df(a)= > D(a,b)f(a+b).

beP[n]
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2. Let D= Y Dg(a,b)z%s® € BDO,, f= Y f.(c)z° € Zy[A"],
a,beP[n] c€P[n]
and Df = Y. Df.(d)z?. Then
deP[n]

Dfy(d) = Z Dy(a,b) fu(c).

a,eCbNe
aU(c\e)=d

Proof. 1. Df = Y D(a,b)f(c)m?®s’m¢ = 3 D(a,b)f(c)m®mP*e =

a,b,ceP[n] a,b,c
D@ b (a+bmt = £ (£ Dab)fla+b) )m
ab a€P[n] \beP[n]
2.Df = % Du(a,b)fo(c)a’stz® = 3 Dy(a,b)fo(c)ate\e =
a,b,c€P[n] a,eCbNc
S (£ Difabfilo)s -
deP[n] \ a,eCbNe
aU(c\e)=d

Proposition 22 and Theorem 7 provide a couple of explicit ways of
identifying BDO,, with Man(Zsy) the algebra of square matrices of size 2"
with coefficients in Zy. Consider the Zg-linear map R: BDO,, — Man (Z2)
sending m?s® to R(m®s®) the matrix of m®s® on the basis m®. The action
of m®s® on m¢ is given by m®s®m¢ = m® if ¢ = a + b and 0 otherwise.

Therefore, the matrix R(m?s®) is given for ¢, d € P[n] by the rule

R(m“s

DYy = 1 ifc=aandd=a+b
o4 = 0 otherwise.

Example 23. The graph of the matrix R(m®s®). 4 is shown in Figure 3.

On®

FIGURE 3. Graph of the matrix R(m{!:2}9{2:3}).

For a second representation consider Zs-linear the map S: BDO,, —
Man (Z3) sending ?s® to S(x?s?), the matrix of 2%s® on the basis 2¢. The
action of 2%s® on z¢ is given by 2%s%2¢ = 3, cpn. 7Y€\, Therefore, the
matrix S(z%s’) is given for ¢, d € P[n] by the rule

S(x"s")ea = {1 HO{eCbndle=aUde)

0 otherwise
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Example 24. The graph of the matrix S(z{12 s{13}) is shown in Figure 4.

o
o P

F1GURE 4. Graph of the matrix R(m{1219{2:3}),

Definition 25. The shifted Boole-Weyl algebra SBA,, is the quotient
of Zo(x1,...,Tpn,S1,...,8n), the free associative Zy-algebra generated by
TlyeeesTyySl,y---, Sy, by the ideal

2 2
(xf + Ty TiTj + TjTi, 885 + 8580, 87 + 1, 8iwj + x84, 8;x; + ;8 + Si).

Theorem 26. The map Za(z1,...,%Tn, S1,--.,Sn) — Endg, (Z2[A™]) sen-
ding x; to the operator of multiplication by x;, and s; to the shift operator
in the i-direction, descends to an isomorphism SBA,, — Endgz,(Z3][A"])
of Zo-algebras.

Proof. One can check that the map

ZQ<$17"'7$TU‘917"'7STL> —>ZQ<x1a"'a$n>yla"'vyn>

sending z; to x; and s; to y; + 1 descends to an algebra isomorphisms
SBA,, — BA,,. The result then follows from Theorem 11. ]

Theorem 27. The map Za(z1,...,%Tn, S1,--.,Sn) — Endg, (Z2[A™]) sen-
ding x; to the operator of multiplication by w; = x; + 1, and s; to the
shift operator in the i-direction, descends to an isomorphism SBA, —
Endy, (Z2[A™]) of Zse-algebras.

Proof. Follows from the fact that w; and s; satisfy exactly the same
relation as z; and s;. ]

Corollary 28. Any identity in SBA,, involving x; and s; has an associ-
ated identity involving w; and s; obtained by replacing x; by wj.

Lemma 29. For a,b,c,d € P[n] the following identities hold in SBA,,:

b—l—csb‘ 9. masbmcsd _ 5a,b+cma5b+d'

3. sPa® = Z z\sb, 4. 2965t = Z gae\egbtd,
kCbNe eCbNe

1. 8 m=m



R. Dfaz 125

Proof. 1. For any f € Zy[A"] we have

(s"m°f) () = m*(z +b) f(x +b) = m"* () f(z + b) = m"**s" f(x),

thus sbme = mbtegb,

ab,cod

2. mesbmcsd = mamb-‘rcsbsd b-‘rcsb—I—d.

= 6a,b+cm

3. From the identity s;x; = x;s; + s; we see that as s; pass to the right
of z;, it may or may not absorb x;. The set & C b N ¢ is the set of indices
for which x; is absorbed by s;.

4. p0gbypcgd — Zegbﬁc papc\egbed — Zegbﬁc padc\e gb+d 0]
Example 30.
L sMme = mesl e = [n] \ e 2. mPsMmest = mPst.
n] c Z ij:s[n] 4. S[n]l,csd _ Z l,(zuksa‘
kCc kCc

From Lemma 2 we see that there are several natural basis for BA,,,
namely:

{m?s®a,b € Pn]}, {z%s" | a,b € P[n]}, {w*s® | a,b € P[n]}.

We write the coordinates of f € SBA,, in these bases as:

Z fm,s(ayb)m Z fxsab Z fwsab

a,beP[n] a,beP[n] a,beP[n]

These coordinates systems are connected by the relations:

fl‘SbC mesac fmsbc Zfa:sac fwsbc mes

aCb aCh aCh
fmsbc wasac fxsac wasbc fws mesbc
aCbh aCb aCbh

Theorem 31. For f,g € SBA,, the following identities hold for a,b,e, h €
P[n]:
L (fg)m,s(a,b) = % ]fm,s(a, ¢)gm.s(a+c,b+c).
cebPn

2. (fg)asle,;h) = > O{kCbne| aUc\k=e}fzs(a,b)gss(c,b+h).
aCe,b,ceP[n]
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Proof. 1. Let f = Za,bep[n] fm,s(a, b)masb’ g= Ec,dEP[n] gm’s(c’ d)mcsd,
then

fg - Z fm,s(a, b)gm75(07 d)masbmcsd
a,b,c,deP[n]

= Z fm,s (b + ¢, b)gm75 (C, d)mb+csb+d
b,c,deP[n)

= > (Z fm,s(b-i-C,b)gmﬁ(c’d))mesf

e,f€P[n] “btc=e
btdef

= Z ( Z fm,s(€,0)gm,s(e+0b, f+ b))mesf.

e,f€P[n] “beP(n]
2. Let f = Za,bEP[n] fo.s(a, b)z’s’, g = Zc,deP[n] s (C, d)z“s?, then

fo= 3 fos(a,b)gus(c, d)zstats?
a,b,c,deP(n]

- Z fﬂ»‘as (a7 b)gw,s (Ca d)xaUc\kaer
a,b,c,deP[n],kCbNe

= > ( S fas(a,b)ges(e d))xesh

e,h€P[n] * a,b,c,deP[n]
ECbNe
aUc\k=e,b+d=h

= 2 ( > fx,s<a,b>gm,s<c,b+h>)xesh

e,h€P[n] “aCe,b,cEP[n]
kCbnNe
aUc\k=e

= ¥ ( ZO{kgbmcyauC\k:e}fz,s(a,b)gx7s(c,b+h)>xesh.m

e,h€P[n] “aCe,b,ceP[n]

Example 32. Suppose that f = 3, cpip fin.s(a@,b)m?s

and g =
2, dePn] Im,s(C; d)m¢s? are actually regular functions on Z7, i..
fm,s(a,b) =01if b # @, and gp, s(c,d) = 0 if d # @. A non-vanishing term

in the expression
(fg)m,s(aa b) = Z fm,s(a7 C)gm,s(a +cb+ C)
c€P[n]

must have ¢ = &, and then we must also have that ¢ = @ + ¢ = @, and
a+c=a+ @ = a. Thus in this case the product fg is, as expected, just
the pointwise product of functions on Zj.
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Example 33. Let f = >, ycppy fm.s(a,b)m®s®, and suppose that g =
>, dePn] Im,s (¢, d)m¢s? is such that g, s(c,d) = 0 if ¢ # [n]. Then a

non-vanishing summand in the formula

(fg)ms(ab mesac)gms(a+c b+c)
c€P[n]

can only arise for ¢ = @. Therefore (fg)m.s(a,b) = fims(a,@)gm s([n], b+a).
For example, we have

( Z m“sa)< Z m[”]sd) = Z m®s®.

a€P[n] deP(n] a,beP[n]

As another example consider f =}, yep(y m®s® and g = m[" s, In this
case we get that:

(5 o) - 3 e

a,beP(n] a€P[n]

6. Quantum operational logic

In this section we study quantum Boolean algebras from a logical
viewpoint. Propositional logic may be approached from a myriad of
viewpoints. Here we take a revisionist approach bias towards the theory
of operads and props. We believe this approach may be of interest in
itself, and is certainly pretty convenient for our current purposes as it
would readily generalize to cover quantum operational logic. We assume
the reader to be familiar with the language of operads and props [4,12,
13,15,16]. First we review the basic principles of classical propositional
logic [6] which may be summarized as:

e On the syntactic side, propositions are words in a certain language.
Propositions are either simple or composite. Let x be the finite set of
simple propositions, and P(x) be the set of all propositions. Composite
propositions are obtained from the simple propositions using the logical
connectives. There are several options for the choice of connectives, the
most common ones being V, A, —, .

e On the semantics side, a truth function p: Z3 — Z, is associated
to each proposition p € P(x), where Z3 is the set of maps from x to Zs.
The map P(x) — Z3[A”] sending a proposition p to its truth function
D € Zo[A*] = M(Z3, Z2) is such that:
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— a is evaluation at a, i.e. af = f(a) for a € z, and f € Z3.

o p\/q - ﬁ\/ﬁ7p/\q - ﬁ/\ﬁvm - ﬁ — ﬁa_/‘}) - _'ﬁv Where
the action of the connectives on truth functions comes from the
corresponding operations on Zs.

The map P(x) — Zo[A*] is surjective, and there is a systematic
procedure to tell when two propositions have the same associated truth
function. For our purposes, it is convenient to describe P(z) using the
binary connectives product . and sum +, and the constants 0, 1. In logical
terms the product . is the logical conjunction, 4 is the exclusive or, and 0
and 1 represent falsity and truth, respectively. P(z) is defined recursively
as the set of words in the symbols a € z,.,+,0, 1, (,) such that:

e r CP(x),0€P(x), and 1 € P(z).

e If p,q € P(x), then (pq) and (p + q) are also in P(z).

We defined recursively the notion of sub-words in P(x). For all p, ¢, r €
P(z) set:

e p is a sub-word of p;

e pis a sub-word of (pq) and (p + q);

e if p is a sub-word of ¢ and ¢ is a sub-word r, then p is a sub-word

of r.

Next we define an equivalence relation R(z), also denoted by ~, on

P(z). Given p,q € P(x) we set:

pR(xz)q if and only if p=q.

The relation R(x) can be defined in syntactic terms as follows. Propositions
p and ¢ are related if and only if either p = ¢ or there exists a sequence
Piy- .., Pk, for some k > 1, such that p; = p, and pp = ¢, and p;41 is
obtained from p; by replacing a sub-word of p; by an equivalent word
according to the following relations valid for all propositions p, ¢, € P(z) :

e Associativity and commutativity for . and +:

plqr) ~ (pq)r,pqg ~ qp,(p+q) +r~p+(q+7),p+q~q+p.

Distributivity: p(q + r) ~ pq + pr.

Additive and multiplicative units: 0 +p ~ p and 1p ~ p.
Additive nilpotency: p + p ~ 0.

Multiplicative idempotency: pp ~ p.

Let Set be the category of sets, and set be the full subcategory of
finite sets. Let
Zé'): set” — set
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be the functor sending a finite set = to the free Boolean algebra generated
by z, i.e. Z% ~ P(z); and sending a map f: z — y to the map Z§ — Z3
sending g € Z4 to go f. Let

Zo[AL)]: set — set
be the functor given by

()
Tl = 2 024) = 22,

i.e. Zo[A"] is the algebra of regular Boolean functions on the affine space Z3.
Recall that an operad O in Set is given by a sequence of sets {O(n)}nen,
together with right actions of the permutations groups O(n) x S, — O(n)
and composition maps cx: O(k) x O(ny) x --- x O(ng) = O(ny + - - -ng)
which satisfy the equivariance, associativity, and unity axioms [16]. Any
set X determines the endomorphism operad End x defined by the sequence

{EndX (n)}nEN - {M(Xn7 X)}nEN-

A permutation « € S, acts on a map f: X" — X by

fa(zy,...,zn) = f(Ta-11,- -, To—1y)-
The composition maps arise as follows:
M(X", X) x M(X™, X) x - x M(X™, X)
~ M(XF, X)) x M(X™M e xRy oM xmtetie xR,

where ~ stands for the natural isomorphism, and the last arrow is com-
position of maps.

Theorem 34. The sequence {Z3[A"]}en defines an operad equivalent
to the endomorphism operad of Zso in set.

Proof. The result follows from the identifications

Zo[A"] = 752 = M(Z2, Z3) = Endz, (n). O

A S-collection is a sequence of sets X = {X,, },en such that X,, comes
with a right Sy-action. A sequence of sets A = {A,},en generates a
S-collection with free S,, actions, namely the sequence

A xS ={A, X Sp}nen-
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A S-collection X generates the free operad F X = {FX,, },en described
in [16]. For an S-collection of the form A x S, with A any sequence of
sets, the free operad

FA:=F(AxS)

generated by A x S admits the following description. F'A,, is the set of
all pairs (¢, ) such that:

e {is a A-decorated planar rooted tree with n marked incoming leaves
and one outgoing vertex, namely the root. A-decorated means that
a choice of an element in A, is made for each vertex in the tree
with incoming valence k (other than the marked incoming leaves.)

e A numbering of the marked incoming leaves, i.e. a bijection from
the marked incoming leaves to [n].

e The action of S, on F'A, permutes the numberings of the leaves.

e The operadic compositions is given by the grafting of trees.

Let P be the free operad in Set generated by the following sequence:
Ag={0,1}, Ay ={+, .} and Ap =@ for k #0,2.

Proposition 35. For z € set, the set of all propositions P(x) is equal to
the free P-algebra generated by x.

Proof. By definition the free P-algebra generated by x is given by
o0
P(z) = H P(n) xg, =",
n=0

where P(n) xg, 2™ is the quotient of P(n) x ™ by the relations:

(favalv'-wan) ~ (fvaoc_llv"‘7aa_1n)

for f € P(n),a € Sy,and(ay,...,a,) € z". Since P is the free operad
generated by the sequences of sets A, the free algebra can equivalently be
described as the set of pairs (¢, f) where:

e tis a A-decorated planar rooted tree with n marked incoming leaves.
Thus actually ¢ is a binary tree with branches corresponding to +
and ., the sum a product symbols.

e f is a map from the n marked incoming leaves to x.

It is clear that such pairs (¢, f) are in bijective correspondence with
proposition in P(z). O
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We also denote by P the functor P: set — Set sending x to the set of
propositions P(x),and f: x — y to its unique extension P(f): P(x) — P(y)
sending = to y via f, and respecting the logical connectives. Let Req be
the category of equivalence relations. Objects in Req are pairs (X, R)
where X is a set and R is an equivalence relation on X. A morphism
f:(X,R) = (Y,S) in Req is a map f: X — Y such that fR C S. We
have a functor Req — Set sending (X, R) to the quotient set X/R.

Proposition 36. The pair (P,R) constructed above defines a functor
(P,R): set — Req sending = to (P(x),R(z)). Thus we obtain the quotient
functor P/R: set — set.

Proposition 37. The functors P/R and Zy[A)] are naturally isomor-
phic, both as set valued functors and as Boolean algebras valued functors.

Proof. Tt follows from Lemma 1 that P/R(z) and Z[A”] are naturally
isomorphic Boolean algebras. [

Proposition 38. The operads {P/R[n|}neny and {Zo[A™]}nen are iso-
morphic.

Proof. We know from Proposition 37 that P/R[n] and Z2[A™] are isomor-
phic Boolean algebras. The operadic operations on P/R[n] arise from the
operations of substitution and renaming of variables on propositional for-
mulae. It is well-known that the formation of truth functions behaves well
with respect to the operation of substitution and renaming of variables on
propositional formulae. Thus {P/R[n]},en and {Z2[A"]},en agree also
as operads. [

Recall that Zs[A”] is a poset with f < ¢ if and only if f(a) < g(a) for
all a € Z§. Classical propositional logic main concern is the pre-order - of
entailment on P(x). The entailment relation F can be defined semantically
as follows: for p,q € P(z) set

ptq if and only if p <,

or equivalently, p I ¢ if and only if there is r € P(z) such that p = gr.
The entailment relation - can be defined syntactically as follows:

ptq if and only if there exists r € P(x) such that p ~ gr.

Next we move from the propositional settings to the operational
settings, always within a Boolean context. Recall from the introduction
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that quantum observables are operators instead of propositions. In analogy
with the classical case we identify operators with words in a certain
language. On the semantic side truth functions are replaced by Boolean
differential operators. We think of quantum operational logic as arising
from the following principles:

1) Simple-composite operators. On the syntactic side operators are
words in a certain language. For a set x we let T = {a | a € z} be a
set disjoint from = whose elements are of the form a for a € x. Given z,
the set O(x) of operators is obtained from the set of simple operators
x U Z C O(zx) using the binary connectives product . and sum +, and the
constants 0, 1. Explicitly, O(x) is defined recursively as the set of words
in the symbols a € x UZ,.,4,0,1,(,) such that:

e z LUz CO(x), 0 € O(x), and 1 € O(z).

o If p,q € O(z), then (pg) and (p + ¢) are also in O(z).

2) The logical interpretation of the connectives . and +. The product
pq generalizes the classical connective AND, but there is also an ordering
behind it: the operator pg may be interpreted as “act with the operator ¢,
ANDTHEN act with the operator p”. The connective + corresponds
to the exclusive or XOR. The constants 0 and 1 stand for the null
operator and the identity operator, respectively. The logical interpretation
is RESETTOO0 and LEAVEASIS, respectively.

3) The algebra BDO, = Endyz,(Z2[A*]) of Boolean differential ope-
rators on Z3. On the semantic side BDO, is thought as the quantum
analogue for the Boolean algebra Zs[A”] of truth functions. Just as we
have a map from propositions to truth functions, we have a map

—

(-): O(x) — Endgz,(Z2[A"])

from operators to Boolean differential operators given by:

a is the operator of multiplication by a, for a € .

e G is the Boolean partial derivative 9, along a, for a € z.

° m:ﬁ+§and@:ﬁ§forp,qe@(x).

e 0 is the operator identically equal to 0, and 1 is the identity operator.

We think of the composition o of operators in Endgz,(Z2[A*]) as
the quantum analogue of the meet A, or equivalently the product, on
Zo[A*] = M(Z3,7Z2). Indeed o is an extension of the classical meet. Consi-
der the inclusion map Zs[A”] — Endgz, (Z2[A"]) sending f € Z3[A”] to the
operator of multiplication by f. This map is additive and multiplicative,
thus showing that the quantum structures are, as they should, an exten-
sion of the classical ones. The map O(z) — Endgz, (Z2[A”]) turns out to be
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surjective, and there is a well-defined procedure to tell when two operators
are assigned the same Boolean differential operator, which we proceed to
introduce. Sub-words are defined in @(z) just as in propositional logic.
We define an equivalence relation R(z), also denoted by ~, on O(z). For
p,q € O(x) we set:

pR(x)q if and only if p=gq.

R(z) is defined syntactically as follows: p and ¢ are related if and only if
either p = ¢ or there exists a sequence p1,...,p, for some k > 1, such
that p1 = p, and pr = ¢, and p;41 is obtained from p; by replacing a
sub-word of p; by an equivalent word according to the following relations:

e Associativity for the product: p(qr) ~ (pq)r.
e Associativity and commutativity for +:

(p+q)+r~p+(q+r),p+qg~q+p.

Distributivity: p(q + r) ~ pq + pr.

Additive and multiplicative units: 0 +p ~ p and 1p ~ p

Additive nilpotency: p + p ~ 0.

Multiplicative idempotency and nilpotency: aa ~ a and aa ~ 0, for
a € x.

Commutation relations:

ba ~ ab and ab ~ ba  for a,b € x,

ba ~ ab fora#be€x, and aa~aa+a+1 foraé€z.

Let B be the category of finite sets and bijections. We recall that an
S-collection as defined above is the same as a functor from B to Set, also
known as a combinatorial species following the Montreal school initiated
by Joyal [2,11]. Note that we may indeed regard Q, R, and Endz, (Zo[A()])
as functors B — Set. The pair (O, R) defines a functor (O, R): B — Req.

Proposition 39. The functors O/R and Endz, (Zs[A)]) are naturally
isomorphic as Boole-Weyl algebra valued functors.

Proof. 1t follows from Theorem 11 that for any finite set x we have natural
isomorphisms

O/R(x) ~ Endg, (Z2]A"])

respecting the structures of Boolean algebras on both sides. O
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Next we define the entailment pre-order - on O(x). First we define a
pre-order on Endyz, (Z2[A”]). Given S, T € Endy, (Z2[A"]) we set

S <T if and only if there exists R such that S = TR.

For example, if S = w4 and T" = 7 are projections onto the subspaces A

and B of Zs[A"], respectively, then 74 < mp if and only if A C B, since

w4 = wgR implies that mgmy = mgmpR = mgR = w4, and thus A C B.
Entailment is defined semantically as follows, for p,q € O(z) we set

pt g ifand only if there is r € O(z) such that p = qr.
Equivalently, the entailment relation - can be defined syntactically as:
ptq if and only if there is r € O(z) such that p ~ gr.

As expected, entailment on operators is an extension of entailment on
propositions.

Proposition 40. The (P(-),F), (O(-),F), (Zo[A)], <) and
(Endgz, (Z[A)]), <) may be regarded as functors from B to the cate-
gory of pre-ordered sets. Moreover, these functors fit into the following
commutative diagram of natural transformations:

(P(-),F) ©(-),F)

l |

(Z[A)], <) —— (Endgz, (Z[A)]), <)

where the top horizontal arrow is the natural inclusion map, the bottom
horizontal arrow sends f to the operator of multiplication by f, and the
vertical arrows are the valuation maps from propositions and operators to
truth functions and Boolean differential operators, respectively.

Let Zs-Vect be the category of vector spaces and linear transformation
over Zg. We recall from [15] that a prop P in Zs-Vect is a strict symmetric
monoidal category such that:

e The objects are the natural numbers N.

e The monoidal structure is given on objects by n ® m = m + n.

e The symmetric monoidal structure is enriched over Zso-Vect. In

particular, the set of morphisms P(n, m) are Zs-vector spaces, and
the product f ® g on morphisms is bilinear.
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Fach vector space V' over Zso determines the prop Endy of endomor-
phisms, given by

Endy (n, m) = Homg, (V" V&™),

As we saw in Proposition 39, propositional logic give us a syntactical
presentation of the endomorphism operad of Zsy in the category of sets.
Next we extend this result to quantum operational logic which give us a
syntactical presentation of the diagonal part of the endomorphism prop
of Zs[A'] in the category Zs-vect. It is easy to check that if P is a prop,
then its diagonal part P(n,n) is naturally an S-collection, with the right
action P(n,n) x S, — P(n,n) given by

fa=aofoa L
Theorem 41. The functor O/R is isomorphic to the diagonal part of
the prop Endg,(p1) as Boole-Weyl algebra valued functors.

Proof. We have the following chain of natural isomorphism

0Q/R[n] ~ Endg, (Z3[A"]) ~ Endg, (Z,[A']®™)
= I’IOIHZ2 (Z2 [A1]®n, ZQ [A1]®n) = EIld.Z2 [Al] (n, TL)

respecting the structures of Boole-Weyl algebras, where the first iso-
morphism comes from Theorem 11, and the second isomorphism comes
from the fact that fact that Zo[A"] ~ Z[A']®". These isomorphisms are
Snh-equivariant since one can check for o € S, that

aoxioa_l =z,-1; and aoy; oa ! = Yy-1;- O

7. Set theoretical viewpoint

The link between classical propositional logic and the algebra of sets
arises as follows. Recall that there is a map P(z) — M(Z3,Z2) sending
each proposition to its truth function. Since M(Z%,Zs) can be identified
with PP(x) we obtain a map P(z) — PP(x) assigning to each proposition
p a set p of subsets of x. Moreover, the logical connectives intertwine
nicely with the set theoretical operations on subsets, namely:

p+q={pPU\ (NG, pPi=pAqg=pNgq, —Pp=pn,
pVqg=pUgp—q=puUq
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We stress the, often overlooked, fact that classical propositional logic des-
cribes the set theoretical operations present in PP(z) that are common to
all sets of the form P(y), i.e. the extra algebraic structures present in P(y)
when y = P(z) play no significative role in the logic/set theory relation
outlined above. Thus whereas the axioms characterizing the algebras
P(z) have been massively studied, the algebraic structures characterizing
P"(x), for n > 2, have seldom attracted any attention. We proceed to
consider the analogue statements in the quantum operational scenario for
sets of the form [n]. It should be clear, however, that similar constructions
apply for arbitrary finite sets. As in the classical case we have a map
O,, = Endg, (Z2[A™]) sending operators (words in a certain language) to
Boolean differential operators. As shown in Section 4 it is possible to
identify Endy, (Z2[A"]) with the Boolean-Weyl algebra BA,,, and with
the shifted Boolean-Weyl algebra SBA,,. Moreover, we described several
explicit bases for these algebras. For example, each f € BA, can be
written in an unique way as:

f= > flabay

a,beP[n]

Thus Boolean differential operators can be identified with maps from
P[n] x P[n] to Za, and we get the identifications:

Endy, (Zs[A"]) ~ BDO,, ~ BA,, ~ M(P[n] x P[n], Zs)
~ P(P[n] x P[n]) ~ PP([n] U [n]).

We adopt the following conventions. We identify [n] LI [n] with the set
n,7] ={1,2,...,n,1,2,...,7}.

Given a C [n] we let @ = {1 | i € a} be the corresponding subset
of [n] = {1,2,...,7}. An element a € P[n,n] will be written as a =
ay U ag with ag, as € P[n]. Note that we have a natural map =: P[n,n] —
P[n] x P[n] given by mw(a) = (mi(a),m(a)) = (a1,a2). We use indices
without tilde to denote monomials of regular functions, and indices with
tilde to denote Boolean derivatives or shift operators. The identification
Endyz, (Z2[A"]) = PP[n,n| allows us to give set theoretical interpretations
to the algebraic structures on Boolean differential operators. Unlike the
classical set theoretical structures, the quantum operational structures
are not defined for arbitrary sets of the form P(y), quite to the contrary,
they very much depend on the fact that y = P[n,n].
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Below we consider pairs (A, M) where A is a Zo-algebra and M is an
A-module. A morphism (f,g) : (41, M1) — (Aa, M3) between such pairs,
is given by Zs-linear maps f : A1 — A and g : M7 — My such that f is an
algebra morphism, and g(am) = f(a)g(m) foralla € A,m € M. The addi-
tive structure +: PP[n,n| x PP[n,n] — PP[n,n] on PP[n,n] is given by

A+B=AUB\ (ANB).

We consider several isomorphic products o, e, x, and x on PP[n,n]
displaying different combinatorial properties. The products correspond
with the various bases for BA,, and SBA,,. We first introduce the product
o on PP[n,n].

Theorem 42. There are maps
o: PP[n,n| x PP[n,n] — PP[n,n| and o: PP[n,n] x PP[n] — PP[n],

turning PP[n, n| into a Zo-algebra and PP[n] into a module over PP[n, 7],
such that the pair (PP[n,n], PP[n]) is isomorphic to (Endz,(M(Z%,Zs)),
M(Z%,Zs2)) via the maps

A— Zm‘”@‘” and F — Z me.
acA aclk
Proof. From Theorem 17 and Proposition 6 we see that the desired
products o are constructed as follows. For A, B € PP[n,n], the product
AB € PP[n,n] is given by
AoB={ac P[n,ﬁ]’O{b € P[n],c € B ey Cag,a;Ube A,
as \ c2 Cay+c1 Cb}}.

Let A € PP[n,n| and F' € PP[n], then AF € PP|n] is given by
AoF={acPh]|O{bCcePp]|auicAa+beF}H}. O

We provide a few applications of Theorem 42.

Example 43. In PP[3, 3] we have

{{1,2,2,3}} 0 {{1,3,1,2}} = {{1,2,1,2},{1,2,1,2,3}}.

Indeed a € {{1,2,2,3}}0{{1,3,1,2}} if there is a odd number of suitable
pairs b, c. Note that ¢ = {1,3,1,2},{1,2} C as,a; Ub= {1,2,2,3}, and
thus necessarily a; = {1,2} and b = {2,3}. Moreover, we must have
as \ {1,2} C {1,2} + {1,3} C {2,3}, that is, a2 \ {1,2} C {2,3}. Thus
either as = {1,2} or ags = {1, 2, 3} yielding the desired result.
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Example 44. For A € PP[n] set A’ = 7, (A). Let F € PP[n], then
AoF ={ae€Pn] |O{bCcePinl|ce Aa+be F}}. Note that
>_aepn) M* =1 and thus:

(Z7)-(5m)- 2

Example 45. For A € PP[n] let A={acPnn]|a =ay e A}. Let
F € PP[n], then AoF = {a € P[n] | O{e Ca|a+ e € F}} and therefore

<Zm“8“) o <Zmb) = Z m.
acA beF aEAoF
Next we introduce the product e on PP[n, 7).
Theorem 46. There are maps
o: PP[n,n| x PP[n,n] — PP[n,n| and e:PP[n,n| x PP[n| — PP[n|

such that the pair (PPn,n], PP[n]) is isomorphic to (Endz,(M(Z%,Zs)),
M(Z%,Zs3)) via the maps

A— Z 0 and F — Z z®.
acA acF

Proof. From Theorem 17 and Proposition 6 the desired products e are
constructed as follows. For A, B € PP[n, 1|, the product A e B € PP[n,n]
is such that a € A e B if and only if

O{be A,ce B,k C k2]b1 Cay,e1 Cag, ks ChyNey,
b1 U (e \ ko) = ay,bo \ k1 = as \ o}
Let A € PP[n,n] and F € PP[n], then A e F' € PP[n] is given by
AoF:{aeP[n]|O{beA,ceF’bggc,blu(c\bg):a}}. 0

We provide a few applications of Theorem 46.

Example 47. In PP[3, 3] we have

{{1,3,2}} e {{2,1}} = {{1,2,3,1,2},{1,3,1,2},{1,3,1}}.

Indeed, we must have b = {1,3,2} and ¢ = {2,1}, and thus there are
three options for k1 C ko C [2], namely @ C @, @ C {2} and {2} C {2},

],
giving rise to the sets {1,2,3,1,2}, {1,3,1,2}, {1, 3,1}, respectively.
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Example 48. For A € PP[n] set A’ = 7= }({@} x A). Let F € PP[n],
then A’ e F = {a € P[n]‘O{b € A,ce F|bCecc\b=a}}. Therefore we

get that
($7)o(57)- 5 =

acA acA’eF

Example 49. For A € PP[n] let A={aePnn]|a =aye A}. Let
F € PP[n], then Ae FF={a€c F|O{be A|bCa}} and therefore

(Zx“aa> o (be) = Y =Y 0{beAlbCalan.

a€A beF aEA\oF a€eF

—

In particular we have P[n]| e P[n] = {&}, and thus
( Z xa(?“)o( Z xb):l.
a€Pn] beP[n]
Next we introduce the product x on PP[n,n].

Theorem 50. There are maps
*x: PP[n,n] x PP[n,n| — PP[n,n] and <*:PPln,n] x PP[n] — PP[n],

turning PP[n,n| into a Zo-algebra and PP[n| into a module over PP[n, 7],
such that the pair (PP[n,n], PP[n]) is isomorphic to (Endz,(M(Z%,Zs)),
M(Z%,Zs2)) via the maps

A — z:mals“2 and F — Zm“.
acA acF

Proof. From Theorem 31 and Proposition 22 we see that the desired
products x are constructed as follows. For A, B € PP[n, 7], the product
Ax B € PP[n,n] is given by

AxB={aeP[na]| O{bePln]|ayUbe A, (a1 +b) L (az +b) € B}}.
Let A € PP[n,n] and F' € PP[n|, then A x F' € PP[n] is given by
AxF={acPh]|O{bc P |aUbe A a+be F}}. 0

We provide a few applications of Theorem 50.
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Example 51. Tn PP[3, 3] we have {{1,2,3,3}}+{{1,2.2.3}} = {{1,2,3.3}}.
From the equation a; Ub € A we see that a; = {1,2,3} and b = {3}. Also
we must have a; + {3} = {1,2}, which holds, and a2 + {3} = {2, 3} which
implies that ags = {2}.

Example 52. For A € PP[n] set A’ = 7, (A). Let F € PP[n], then
AxF={ac P[n]‘O{b € Ala+be F}}. Therefore

(5 (5 5,

acA a€A'xF
in particular, (ZaeA s“) o (Zbep[n] mb> =0A ZaeP[n} me.

Example 53. For A € PP[n] set A= {a € P[n,n] | a1 = a2 € A}. Let
F € PP[n|, then AxF =0 if ¢ F and Ax F = A if & € F. Therefore

() (5o o5

acA beF acA
where c=1if g€ F,andc=0if o ¢ F.

Example 54. Let A be as Example 53, then A A = jjf @€ A, and
A A = @ otherwise. Indeed, a € P[n,n] belongs to Ax Aif aj Ube A,

P

ie.ag=be A, and (a1+b)|_|(a2+b)€g, ie. @€ Aand a1 = as € A.

Example 55. For A € PP[n]AsetAfl = {a € P[n,n| | a1 = ay € A}. Then
AxA=Aif [n] € A, and Ax A = @ if [n] € A. Indeed, a € P[n,n]

belongs to Ax Aifa;Ube A, ie. @ =be A, and (a1 +b) U (az +b) € A,
ie.[nje Aandaa =90 +b=>b=a.

Finally we introduce the product * on PP[n, 7).
Theorem 56. There are maps
x: PP[n,n] x PP[n,n] — PP[n,n] and =: PP[n,n] x PP[n| — PP[n],

turning PP[n,n| into a Zg-algebra and PP[n| into a module over PP[n,n],
such that the pair (PPn,n], PP[n]) is isomorphic to (Endz,(M(Z3,Zs)),
M(Z%,Zs2)) via the maps

A— Zx‘“s‘” and F — Z:L"“.

acA a€F
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Proof. From Theorem 31 and Proposition 22 we see that the desired
products % are constructed as follows. For A, B € PP[n, 7], the product
A x B € PP[n,n] is given by

{a € P[n,n]|O{b,c,d,e € P[n] |e Ccnd,bUd\e=ay,bLUcE A,
dU (c+ ag) € B}}.

Let A € PP[n,n| and F' € PP[n], then A% F' € PP[n] is given by

AxF = {acPn] | O{b,c,deP[n],ec F|c C dne, bUe\c=a, bLide A}}.
O

We provide a few applications of Theorem 56.

Example 57. In PP[3, 3] we have

{123+ {{2,3, 1,23} = {{1,3,1},{1,2,3, 1} }.

Indeed we must have b = {1}, ¢ = {2}, d = {2,3}, and ag = {2} +{1,2} =
{1}. Since e C {2} N{2,3} = {2}, there are two options, either e = @ and
then aq; = {1,2,3} and a = {1,2,3,1}, or e = {2} and then a; = {1, 3}
and a = {1,3,1}.

Example 58. For A € PP[n] set A’ = 7~ 1({@} x A). Let F € PP[n]
then A’x F ={a € P[n] | O{c € P[n],d € A,e € F|cCdNe,e\c=a}}.

Therefore
(Z sa) o (Z xb) = Z z®.
a€A beF acA'xF

Example 59. For A € PP[n] let A = {a € P[n,71] | a1 = ay € A}. Let
F € PP[n], then A F = {a € P[n]’O{b € Ajc € P[n],e € F | ¢ C

bne,bUe\ c= a}}. Therefore

(Z :1:“3“) o (g;ﬂ’) = Z x®.

a€A aCEAxF

8. Final remarks

Our work leaves several open problems and questions for future rese-
arch: 1) We considered the structural aspects of quantization in characte-
ristic 2. Dynamical aspects will be considered elsewhere. 2) We studied
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the analogue for the Weyl algebra in characteristic 2. Recently, there have
been several attempts to construct a suitable category that could play the
role of the category of modules over the non-existing field with characte-
ristic one [8,9,21]. It is natural to ponder whether it is possible to build
analogues for the Weyl algebra in such new contexts. 3) Categorification
of the Weyl algebra has been considered in [11]; categorification of the
Boole-Weyl and shifted Boole-Weyl algebras remain to be addressed. 4)
The symmetric powers of Weyl algebras and linear Boolean algebras in
characteristic zero were studied in [10] and [12], respectively. The analogue
problems for the quantum Boolean algebras and the linear quantum Bool-
ean algebras are open. 5) Our logical interpretation of quantum Boolean
algebras was based on a specific choice of connectives. It remains to study
other connectives, perhaps with a more direct logical meaning.
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