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ABSTRACT. We consider actions of groups on categories and
bimodules, the related crossed group categories and bimodules, and
prove for them analogues of the result know for representations of
crossed group algebras and categories.

Skew group algebras arise naturally in lots of questions. In partic-
ular, the properties of the categories of representations of skew group
algebras and, more generally, skew group categories have been studied in
[11, 8]. On the other hand, “matriz problems,” especially, bimodule cate-
gories play now a crucial role in the theory of representations |5, 6]. The
situation, when a group acts on a bimodule, thus also on the bimodule
category is also rather typical. Therefore one needs to deal with skew bi-
modules and their bimodule categories. In this paper we shall study skew
bimodules and bimodule categories and prove for them some analogues
of the results of [11, §].

In Section 1 we recall general notions related to bimodule categories.
In Section 2 we consider actions of groups on bimodule and bimodule
categories and the arising functors. The main results are those of Section
3, where we define separable actions and prove that in the separable case
the bimodule category of the skew bimodule is equivalent to the skew
category of the original one. We also consider specially the case of the
abelian groups, since in this case the original category can be restored
from the skew one using the group of characters. Section 4 is devoted to
the decomposition of objects in skew group categories, especially, to the
number of non-isomorphic direct summands in such decompositions. We
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also consider the radical and almost split morphisms in the skew group
categories (under the separability condition).

1. Bimodule categories

We recall the main definitions related to bimodule categories [5, 6]. We
fix a commutative ring K. All categories that we consider are supposed to
be K-categories, which means that all sets of morphisms are K-modules,
while the multiplication is K-bilinear. We denote the set of morphisms
from an object X to an object Y in a category A by A(X,Y). A module
(more precise, a left module) over a category A, or a A-module is, by
definition, a K-linear functor M : A — K-Mod, where K-Mod denotes
the category of K-modules. If M is such a module, x € M(X) and
a € A(X,Y), we write, as usually, az instead of M (a)(x). Such modules
have all usual properties of modules over rings. The category of all A-
modules is denoted by A-Mod. A bimodule over a category A, or an A-
bimodule, is, by definition, a K-bilinear functor B : A°? x 4 — K-Mod,
where A°P is the opposite category to A. If x € B(X,Y), a: X' — X
(iie. a: X — X in A°P), b: Y — Y’ we write bza instead of B(a,b)(x)
(this element belongs to B(X’,Y")). In particular, za and bz denote,
respectively, B(a,1ly)(x) and B(1x,b)(x). If a bimodule B is fixed, we
often write x : X --» Y instead of z € B(X,Y).

A category A is called fully additive if it is additive (i.e. has direct
sums X @Y of any pair of objects X,Y and a zero object 0) and every
idempotent endomorphism e € A(X, X) splits, i.e. there is an object YV
and a pair of morphisms ¢ : Y — X and 7 : X — Y such that 7t = 1y and
vm = e. Choosing an object Y’ and morphisms ¢/ : Y’ — X and 7’ : X —
Y’ such that 7/t = 1y, and /7’ = 1—e, we present X as a direct sum Y &®
Y’ where ¢ and / are canonical embeddings, while 7 and 7" are canonical
projections. For every K-category A there is the smallest fully additive
category add A containing A. This category is unique (up to equivalence).
It can be identified either with the category of matrix idempotents over
A or with the category of finitely generated projective .A-modules [9]. We
call it the additive hull of A. Each A-module M (bimodule B) extends
uniquely (up to isomorphism) to a module (bimodule) over the category
add A, which we also denote by M (respectively, by B)

If B is an A-bimodule, a differentiation from A to B is, by definition,
a set of K-linear maps

9=1{0(X,Y): AX,Y) — B(X,Y) | X,Y € Ob A},



52 GROUP ACTION ON BIMODULE CATEGORIES

satisfying the Leibniz rule:
d(ab) = (Ja)b + a(0b)

for any morphisms a, b such that the product ab is defined. It implies, in
particular, that 01x = 0 for any object X. Again, such a differentiation
extends to the additive hull of A and we denote this extension by the
same letter 0. A triple ¥ = (A, B,0), where A is a category, B is a
A-bimodule and 9 is a differentiation from A to B, is called a bimodule
triple. It ¥ = (A, B',d") is another bimodule triple, a bifunctor from ¥
to ¥’ is defined as a pair F' = (Fy, Fy), where Fy : A — A" is a functor,
Fy : B — B/(F) is a homomorphism of A-bimodule, where B'(Fj) is
the A-bimodule obtained from B’ by the transfer along Fy (i.e. Fi(z) :
Fo(X) --» Fp(YV) if 2 : X --» Y, and Fj(bza) = Fy(b)Fi(x)Fy(a)), such
that Fy(da) = &' (Fy(a)) for all a € Mor A. As a rule, we write F'(a) and
F(x) instead of Fy(a) and Fi(x).

Let F' = (Fo, F1) and G = (Go, G1) be two bifunctors from a triple
T = (A, B, 0) to another triple ¥ = (A", B',0"). A morphism of bifunctors
¢ : F — G is defined as a morphism of functors ¢ : Fy — Gq such that

d»(Y)Fi(z) = Gi(z)p(X) for each z € B(X,Y),
d$(X) =0 foreach X € ObA.

If ¢ is an isomorphism of functors, the inverse morphism is obviously a
morphism of bifunctors too. Then we call ¢ an isomorphism of bifunctors
and write ¢ : F = G. If such an isomorphism exists, we say that the
bifunctors F' are G isomorphic and write F' ~ G.

We call a bifunctor F' : € — %' an equivalence of bimodule triples if
there is such a bifunctor G : ¥ — ¥ that F'G ~ idy and GF ~ idg,
where idg denotes the identity bifunctor ¥ — ¥. If such a bifunctor
exists, we call the triples ¥ and T’ equivalent and write T ~ T'.

Lemma 1.1. A bifunctor F' = (Fp, F}) is an equivalence of bimodule
triples if and only if the following conditions hold:

1. The functor Fy is fully faithful, i.e. all induced maps A(X,Y) —
A'(Fo X, FyY') are bijective.

2. This functor is also d-dense, i.e. for every object X’ of the category
A’ there are an object X € Ob.A and an isomorphism « : X' —
FoX such that da =0 .

3. The map F1(X,Y) : B(X,Y) — B/ (FyX, FyY) is bijective for any
X, Y € Ob A.
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Moreover, if these conditions hold, there is a bifunctor G': ' — ¥ and
an isomorphism A : ide — F'G such that GF = idg and A(FX) = 1px
for all X € Ob A.

Proof. The necessity of these conditions is evident, so we prove their
sufficiency. Suppose that these conditions hold. For each object X’ € A’
choose an object X and an isomorphism « : X’ — FyX such that da = 0,
always setting o = 1y for X' = FyX. Set GoX' = X and A\(X') = «a.
For each morphism a : X' — Y set Goa = F; {(X,Y)(A(Y")ar" (X)),
where X = GoX', Y = GoY’ (then A\(X') : X' = FoX, A(Y) : V' 5
FyY'). Obviously, the set {A(X’)} defines an isomorphism of functors
A id — FyGy. We also define a homomorphism of bimodules G; :
B — B(Gy) setting G1(z) = Fi(X,Y) 1A )eA"Y(X) if 2 : X/ —-»
Y, X = GoX', Y = GoY'. Then G = (Gy,G1) is a bifunctor ¥ — T
and A is an isomorphism of bifunctors ide» — FG. Moreover, by this
construction, GF = idg and \(FX) = 1px for all X. O

Every bimodule triple ¥ = (A, B, @) gives rise to the bimodule category
(or the category of representations, or the category of elements) of this
triple [5]. The objects of this category are elements | Jy B(X, X), where
X runs through objects of the category add .A. Morphisms from an object
z:X --» X to an object y : Y ==+ Y are such morphisms a : X — Y
that az = ya 4+ 9(a) in B(X,Y). It is easy to see that these definitions
really define a fully additive K-category EI(T). The set of morphisms
x — y in this category is denoted by Homg(x,y). If 9 = 0, we write
EI(A, B) or even EI(B) instead of EI(A, B,0). Each bifunctor between
bimodule triples F' : ¥ — T gives rise to a functor Fj : EI(T) — EI(T'),
which maps an object x to the object Fj(z) and a morphism a : z — y
to the morphism Fy(a) : Fi(x) — Fi(y). As well, each morphism of bi-
functors ¢ : F' — G induces a morphism of functors ¢, : Fy, — G, which
correlate an object x € B(X, X) with the morphism ¢(X) considered as
a morphism F(z) — G(z). Obviously, if ¢ is an isomorphism of bifunc-
tors, ¢, is an isomorphism of functors. Especially, if F' is an equivalence
of bimodule triples, the functor Fj is an equivalence of their bimodule
categories.

If B= A and 0 = 0, we say that the bimodule triple T = (A, A4,0)
is the principle triple for the category A. Obviously, a bifunctor between
principle triples is just a functor between the corresponding categories
and a morphism of such bifunctors is just a morphism of functors. The
bimodule category of the principle triple for a category A is denoted by
El(A).

If A and A’ are two categories, one can consider A-A’-bimodules, i.e.
bilinear functors B : A°? x A" — K-Mod. Actually, any such bimodule
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can be identified with a A x A’-bimodule B with B((X, X"), (Y,Y")) =
B(X,Y") and (a,a’)x(b,b’) = azb'. Such bimodules are called bipartite. In
particular, every A-bimodule B defines a bipartite A-.A-bimodule, which
we denote by B®? and call the double of the A-bimodule B. Certainly,
bimodules B and B® are quite different and they define different bimod-
ule categories. If B = A the category EI(A®)) coincides with the category
of morphisms of the additive hull add A.

Further on we often identify the categories A and add A and say ”an
object (morphism) of A” instead of “an object (morphism) of add .A.” We
hope that this petty ambiguity will not embarrass the reader.

2. Group actions

Let ¥ = (A, B,0) be a bimodule triple and G be a group. One says that
the group G acts on the triple ¥ if a bifunctor T, : € — ¥ is defined for
each element o € G so that T} = ids and T, ~ 1,7, for any o,7 € G.
It implies, in particular, that all T, are equivalences. Further on we
write X7 instead of T,(X). We only note that according to this notation
X7 ~ (XT)?. A system of factors X for such an action is defined as a
set of isomorphisms of bifunctors A, : Ty, — T,Ty, which satisfy the
relations:

MG por = Ap.oApo.r (2.1)

for any triple of elements p,0,7 € G, and A1 = A\, =1 for any o € G.
We omit the arguments (objects of A) in these formulae (and later on in
analogous cases), since their values can easily be restored. Since A\, ; is
a morphism of bifunctors, one has A\, : X7 — (X7)? and

Ao 27T = (27)7 Ao 7 (2.2)

for every morphism from A and every element from B, and also O\, = 0
for all o, 7. Note also that the relations (2.1) and (2.2) imply, in partic-
ular, that

-1

o _ _ o o
= )\U’o-—l and )\070—11' = (w ) )\0,0—1.

o~ lo
Given an action T'= {7, } of a group G on a bimodule triple ¥ =
(A, B,0) and a system of factors A for this action, we define the crossed
group triple TG = T(G,T,\). Namely, we consider the crossed group
category AG = A(G,T,\) [11, 8]. Its objects coincide with those of
A, but morphisms X — Y in the category AG are defined as formal
(finite) linear combinations ) . as[o], where a, € A(X?,Y), and the
multiplication of such morphisms is defined by bilinearity and the rule

ag[0]br[T] = axbI Ny [0T]. (2.3)



Yu. A. DrRoOzD 55

The condition (2.1) for a system of factors is equivalent to the associa-
tivity of this multiplication. The AG-bimodule BG = B(G,T; \) is con-
structed in an analogous way: elements of BG(X,Y) are formal (finite)
linear combinations ) ¢ s[0], where z, € B(X?,Y), and their prod-
ucts with morphisms from AG are defined by the same formula (2.3), with
the only difference that one of the elements a,, b, is a morphism from A,
while the second one is an element from B. The differentiation 0 extends
to AG if we set 0()_, aslo]) = ), Oas[o]. We identify every morphism
a € A(X,Y) with the morphism a[l] € AG(X,Y) and every element
xz € B(X,Y) with the element z[1] € BG(X,Y) getting the embedding
bifunctor T — TG.

An action T of a group G on a bimodule triple ¥ induces its ac-
tion T on the bimodule category EI(¥): an element ¢ € G defines
the functor (T,). :  — z°. Moreover, if \ is a system of factors
for the action T, it induces the system of factors A, for the action
T,: one has to set (A\)yr(z) = Aor(X) if 2 € B(X,X). Thus the
crossed group category EI(T)G = EINX)(G, Ty, \.) is defined, as well as
the embedding EI(¥) — EI(¥)G. One can also define the natural func-
tor ® : EI(¥)G — EI(ZG) as follows. For an object z € B(X, X), set
®(z) = z[1] € BG(X,X). Let oo =) a,[o] be a morphism from z to
y € B(Y,Y) in the category EI(T)G. It means that a, : 27 — y in the
category EI(%), i.e. ar € A(X?,Y) and a,2° = ya, + da,. Then one
can consider o as a morphism X — Y in the category AG(X,Y), and
aall] = ¥, aslolell] = 3, g0 (0] = 3, (yar + da,)[o] = yllla + da,
so « is a morphism z[1] — y[1] in the category EI(TG) and one can set
®(a) = a.

Proposition 2.1. The functor @ is fully faithful, i.e. for any objects x,y
from EI(%)G it induces the bijective map HomzG(x,y) — Homsg(x,y),
where HomzG denotes the morphisms in the category EI(%)G.

Proof. Obviously, this map is injective. Let o = ) _ags[o] : z[1] — y[1],
ie. azx[l] = >, acx?[0] = y[lja + 0o = ) (yas + Jas)[o]. Then
a,xr’° = ya, + da, for all o, so a, : 7 — y in the category EI(%),
thus @ : © — gy in the category EI(T)G. Therefore, this map is also
surjective. O

If the group G is finite, one can also construct a functor ¥ : EI(TG) —
EI(T). For every object X € ObA, set X = P, X7 and for every
element £ =) x,[0] € BG(X, X), where z, : X7 --» X, denote by £

the element from B(X,X) = @D, . B(XT, X7) such that its component
EU,T € B(X7,X7) equals 27_;_\; ;-1,. Note that z,-1, : X' Y,
hence x7_; (X7 '™ =5 Y7 thus 75 A : X7 --» Y7 indeed.

-1 o011
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Let n =Y, yslo] € BG(Y,Y), where y, € B(Y?,Y) and a = >__ a,[0]
be a morphism from ¢ to n, where a, € A(X?,Y). Since

af = Z Z ap[p]wa[a] = Z Z apxg)‘p,U[PU] =
= (X et A I

and

no = Z Zyp[p]aa [o] = Z Z YpagApolpo] =
p o
_Z Zyﬂ 12010 (7],

it means that, for each 7,
Z ame_IT)\pmﬂT = Zypaﬁ_lT/\pvpflT + da,. (2.4)
P p

Consider the morphism & : X — Y such that

~ __ o
05077- = CLU

Aoo—1r 0 X — Y7,

_1T

Then the (o, 7)-component of the product a€ equals
-1,
I= Zag_lpA(,vflpxg_lTApvpflT = Zag_lp(a;g_l “Noo—1pAppirs
p p
while the (o, 7)-component of the product f& equals

=471, Ao 1p 81 Ap - Zyg ; ) Aoo1pApp 1
P

(In both cases we used the relation (2.2) replacing 7 by 0~1p). Since, by
the condition (2.1) for the system of factors,

Aoo—1pA =\

p\p.p= 0_1p,p_17’>\0'70'_17" and 8A070—1T = O,

we get from the relation (2.4) that I = Il + 0a, , (we just replace p by
o~ 1p, 7 by o717, then apply the functor T, to both sides). Therefore, &
is a morphism £ — 7 and one can define the functor ¥ setting ¥(¢&) = 3
and ¥(a) =
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Proposition 2.2. The functors ® and ¥ form an adjoint pair, i.e. there
is a natural isomorphism Hom<G(®x, n) ~ Homs(x, ¥n) for each objects
x € EI(%) and n € EI(ZG).

Proof. Let x € B(X, X), n € BG(Y,Y), n =, yslo], where y : Y7 --»
Y, and a : ®(z) = z[l] — 7 in the category EI(TG). By definition,
a =) _as[o], where a, : X7 — Y, and

Z asx’ =noa+ Oa = Z (Z ypazflo.)‘p,p—lo' + 8&0-) [0]7
o p

l.e.

g1’ = Z ypaZ*lo)\Pvﬂ‘lg + day (2.5)
p

for every o. Consider the morphism f(a) = 8 : X™ — Y = @,Y°
such that its component (3, : X — Y7 equals a?_, A, ,-1. Compute the
o-components of the products Sz and 73, where 77 = V1. They equal,
respectively,

1
Box" = ag-1As o172 = af-1 (27 )7 A5 51

and
ag U
Zyaflp 0,0~ lﬂap App=t = § :yo 1 P)7 Xgo1pPp -1 =

= E ya__l U)\U—lpp—l)\g,g—l-

The relation (2.5), where o is replaced by o~! and p by o~ 1p, these
two expressions differ exactly by 08, = dal_, )\, ,-1, hence 8 = f(«a)
is a morphism = — 7 in the category EI(%). Obviously, if o # o/, then
f(a) # f(a') as well. Moreover, one easily checks that the correspondence
a — f(a) is functorial in z and n, i.e. f(a)b = f(a®b) and f(ya) =
(¥v) f(a) for any morphisms b: 2’ — z and v : n — 7.

On the contrary, let 8 : x — 77 be a morphism in the category EI(%T).
Denote by G, : X — Y9 the corresponding component of 3 and consider
the morphism a = ) _as[o] : X — Y in the category AG, where a, =
)\;’i,lﬁg,l : X9 — Y. Comparing the o-components in the equality
Bx = np, we get

Bo =Y Y71 Ag0-1,8 + 0. (2.6)
p
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The coefficients near [o] in the products a(®z) = az[l] and na equal,
respectively,

o _ \—1 o o
aex’ = )\07071@,_1:6

and

1

e = S s
p
- Zyp Agfla,aflp)p/\p’pf1”’8571P'
p

1

The relation (2.6), with o replaced by o™, implies that

asz’ —8&0—2)\00 L yop )TN 1 50 1)
=ZyapA;U_l>\g_17pﬂg_l Zw— AT g0 =

_Zyp o0 1p Zyp )‘_ loo— 1p)p)\P»P71<Tﬁg*1p‘

(Passing from the second row to the third, we used the relation (2.1)
for the triple 0,01, p, while in the third row we used the same relation
for the triple p,p~'o,071p.) Therefore, az[l] = na + da, thus « is a
morphism ®x — 7. Moreover, the og-component of f(«) equals

agfl)\a,ofl = ( o1 0—) (ﬁo— )U)‘a,a ()\; 1 g)o—)‘a,oflﬁa = ﬁo"

Hence f(a) = 3 and the map a+— f(«) is bijective. O

3. Separable actions

We call the center Z(%) of a bimodule triple ¥ = (A, B, d) the endomor-
phism ring of the identity bifunctor ids. In other words, the elements of
this center are the sets of morphisms

a={ax: X—>X|XeObA},

such that aya = aax for every morphism a : X — Y, ayx = zax for
every element © : X --» Y and dax = 0 for all X. In particular, the
element ax belongs to the center of the algebra A(X, X). One easily
sees that if @« = {ax } and § = { Bx } are two such sets, then the sets
a+0 ={ax + Px }and aff = { axBx } also belong to Z(T). Hence, this
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center is a ring (even a K-algebra), commutative, since axfx = Bxax.
If F = (Fo, F) is an equivalence of bimodule triples ¥ — ¥ = (A, B/, '),
it induces an isomorphism Fz : Z(%) = Z(%'). Namely, for any X' €
Ob A’, choose an isomorphism A : X' — FyX for some X € Ob A, and,
for each element o = { ay } € Z(%), set (Fza)x: = A~ (Fpax)A. Let Y/
be another object from A, p: Y' = FyY and (Fza)y = p~ Y (Fyay ). If
a' € A(X',Y"), the morphism pa’A\~! : FuX — FyY is of the form Fya
for some a : X — Y. It gives

(Fza)yrd' = p Y (Fooy )y - p=H (Foa)\ =
=~ (Foay)(Foa)d = p~ ' (Fo(aya)A =
= Fy(aax)) = pH(Fya) (Foax)\ =
= d A Y (Fyax)\ = d'(Fza)x.

(3.1)

Especially, if Y/ = X’ and ¢/ = 1xs, we see that Fz(a)x: does not
depend on the choice of X and A. Just in the same way one checks
that (Fza)y:2' = o/(Fza)x: for every 2/ € B'(X',Y’). Note that an
isomorphism A can always be chosen such that OA = 0: for instance, one
can use the isomorphism of bifunctors ¢ : ids» — F'G for some bifunctor
G and set X = GoX', A = ¢(X’). Therefore &' (Fza)x = 0, so the set
Fza = {(Fza)x: } belongs to Z(2"). Obviously, Fz(a+3) = Fza+Fzf
and Fz(af) = (Fza)(Fzf), and if F' : ¥ — %" is another equivalence,
then (F'F)z = FLFz. Moreover, similarly to the equalities (3.1), one
casily verifies that if F' ~ F’, then Fz = F’%. In particular, if G: ' — ¥
is such a bifunctor that F'G ~id+ and GF ~ idg, then Gz = Fz_l, thus
F'z is an isomorphism.

These considerations imply that every action T of a group G on a
triple ¥ induces an action of the same group on the center of this triple
with the trivial system of factors: if A is a system of factors for the action
T, then (a%)x = )\;}‘_104" _1 s -1 for every o € Z(%). Especially, if
the group G is finite, for any element a from Z(¥) its trace is defined as
tra=trga =) _a% ie (tra)x =), )\;’i_la” ~1As,0-1. Obviously,

Xo
the center of the triple TG is a subalgebra of the center of ¥.

o

Proposition 3.1. The center Z(TG) coincides with the subalgebra Z(%)¢
of elements of the center Z(¥) that are invariant under the action of G.

In particular, if this group is finite, the trace of each element o € Z(%)
belongs to Z(%G).

Proof. Let a = { ax } be an element of the center Z(%). Since ayalo] =
aaxes[o] and a[o]lax = aa%[o] for each morphism a : X? — Y, this
element belongs to the center of the triple TG if and only if axs = a%
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for every X and every o. But then

_ _ —1
(aU)X = )‘0-7(17—10‘0 o1 >‘U,0*1 = >\O_7i_1(06g( )0)‘0,0*1 = oax,
so « is invariant under the action of G. Just in the same way one verifies
that every invariant element from Z(%) belongs to Z(%G). The last
statement follows from the fact that tr« is always invariant under the

action of the group. O

Definition. We call an action of a finite group G on a bimodule triple ¥
separable, if there is an element of the center o € Z(%T) such that tra = 1.

Certainly, it is enough tr « to be invertible. For instance, if the or-
der of the group G is invertible in the ring K, any action of this group
is separable. Another important case is when the center of the triple T
contains a subring R such that it is G-invariant, the group G acts effec-
tively (i.e. for any o # 1 there is 7 € R such that r? # r) and R is
a separable extension of its subring of invariants RC [4]. If R is a field
and G acts effectively on R, the last condition always holds. In general
case it is necessary and sufficient that every element o % 1 induce a non-
identity automorphism of the residue field R/m for each maximal ideal
m C R such that m? = m [4, Theorem 1.3]. For an action of a group on
a category (that is, on a principle triple) the notion of separability was
introduced in [8]. Obviously, if an action of a group on a bimodule triple
is separable, so is also its induced action on the corresponding bimodule
category. We also note that if an action of a group G is separable, so
is the action of every subgroup H C G: if trga =1 and = _.pa?,
where R is a set of representatives of right cosets H\G, then try 8 = 1.

Recall that a ring homomorphism A — A’ is called separable if the
natural homomorphism of A’-bimodules A’ ®p A’ — A’ sending a ® b
to ab splits, i.e. there is an element > ,b; ® ¢; in A’ ®a A’ such that
Yoibici=1and Y ab;®¢; =), bicia for all a € A’

Lemma 3.2. An action of a finite group G on a triple ¥ is separable if
and only if so is the ring homomorphism Z — ZG, where Z = Z(%).

Proof. Suppose that the action is separable, &« = { ax } is such an element
of the center that tra=1. Let t =" _a’[o]®[071] € ZG®z ZG. Then
S, a’o][c7] =tra=1 and, for any 8 € Z, 7 € G,

Bir]-t=3 Ba[ro]®lo | =) a™Blro]® o] =

=Y a’Blo]@ o] =" a%ls]@ [ ")Blr] =t A7),
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so the homomorphism Z — ZG is separable.

Now let the homomorphism Z — ZG be separable. Note that ev-
ery element from ZG ®z ZG is of the form ) . z57[0] ® [r] for some
20+ € Z. Hence there are elements z,, such that Dor PorloT] =

i (s zeo-to)lT] = 1, le. Y, 2501 = 1, and 3 2z, -1, = 0 if
T # 1, moreover, for every p € G we have:

(o] ( Z 2o 70] ® [7‘]) = Z 28 [pol @ [1] = Z 22’71077[(;] ® [1] =
= (Y zorlol @)l = zorlo] @ (7o) = Y 20p1l0] @ [7)-

o,T o,T o,T

Thus zz,l(” = 257p-1 for p,o,7. Especially, for 0 = p, 7 =1 we get

Zgo-1 = 2{1. Therefore, trz;; = 1 and the action is separable. O

Corollary 3.3. If an action of a group G on a triple ¥ = (A, B, ) is
separable, so is also the embedding functor A — AG, i.e. the homomor-
phism of AG-bimodules ¢ : AG ®4 AG — AG splits, or, the same, for
every object X € Ob A there is an element tx € (AG® 4.AG)(X, X) such
that ¢(tx) = 1x and atx = tya for each a € AG(X,Y). In particular,
the action of a group G on a category A is separable if and only if so is
the embedding functor A — AG.

Theorem 3.4. If an action of a finite group G on a bimodule triple
T = (A, B, 0) is separable, the functor ® : EI(T)G — EI(TG) induces an
equivalence of the categories add EI(¥)G — EI(%G).

Proof. First we prove a lemma about fully additive categories.

Lemma 3.5. Let C be a fully additive category, F' : C — C’ be a fully
faithful functor. F' is an equivalence of categories if and only if every

object X’ € C' is isomorphic to a direct summand of an object of the
form FY, where Y € Ob(C.

Proof. The necessity of this condition is obvious, so we only have to prove
the sufficiency. If X’ is a direct summand of F'Y, there are morphisms
/X' = FY and @' : FY — X' such that 7't/ = 1x/. Then ¢’ = /7’ is
an idempotent endomorphism of the object F'Y. Since the functor F' is
fully faithful, ¢’ = Fe for an idempotent endomorphism e : Y — Y. Since
the category C is fully additive, there are an object X and morphisms
t: X =Y and 7 : Y — X such that e = 7w and ¢t = 1x. Then
(Fu)(Frr) = € and (Fr)(Fu) = 1px. Let u = 7'F(1), v = (Fr)/; then
we immediately get that wv = 1x/ and vu = lpyx, i.e. X' ~ FX, the
functor F' is also dense, so it is an equivalence of categories. ]
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We prove now that every object & of the category EI(TG) is isomor-
phic to a direct summand of ®WE. Since P is fully faithful (Proposition
2.1), Theorem 3.4 follows then from Lemma 3.5. Let { = Y7 x,[0] €
BG(X, X), where z, € B(X?,X). Then V¢ = £ € B(X,X), where
X =@, X and or = 171 A o-ir, and OUE = £[1]. Choose an ele-
ment a € Z(%) such that trow = 1. Consider the morphism 7 : X — X
such that its o-component equals 7, = )\;3170[0_1] : X7 — X. Then the
o-component of the element {7 equals

Z IP()‘gﬂ,g)_l)‘p,o—l [po™1] = Z xp)‘;alfl,g[pa_l]
p p

(we use the relation (2.1) for the triple p, o~1,0), while the o-component
of the element 7w¢[1] equals

_ 11 o1 B
Z/\ SN CAT L Zx AN T =
_Zx_1)\110 1 Zl‘p pglgpa 'V

1

Here we used first the relation (2.1) for the triple p=%, p, p~!o and then
replaced p by op~!. So ér = ﬁf[l] and, since 9 = 0, 7 is a morphism
£[1] — ¢ Now consider the morphism ¢ : X — X such that its o-
component equals axs[o]. The o-component of the element (& equals

ZO&XUZE )\gp O’p ZaX(’mg 1 G’O’ [p]7

and the o-component of the element £[1]: equals

Z nglp)‘o,aflanp [)0] = Z aXngflp)‘a,aflp[p]a
p P

since o € Z(%). Therefore £[1]e = i, thus ¢ is a morphism & — £[1].
But me =) A a—l aaXU - o = (tra)x = 1x = 1¢, which just means

that the element ¢ is a direct summand of the element & [1]. O

One can get more information if the group G is finite abelian and the
ring K is a field containing a primitive n-th root of unit, where n = #(G),
i.e. such an element ¢ that ¢ = 1 and ¢¥ # 1 for 0 < k < n. Then
certainly char K t n, so any action of the group G on a bimodule triple
T = (A, B, 0) is separable.

Let G be the group of characters of the group G, i.e. the group of
its homomorphisms to the multiplicative group K* of the field K. This



Yu. A. DrRoOzD 63

group acts on the triple TG (with the trivial system of factors) by the
rules:

XX =X forevery X € ObA,

(D z6lo])* =D x(0)z0lo],

where x € G and 3 2,[0] is a morphism from .AG or an element from
BG. Recall that also #(C) = n, so this action is separable as well. We
denote by xo the unit character, i.e. such that yo(c) = 1 for all o € G.
By definition, morphisms from AGG and elements of BGG are of the form
> o Toxlol[x]. We write [x] instead of [1][x] and o instead of [o][xo]-
In particular an element z[1][xo] is denoted by .

Theorem 3.6. The bimodule triples add ¥ and add TGG are equivalent.

Proof. Consider the elements e, = % Z X(0)[x] from the endomorphism
X
ring AGG(X , X). The formulae of orthogonality for characters |7, Theo-
rem 3.5] immediately imply that e, are mutually orthogonal idempotents
and ) e, = 1. Moreover, e,[7] = [T]esr, so all these idempotents are
conjugate, thus define isomorphic direct summands X, of the object X
in the category add AGG, and X = @D, Xs. We define the bifunctor
O : add¥ — addTGG setting ©X = X; and ©x = ze; = ez, where
x is a morphism X — Y or an element from B(X,Y). Obviously, the
functor O : add A — add AGG satisfies the conditions of Lemma 3.5, so
it defines an equivalence of categories. Since every map 01(X,Y) is also
bijective, the bifunctor © is an equivalence by Lemma 1.1. 0

Corollary 3.7. The categories EI(T) and add EI(T)GG are equivalent.

Proof. Indeed, add EI(¥)GG ~ EI(SGG) by Theorem 3.4. O

4. Radical and decomposition

In this section we suppose that the ring K is noetherian, local and henselian
[3] (for instance, complete). We denote by m its maximal ideal and by
t = K/m its residue field. We call a K-category A piecewise finite if all
K-modules A(X,Y) are finitely generated. Then its additive hull add A is
piecewise finite as well. Moreover, each endomorphism ring A = A(X, X)
is semiperfect, i.e. possesses a unit decomposition 1 = >, e;, where ¢;
are mutually orthogonal idempotents and all rings e; Ae; are local. Hence
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the category add A is local, i.e. every object in it decomposes into a fi-
nite direct sum of objects with local endomorphism rings. Therefore this
category is a Krull-Schmidt category, i.e. every object X in it decom-
poses into a finite direct sum of indecomposables: X = ;" X; and
such a decomposition is unique, i.e. if also X = ;" ; X/, where all X
are indecomposable, then m = n and there is a permutation e of the
set {1,2,...,m} such that X; ~ X/, for all ¢ [2, Theorem 1.3.6]. Re-
call that the radical of a local category A is the ideal rad A consisting
of all such morphisms a : X — Y that all components of a with re-
spect to some (then any) decompositions of X and Y into a direct sum
of indecomposables are non-invertible. We denote A = .4/ rad A. In par-
ticular, rad A(X, X) is the radical of the ring A(X,X) and A(X, X) is
a semisimple artinian ring [9]. In the case of a piecewise finite category
always rad A D mA, in particular, A(X,X) is a finite dimensional -
algebra. The category A is semisimple, i.e. every object in it decomposes
into a finite direct sum of indecomposables and A(X,Y) = 0 if X and
Y are non-isomorphic indecomposables, while A(X, X) is a skewfield for
every indecomposable object X. (Note that an object X is indecompos-
able in the category A if and only if it is so in the category A). Moreover,
rad A is the biggest among the Z C A such that the factor-category A/Z
is semisimple.

If a finite group G acts on a piecewise finite category A with a system
of factors A, the category AG is piecewise finite as well. Moreover, the
radical is a G-invariant ideal, i.e. (rad.A)? =rad A for all o € G, and the
ideal (rad.A)G is contained in the radical of the category AG.

Proposition 4.1. If the action of a group G on a category A is separable,
so is also its induced action on the category AG. In this case rad(AG) =
(rad A)G and the category AG is semisimple.

Proof is evident. O

From now on, we suppose that A is a piecewise finite local K-category,
R =rad A, X € Ob A is an indecomposable object from A, A = A(X, X)
and G is a finite group acting on A with a system of factors A so that its
action is separable. We are interested in the decomposition of the object
X in the category AG into a direct sum of indecomposables, especially,
the number v(X) of non-isomorphic summands in such a decomposition.
Recall that such decomposition comes from a decomposition of the ring
AG(X, X) or, equivalently, of the ring AG(X, X) into a direct sum of
indecomposable modules.

Proposition 4.2. Let H= {0 € G| X? ~ X }. Then
AG(X, X)/RG(X, X) ~ AH(X, X)/RH(X, X),
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in particular, vg(X) = vy(X).

Proof is evident, since a, € R for every morphism a, : X° — X if

o¢H. O

Corollary 4.3. If X7 2 X for all ¢ € G, the object X remains indecom-
posable in the category AG.

Therefore, dealing with the decomposition of X, we can only con-
sider the action of the subgroup H. For every ¢ € H we fix an iso-
morphism ¢, : X? — X and consider the action 7" of the group H
on the ring A given by the rule 7% (a) = ¢,a%¢,'. One easily verifies
that the elements \ . = oI Ao+ ¢+ form a system of factors for this
action, moreover, the map alo] — a¢,[o] establishes an isomorphism
AH, T, N) ~ AH(X, X). Thus, in what follows, we investigate the alge-
bras A(H, 7", \') and D(H, T, \), where D = A/rad A and )\, denotes
the image of )/ . in the skewfield D. The latter factor-ring is finite di-
mensional skewfield (division algebra) over the field . We denote by F
the center if this algebra (it is a field). Let N be the subgroup of H
consisting of all elements o such that the automorphism 7. induces an
inner automorphism of the skewfield D, or, equivalently, the identity au-
tomorphism of the field F [7, Corollary IV.4.3]. It is a normal subgroup
in H. For every element p € N we choose an element d, € D such that
Ty(a) = dpad;1 for all @ € D. We also choose a set S of representatives
of cosets H/N and, for every o € H, denote by & the element from S such
that oN = aN, and by p(o) the element from N such that o = p(o)a.
Now we set D,(a) = d;(i)Té(a)dp(a). An immediate verification shows
that we get in this way an action of the group H on the skewfield D with
the system of factors p,, = d;é) (dg(T))*lepo(m) and, besides, the
map [0] +— d,,)[o] induces an isomorphism D(H,T",\) ~ D(H, D, ).
Note that now

N={ceH|D,=id} ={oceH|Dylp=id}.

Moreover, one easily sees that p, - € F if 0,7 € H.

Further on we denote DH = D(H, D, 11). The number of non-isomorphic
indecomposable summands in the decomposition of DH equals the num-
ber of simple components of this algebra |7, Theorem I1.6.2], or, the same,
the number of simple components of its center.

Proposition 4.4. The center of the algebra DH coincides with the set
(FN)H={a e FH | V7 [rla = a[r]} =

= { Z as o] ’Va(ag ceF&Vr(reH=alpr o = awrl,uﬂwqﬁ))}.
oeN



66 GROUP ACTION ON BIMODULE CATEGORIES

Especially, if N = {1}, then DH is a central simple algebra over the field
of invariants FH, hence, vg(X) = 1.1

Proof. If an element o = ) _aq[o] belongs to the center of DH, then
S baglo]l =X aslolb = 3, asb?o], so if a, # 0, then b7 = a'ba,,
hence, 0 € N, b° = b and a, € F. Finally, the equalities [T]a =

Zo’ a’g:U'T,U[TU] = 04[7' = Zo’ CLU,U,OJ[O'T] = Za aTO’T_llu’TO'T_l,T[TU] com-
plete the proof. O

Corollary 4.5. If F = ¢ (for instance, the residue field ¢ is algebraically
closed) and the group H is abelian, the center of the algebra DH coincides
with €Hg, where Hg is the subgroup of H consisting of all elements o such
that pio 7 = pr o for all 7 € H. In particular, vg(X) = #(Ho).

Proof. In this case N = H, so the center of DH coincides with ¢Hy (one
easily checks that Hg is indeed a subgroup). Since the latter algebra is
commutative and semisimple, it is isomorphic to €™, where m = #(Hy),
therefore, the number of its simple components equals m. ]

Corollary 4.6. If F = £ and the group H is cyclic, the center of the
algebra DH coincides with #H and vg(X) = #(H).

Proof. Actually, in this case it is well-known that p,, = pro for all
o, 7 € H. ]

Note that all these corollaries hold if the group G itself is abelian or
cyclic.

If K-category A is piecewise finite, so is every bimodule category
EI() as well, where T = (A, B,d). If a group G acts separably on the
triple ¥, it acts separably on the category EI(¥) as well, and, according to
Theorem 3.4, add EI(¥)G ~ EI(¥G), this equivalence being induced by the
functor ® : x — x[1]. Therefore, all the results above can be applied to
the study of the decomposition of an element x[1] in the category EI(TG).
We only quote explicitly the reformulations of Corollaries 4.5 and 4.6 for
this case.

Corollary 4.7. Let the residue field £ be algebraically closed and the
group H = {o | 27 ~ x } be abelian. Choose isomorphisms ¢, : 27 — x
for every element o € H and denote by j, - the image of a morphism
oo rdyr in € ~ Home(z, )/ radz(z, ). Then the number of non-
isomorphic indecomposable direct summands in the decomposition of the
object x[1] in the category EI(TG) equals the order of the group Hy =
{0 | VT tto,r = pirs }. Especially, if the group H is cyclic, this number
equals the order of H.

! The last statement is well-known, see [10, Theorem 4.50].
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Remark 4.8. It is evident that all these statements also hold if separable
is the action of the group H on the skewfield D, or, equivalently, on its
center F. It is known [10, Section 4.18] that one only has to verify that
separable is the action of the subgroup N, i.e. that char€{ #(N), since
the action of N on F is trivial.

Proposition 4.1 evidently implies some more corollaries concerning
the structure of the radical of the category AG (for instance, bimodule
category EI(ZG)).

Corollary 4.9. Let the action of the group G is separable. If a set of
morphisms {a; } is a set of generators of the A-module (rad A)(X, )
(or A°P-module (rad A)(_, X)), its image {a;[1]} in AG is a set of
generators of the AG-module (rad AG)(X, ) (respectively, A°P-module
(rad AG)(_,X)).

We call a morphism a : Y — X left almost split (respectively, right
almost split) if it generates the A-module (rad A)(_, X) (respectively,
A°P-module (rad A)(Y, )), and an equality a = bf implies that the
morphism f is left invertible, or, the same, is a split epimorphism (re-
spectively, the equality a = fb implies that ¢ is right invertible, or, the
same, is a split monomorphism).?

Corollary 4.10. Let the action of G is separable. If a morphism a : Y —
X is left (right) almost split, so is a[l] as well.

A sequence X =Y P X7 s called almost split if the morphism a
is left almost split, the morphism b is right almost split and, besides,
a = Kerb and b = Coka, i.e., for every object Z, the induced sequences
of groups

0 -AZX)— AZ)Y) — A(Z,X"),
0—-AX",2Z)— AY,Z) — AX, Z)

are exact.

Corollary 4.11. Let the action of G is separable. If a sequence X

1 b1
Y % X7 is almost split in the category A, the sequence X LIUR Y LER X’

is almost split in the category AG.

2 In the book [1] one only uses these notions in the case when X (respectively, Y) is
indecomposable. However, one can easily see that a left (right) almost split morphism
in our sense is just a direct sum of those in the sense of [1]. The same also concerns
the notion of the almost split sequences used below.
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Since, under the separability condition, every object from add.AG
is a direct summand of an object that has come from the category A,
Corollaries 4.10 and 4.11 describe almost split morphisms and sequences
in the category add AG as soon as they are known in the category A. In
particular, these results can be applied to the bimodule categories EI(TG)
due to Theorem 3.4.
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