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ABSTRACT. Minimal generating sets of a Sylow p-subgroup
P, of the symmetric group Sy~ are characterized. The number of
ordered minimal generating sets of P, is calculated. The notion of
the type of a generating set of P, is introduced and it is proved
that P, contains minimal generating sets of all possible type. The
isomorphism problem of Cayley graphs of P, with respect to their
minimal generating sets is discussed.

1. Introduction

For any finite p-group (p is a prime) all minimal (in the sense of an
inclusion) generating sets have the same size. If X is a minimal generating
set of a finite p-group G, then for every automorphism o € Aut(G)
image X is also a minimal generating set of G. Hence Aut(G) acts
on the set ¥ of all minimal generating sets of G. The investigation
of orbits of Aut(G) on the set X is interesting from the point of view
of the isomorphism problem for Cayley graphs of the group G [1, 2, 9].
Namely, if generating sets X, Y belong to the same orbit of Aut(G) on
Y, then Cayley graphs Cay(G, X) and Cay(G,Y) are isomorphic. For
many p-groups G the inverse statement is also true, i.e. if Cay(G, X) is
isomorphic to Cay(G,Y) then X, Y belong to the same orbit of Aut(G)
on %g. We call p-groups with such property MCI-groups. For MCI-
group G the isomorphism problem of connected Cayley graphs of minimal
branch degree is equivalent to characterization of orbits of the group
Aut(G) on Xg. If G is not the MCI-group then some orbits Aut(G)
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on X can join together into one equivalence class of the Cayley graphs
isomorphism relation. Hence, in both cases, the investigation of different
types of minimal sets of generators and the action of automorphism group
on that sets can be use to solve the isomorphism problem of Cayley graphs
in the natural way .

In this paper we investigate minimal sets of generators of the Sylow
p-subgroup P, of symmetric group Sp» of the degree p" (n € N), using
special polynomial representation of this group proposed by L. Kalouj-
nine in [4, 5]. The outline of this paper is as follows. In the section 2
we remind basic definitions and facts about Sylow p-subgroups P, and
characterize some calculation techniques connected with the polynomial
representation of those groups. In the section 3 the theorem about the
number of minimal ordered generating sets of P, is proved and the char-
acterization of all those sets for n = 2 is presented. In the section 4 we
focus on investigation of triangular and diagonal generating sets. We give
a short description of the decomposition algorithm for elements from P,
into the product of generators from a diagonal generating set. In the sec-
tion 5 we introduce the notion of the type of generating set and we give
a complete description of the set of types for all minimal generating sets
of P,. In the section 6 we discuse sufficient condition for the group P,
to be a MCI-group and we construct examples of generating sets with
isomorphic or non-isomorphic Cayley graphs.

2. Preliminaries

Let S, be the symmetric group of the degree m and m = ag+a1p+asp®+
... + app®, where p is a prime. By P, we denote the Sylow p-subgroup of
the symmetric group Sp» (n =1,2,...). Then a Sylow p-subgroup of .S,
is isomorphic (see [3]) to the direct product

ai ag ag
Pt x Py? x ... x P

So the investigation of the structure of Sylow p-subgroups of the sym-
metric group S;, can be reduced to analysis of Sylow p-subgroups of the
symmetric group Spyr (n =1,2,...,k). It is easy to verify that the order
of the group P, is equal to:

[Pa| = prritre

It is well known that P, is isomorphic to the wreath product of n regular
cyclic groups of order p (see, for example [3]):

Py 2 Cp1Cpl--1C,.
|

n
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For our considerations we can use very convenient presentation of P,
introduced by L. Kaloujnine (see [4],[5]).

Let Z, be the field of residues modulo p. Every function f of n vari-
ables over Z, can be represented by a polynomial of n variables over
Zp. Let I be an ideal of the ring Z,[x1, ..., x,] generated by polyno-
mials of — x1,...,2h, — x,. Polynomials g, h € Zp[z1,..., 7] define
the same function if and only if ¢ = h (mod I). Any residue class of
Zplz1, ..., xp]/I contains an unique polynomial such that degrees of all
its variables 1, ..., z,, are equal at most p— 1. This polynomial is called
a reduced polynomial modulo ideal I.

The sequence of the type:

u = [fl, fQ(.CEl), fg(:L’l, 1:2), ey fn(:cl, e ,xn_l)] (1)

where fi € Z, and f; is a reduced polynomial for ¢ = 2,3, ...,n is called
a tableau of the length n over Z, (see, [5]).
Every tableau of the form (1) acts on the set Zj in the following way:

(1,29, ..., xp)" = (1 + fr,x2 + fo(z1), ...y xn + fru(z1, .. 20—1)) (2)

for any (21, z2,...,7,) € Zy.

Lemma 1. For any tableau u the action (2) defines some permutation
on Ly,

Proof. Simply checking. O

The set of all tableaux forms a group according to the following operation:
If

U = [fl?fQ(xl)a . wfn(wla cee al'nfl)]

and
V= [91,92(901), e ,gn(ﬂﬁl, .- -amnfl)]
then:
w = [f1 + g1, f2(21) + g2(x1 + f1), .-, (3)

fn(@t, - net) Fgn(xr + fioo o 1 + fooi (2, - 20—2))]

The tableau e = [0, ...,0] is the neutral element for this operation. The
inverse element for u is equal:

u = [—f1,—faz1 = 1), —f3(@1 — f1, 22 — fol@1 — f1)), ... 0
oo —falmr = froc @ — faa(GO)]

The order of this group is equal to pl*PHP*++P""" and hence it
is isomorphic to Sylow p-subgroup of symmetric group Sp». Thus every
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element of the Sylow p-subgroup P, may be represented by a tableau (1).
We call this representation as a polynomial or Kaloujnine representation
of P,.

It is convenient to use the following notation. The sequence of vari-
ables x1,x2,...,x; we denote by X;. Let us take any tableau

u = [f1, f2(X1), .., fu(Xn-1)] -

By the symbol u(;) we denote the beginnig of the tableau u of the length
i. For any reduced polynomial g(X;) we denote by g(X#) = g(X, ) the
following polynomial

g(x1 + fr,22 + fa(X1), ..., @i + fi(Xic1)) -

According to our notation, the product of tableaux gy = [ug_1), a(X;)]
and v(;) = [v(i_1), b(X;)] has the form

o6 aCXim) + X))

Let us denote by [u]; the i-th coordinate of the tableau w. The tableau u
has the depth k£ if [u]; = ... = [u]r = 0 and [u]x41 # 0.

Technique of calculations using the Kaloujnine representation is based
on the following simple facts:

Fact 1. We have the following equalities:

1 [(u,0)]; = [ wou o™ =

-1
U(i-1)V(i-1)t%(;—1)

= a(Xi-1) = a(XT T F 0T — (X )
TP Tt
2. [Uvu_l]iJrl _ Q(X:(i)) +b(X;) — a(XZL(z)v(z)u(z)> ’
k=1
3. W =Y a(X, 7Y .
7=0

For every polynomial of k-variables we can define the height of a
polynomial.

Definition 1. The height of the nonzero monomial x{*x5? - ... - x* is

called the number:

h(a$las® - af*) =14+ a1 + agp + ... + agp® L.

We assume that h(0) = 0. The height of the reduced polynomial f of k
variables is equal to the maximum height of its monomials.
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Fact 2. 1. For any reduced polynomial f(Xy) and a tableaw u € P, the
following equality holds

h(f(Xy)) = h(f(Xk)) -

2. For any reduced polynomial f(Xy) and a tableau u € P, the following
inequality holds

h(f(Xy) = F(X})) < max{h(f(Xg)) — 1,0} .

3. For any reduced polynomial f(Xy) there exists a tableau u € P, such
that

h(f(Xy) = F(X})) = max{h(f(Xz)) — 1,0} .

4. For any reduced polynomial f(Xy) and a tableau u € P, of depth s < k
the following inequality holds

h(f(Xk) — F(XE)) <P —p°.

5. For every tableau u € P, of depth s < k there exists a reduced polyno-
mial f(Xy) such that

h(f(Xx) = FOXE) =" —p° .
6. For every tableaur u,v € Py, the following inequalities hold:
h([v*]x) < max{h([v]r), h([u]r) =1} ,

h([(u, v)]x) < max{h(fulr) =1, h([v]z) — 1,0} .

Moreover, for every tableau uw € P, and k > 1 there exists a tableau
v € Py, such that

A[(u,v)]k) < max{h([ule) - 1,0} .

By pe(f(z1y...,xr)) we denote the coefficient of the monomial of f
which has the maximal height.

Lemma 2. The commutator subgroup of Py is equal to:

Pl ={[0, fo(X1), f3(X2), ey fu(Xn—1)]; R(fi) <P, i=2,...,n} .

The quotient group P, /P) is elementary abelian group of the order p".

Proof. See [5]. O



172 MINIMAL GENERATING SETS AND CAYLEY GRAPHS

3. Bases of Sylow p-subgroups of symmetric groups

An element g € G is called a non-generating element of G if it can be
deleted from any generating set of G. All non-generating elements of G
form a subgroup which is called the Frattini subgroup of the group G
and denoted by ®(G). The subgroup ®(G) may be defined also as the
intersection of all maximal subgroups of G. If G is a finite p-group then
® (@) is the intersection of all subgroups of the index p. As usual, by G"
we denote the group generated by all powers g”, g € G. The following
statement about Frattini subgroups is well known (see for example [11]):

Lemma 3. If G is a finite p-group, then ®(G) = G'GP.

So if G is a p-group then G/®(G) is an elementary abelian p-group
which may be idetified with an additive group of a linear space over Z,.

Lemma 4. Let G be a p-group and let ¢ be a natural epimorphism from G
to G/®(G) and G/P(G) ~ Z];. The set {uy,u2,...,u} of elements from
G will be the minimal set of generators, if and only if p(u1), @(uz),...,
o(uk) is a basis of the linear space Z’; over Ly.

Hence any two minimal (according inclusions) generating sets of G
has the same size. For the group P, the epimorhism ¢ is defined in the
following way. Every element of u € P, can be written in the form

a1, agz? 4 fo(X1), azal ah 4 f3(Xa), e anad 2P (X)),

where h(f;) < p'~! (i =2,...,n). Then:

o (u) = (a1, az,...,ay) .

Now for a Sylow p-subgroup of a symmetric group we can formulate
such statement:

Lemma 5. For any Sylow p-subgroup H of symmetric group Sy,, m > 2,
the Frattini subgroup ®(H) is equal to H'.

Proof. 1) Let m = p", p is a prime number, n > 1. Then H ~ P,.
Because ®(P,) = P! - P} it is sufficient to prove the inclusion P} C
Pl Let u = [fi, fo(X1),. ., fa(Xn-1)] € P If [ule = g (Xi1) +
g,(f) (Xk_1), where g,gl)(Xk,l) = ak:):zl’_l . -xij, h(g ;(62)) < pF~1 -1, then
according to fact 1.3 the following equalities hold:

p—1

ngl) X (k 1) Zgl(cg)(Xk(—kl_l)) )

1=0
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Because
p—1 i
1) %k -
h (z:gl(€ )(inkl 1>)> < phl
i=0
we have
h([u?]y) <p*t =1
for all £ = 1,2,...,n. Hence, by lemma 2, u? € P/ and this case is
proved.

2) Let m is a positive integer and m = ag +a1p+ ... + app™. Then
H~P" x...x P .
Hence
H' ~ (P))™ x ...x (P})* and H? ~ (PP)* x ... x (PP)% .

Using the first part of the proof we obtain H? C H' and hence H' - HP =
H'. O
Corollary 1. Any minimal generating set of Sylow p-subgroups of finite
symmetric group Sm, m =ag+ap+ ...+ akpk, contains

d(m)zl-a1+2-a2+...+k-ak

generators. In particular, if m = p™ then d(m) = n.

We call an ordered minimal set of generators of some finite p-group G
a basis of this group. Let b(G) be the number of different bases of the
group G.

Theorem 1. For any integer n > 2 and prime p the following equality
holds:

b(P) =pM [J(" 1),
k=1

where M =n (% —3(1 —i—n)) .
Proof. Every basis of P, /P), can be written in the form:

/ / /
uy - P, ug-P,,...,up- P,

where p(u1), ..., p(uy,) is a basis of the vector space Z;.
So every basis of P, has a form:

UV, URV, - - - 5 UpUp
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where v; € P! and [u]) is a monomial of maximal height equal p*~!

or 0 for i,k = 1,...,n and the set of {p(u1),...,p(uy)} is a basis in
the vector space Zy. The set ujvy, upvy,. .., u,v;, forms different basis
of P, if there exist ¢ such that u; # w, or v; # v. It means that there
exist j such that [u;]; # [u}]; (or [vi]; # [v];). If [u3]; # [w}]; then

pe([uil;) # pe([ul];). So pe([uivil;) # pe([ujvl];) and we have different

basis. Tf [u]; # [v/]; then [ugvly = [uil; + ol (X9 ) and [u;!],; =

[ui]; + [vl'-]j(X](Alfl)(jfl)) so [u;v;]; # [uv]]; and we also have different basis.
So b(Py,) = |GL,(Z,)||P),|". Beacuse

GLa(Zy) = " = 1)(p" =p) - " =) =p 2 [[ @ —1)

and

I+pt.4pn~ 1\ " n_
1P, = (p ) Zp(pp—ll_”>”

pn

our proof is completed. ]

Now, we give a complete classification of 2-element generating sets of Ps.
Let

e A be the family of pairs { [f1, fo(x1)], [0,9(x1)] }, such that fi # 0,
f2 is an arbitrary reduced polynomial and h(g) = p;

e B be the family of pairs { [f1, fa(z1)], [91,92(x1)] }, such that
f1,91 # 0, h(f2) <p, h(g2) = p;

e C be the family of pairs { [f1,a2xP~! + fo(2)], [g1,b2P 1 + g2(2)] }
such that f17917a7b 7é 07 h(f?) <Dp, h(Q?) <p and a 7é flgl_lb

Then AU B U C is the set of all minimal generating set of P,. It follows
from definitions of sets A, B and C that their pairwise intersection is
empty and

Hence b(Py) = 2(|A| 4 |B| +|C|) = (p — 1)(p® — 1)p2~ 1.

The proof, that families A, B and C consists of generating sets of P; is
the conclusion from lemma 4. We have to show that there is no other
pairs of generators. It is obvious that one of the generators must have an
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element not equal 0 on the first coordinate, and one of them must have a
polynomial of degree p — 1 on the second coordinate. There are only two
possibilities left:
1) pairs u = [f1,a2P~t + fa(z)], v = [g1, baP~ + ga()] such that degrees
of polynomials f2 and g are lower then p — 1 and a = fig; .
2) pairs u = [f1, f2(z)], v = [0, g(x)], such that f; # 0, f2 is a polynomial
of degree p — 1 and ¢ is a polynomial of degree lower then p — 1;

In both cases we can easily check that we cannot generate an element
which has 0 on the first coordinate and a polynomial of degree p — 1 on
the second coordinate.

4. 'Triangular bases of P,

A sequence of tableaux of the type

ur = [a%va%(X1)7aé(X2)7’ s ay (Xn—l)]7

r'n

ug = [0, CL%(Xl), a%(XQ), .. CL2 (anl)],

r'n

up = [0,0,0,...,a"(Xp_1)]

is called an upper triangular sequence and a sequence of tableaux

vy = [a,0,0,...,0],
V2 = [a%a%(Xl)?O' ‘e ao]a

Up = [a?7 ag(X1)7 ag(XQ)a s 70‘Z(Xn—1>]

is called a lower triangular sequence.

Theorem 2. An upper triangular sequence (5) (resp. a lower triangular
sequence (6)) of tableauz from P, is a basis of P, if, and only if, the
following equalities hold:

hai(Xi) =P, i=1,2,...n. (7)

Proof. We verify this statement only for upper triangular sequences of
the type (5). Let the equality (7) holds. Then from lemma 4 we only
need to show that ¢(u1), ¢(uz),..., ¢(uy,) is a basis in the vector space
Zy,. According to the definition of the epimorphism ¢ : P, — Zj we have
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o(u1) = [peag), pe(ay), pe(ad), . . ., pe(ay,)],
o(uz) = [0, pc(a3), pe(a3), . . ., pe(ad)],
SD(U3) = [07 O’pc(ag)’ v ,pc(a%)],

QD(’LLn) = [07 Oa Oa T 7pc(ag)]a
where pe(at) # 0, because h(al) = p*~!. This is of course a basis of vector
space Z!' because we have pe(at) - pe(a3) - ... - pe(ap) # 0.

In the other hand, if there exist index i such that h(al(X;—1)) < p~!
then pc(al) = 0 and pe(ai) - pe(ad) - ... - pe(a?) = 0. Hence p(uy),
¢(u2), ..., ¢(ux) is not a basis of Zy and w1, ug, ..., u, is not a basis of
P,.

For sequences of the type (6) the proof is similar. O

A particular case of upper triangular sequences is diagonal sequence
of elements from P,. A sequence of the type

up = [al,0,0,...,0],
ug = [0,a3(X1),0,...,0], @)

up =10,0,0,...,a(Xp-1)]

where h(al(X;_1)) = p'~1, is called a diagonal basis of P,. Let D be the
set of all diagonal bases of P,,. Then

1

ID|=(p—1)"-pF1 " .

From the point of view of the polynomial representation, diagonal
bases are very natural for construction of decomposition elements of
P, into a product of generators. Namely, an arbitrary tableau w =
[f1, f2(X1), f3(X2), ..., fn(Xn—1)] can be decomposed into the product

W = UpUp—1-"-UL ,

where w; = [0,...,0[w];,0,...,0] (1 < i < n). Hence it is sufficient to
construct decompositions for “coordinate” tableaux

U; = [0,...,O,fi(Xifl),O,...,O] .

Using statements from facts 1 and 2 for any height h, 0 < h < p'~1 it is
possible to construct (step by step) the tableau

o™ =10,...,0, 7 (X,_1),0,...,0]
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such that h(fi(h)(XZ 1)) = h and pc(f( (Xi—1)) = 1. In such a way we
S I i 1) 1)

obtain a sequence of tableaux v, v; y-..,v; . Next, using such

' 1)

i—1
tableaux we can construct the sequence of tableaux w; ’, ... ,wl(p ), for
which [wgk)]i is a monomial of the height k with the coefficient 1. And

finally, using tableaux wgk) (1 <k < p~!) we can construct tableau u;
in the unique way.

5. The action Aut(P,) on minimal sets of generators

Let ¥,, be the family of all minimal generating sets of P, i.e.

Yn = {{ur,ua, ... unt; (ui g, up) = P}
The group Aut(P,) of all automorphisms of P, acts on the set ¥, ac-
cording to the rule
{ur,ug,y ..., un}? ={uj,ug,...,ul},

where {uj,ug,...,u,} € 3, and o € Aut(F,).
Note that, for any element u € P,, u # e, the order |u| belongs to the
set {p,p%,...,p"}.

Definition 2. Let U = {uy,ug,...,un} be a minimal generating set of
P,. The multiset {log, |u1l,log, |ual, ... log, |un|} is called the type of
the set U and denoted by t(U). For any basis uy,us,...,u, the type of
the set {uy,ug, ..., up} is called the type of this basis.

We write the type ¢(U) as a vector (ki,ka, ... k), k1 < ko < ... < ky,
where k; = log,, |u,(;)| for some permutation o € Sy,.

Lemma 6. Let u = [f1, fo(X1),..., fu(Xn-1)], where
fi(Xi—l) = ai:czf_lxg_l e xi_l
fori=1,...,n. Then |u| = p®, where s = |{i; a; # 0}].

Proof. Let j be the smallest index of nonzero a; in u. Then ug;_;) =0
and ug;y = [0, f;(Xj-1)]. We have

(]) =[0,p- fj( -1)] =10,0] ,

thus |ug;y| = p. Now, let us assume that for some [ the order of u is
equal to p™ (m > 0). If fi11 # 0, then according to the fact 1.3 we have

Uy = [uy, Zfl—i—l (X; (l)
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The smallest k, such that the first part u](“l) is equal zero, is p™. Then

H_l) 0 Z fH—l )

p"—1 i
but - fz+1((0,0,---70)u(“> = ai(p —1)™ # 0. Hence [ug4p)| > p™.

j—1
Since
m+1 P e
(l+1 =[0,p- Z Jra( X (l) = [0,0] ,
then |ugy)| = p™*. O

Using lemma 6 we prove

Lemma 7. The group P, has minimal generating sets of types (1,1, ...,1)
and (n,m, ...,n).

Proof. The basis
u; =[1,0,0,...,0],

_ p—1
ug = [0, 2} ,?,...1.,()],

_ p—1_p—
ug =1[0,0,27 2§ ,...,0],

_ p—1_p—1 p—1
up =10,0,0,...,27 x5 -..o@

of P, has the type (1,1,...,1).

For n = 1 there exist bases of the second type obviously. Let n = 2.
Then we take elements u; = [1,22 '] and uy = [1, (p — 1)z2~'] from P.
By lemma 6, |u1| = |ug| = p?. Since

p(u1) 1 ]
det = det =(p—2 0,
[@(uz)] {1 p-1] == D7

then u; and us form a basis of Ps.
Now, if n > 2, then we take tableaux

w = [(p—1),at” 1,1#1” R TETIRE S a1
ug = [1,(p— 1)3:1 O S Gt S ey
1 p—1 p—1 1 p-1 1
up = [ 2l (p = )2 e 2]
By lemma 6, |ui| = |ug| = ... = |u,| = p™. Since
o(ur) p—1 1 ... 1
o(us) 1 p-1 ... 1

det ) = det . ) =

o(up) 1 1 ... p—1



A. J. SLUPIK, V. I. SUSHCHANSKY 179

=(p-2""(n-2)#£0

then uq,us, ..., u, form a basis of P,. O

Let T = {(ki,k2,...,kn); 1 < k1 < ... <k, <n}. We introduce the
componentwise partial order < on the set T, i.e. for (ki,ko,...,k,) and
(lh,l2, ..., 1) from T we put (ki,ka, ..., ky) < (I1,1l2,...,1) if, and only
if, k; <l; fori=1,2,...,n.

A vector (1,1,...,1) is the minimal element of the partially ordered
set (T, %) and a vector (n,n,...,n) is the maximal element of (7, <).
Theorem 3. For any vector t = (k1,ka,...,ky) € T there exists a basis

of Py, of the type t.

Proof. Let us take some basis U = {u1,...,u,} of P, where
[u;]; = afa:’l'_lmg_l . --:r:fjll for 4,7 € {1,...,n}. Let us denote by My
the matrix
o(u) ai a% . aé
o(ug) ai a3 ... a
MU _ _ .1 2 n
o(uy) al’ ay ... ay

We choose coefficients of M according to the rules: '
1) For every j € {1,...,n} the number of nonzero coefficients a’ of u; is
equal to k;;
2) det My # 0.

First we assume that (1,1,...,1) <¢ < (1,2,3,...,n). Then we can
choose coefficients such that My has zeroes over its diagonal:

1 0 0
a? 1 0

My =| .
al ay 1

Coefficients under the diagonal are equal 0 or 1 according to the order of
elements. Hence det My = 1.
Now, let (1,2,3,...,n) <t =< (n,n,...,n). We define coefficients of
My in the following way:
e ; 1, for1<i<jy
- = K - ’ - :
if j = kj, then a; {07 i<i<n ;
, 2, for1<i<j
-if j<kj thenal =¢ 1, forj<i<k; .
0, kj <i1<n
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Note that, the last row of M always consists of 1. Now, we need to
use Gauss elimination starting from the last row. We reduce My to the
following form:

1 0 ... 0

11 0

11 ... 1
So det My = 1. This ends the proof. O
Corollary 2. The set of all types of bases of P, has %&%11);, elements.

Since for arbitrary basis U and any automorphism a € Aut(P,) the
equality
t({U*) =t(U)

holds, then the partition of ¥ into subsets of generating sets with the
same type is coarser than the partition of > into orbits of the action
Aut(Py,).

6. The isomorphism problem of Cayley graphs of P,

Let us denote by Cay(G, X) the Cayley graph of group G with respect to
the set of generators X. We consider Cay(G, X) as an undirected graph
with the set of vertices G. Every vertex g € G is connected with vertex
grt! for all x € X.

A Cayley graph Cay(G, X) with respect to a minimal set of generators
X is called a minimal Cayley graph of G [1].

Definition 3. A Caley graph Cay(G,S) is called a CI-graph of G if,
for any Cayley graph Cay(G,T), whenever Cay(G,S) = Cay(G,T), we
have S =T for some o € Aut(G).

Definition 4. A p-group G is called M C1I-group if all Cayley graphs with
recpect to minimal sets of generators are CI-graphs.

One of the very interesting problems is a characterization of groups
such that all its Cayley graphs are Cl-graphs. This question has been
strongly investigated. Many criterions for a Cayley graph to be a CI-
graph were obtained. One of them mentioned below is very useful for our
consideration (for details and examples see [9]):

Lemma 8. [10] Let p be a prime and let G be a p-group. Then all Cayley
graphs of degree at most (2p — 2) are Cl-graphs.

Using this statement for the group P, we obtain the following result.
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Theorem 4. Let n ba a positive integer n > 2, p be a prime p > 3. If
n+1<p then P, is a MCI-group.

Proof. Tt follows from corollary 1 that every minimal (according to in-
clusion) generating set of P, has the size n. Since p > 3, then for any
generator u we have u # u~!. Hence degrees of all vertices of the Cayley
graph Cay(P,,U) are equal to 2n for any minimal generating set U. If
n+ 1 < p, then 2n < 2p — 2 and by lemma 8 the graph Cay(P,,U) is
the Cl-graph. Since U is an arbitrary minimal generating set, then the
group P, is a M SI-group. O

Due to this theorem, under the assumption n + 1 < p, the isomor-
phism problem for minimal Cayley graphs of P, can be reduced to the
characterization of orbits of the action of the group Aut(P,) on the set
¥,. The automorphism group Aut(P,) is well known (see |7], [8], [2]).
Aut(P,) contains two natural subgroups: the subgroup of inner automor-
phisms Inn(P,) and the subgroup A(P,) consists of automorphisms of
the type

[a1,a2(z1),. .., an(T1, 22, ... Tpo1)] —
[araq, aQag(fL‘lafl), . anan(xlafl, azgagl, ... ,:L‘n,lagil)] ,

where [a1,a2(X1),. .., an(Xn-1)] € Pn, a; € Z, (1 < i < n). It is easy
to verify that the group Auto(P,) = (Inn(P,), A(P,)) is decomposed
into the semidirect product A(P,) £ Inn(P,). For n = 2 the equality
Auto(P,) = Aut(P,) holds, and for n > 2 we have inequality Auty(P,) <
Aut(Py,).

Using the polynomial techniques described in the section 2 and a
characterization of some automorphisms of P,,, we can formulate various
necessary or sufficient conditions for an isomorphism of minimal Cayley
graphs. We will present the following examples.

1. Let us consider the following class U of bases of P,:

ui(ay) = [a1,0,0,...,0],

uz(az) = [O,agxlf_l,(), .., 0],

U3(a3) = [O, 0, ag:E]l?_l(L‘p_l, ceey 0],

un(ay) =10,0,0,... ,anxp_lxp_l e xﬁill],
where a; € Z;, for i = 1,2,...,n.

Then, for any U,V € U Cayley graphs Cay(P,,U) and Cay(P,,V)
are isomorphic, because there exists an automorphism ¢ from the sub-
group A(P,), which maps any basis {ui(ay),us(az),...,uy(a,)} onto
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{u1(1),u2(1),...,u,(1)}. The coefficients of ¢ are the following:

-1 —1 -1
a1 =a] ,02 =0y ,...,0p =a, .

2. Let us take an arbitrary basis U

where h(agk)) =t (i,k = 1,2,...,n). If U is the orbit of U under
the action Aut(P,) on %, then |U| > p" L. It follows from the facts
described below.

Let us take the subset B = {[b1,b2,...,b,-1,0]; b; € Z;} of P,. Every
b € B defines an inner automorphism ¢ of P, which acts as follows:
For any g = [g1,92(X1), .-, gn(Xn-1)] € P, we have

on(9) = b1 gb = [g1,92(x1 — b1)s ..o, gn(T1 — b1y oo Tt — by1)]

It is obvious that if b # b’ (b,b’ € B) and there exists 7 such that [g]; is
not a constant polynomial, then [pp(9)]i # [¢r(g)]i- Since for the basis
U of P, (n > 1) there exists i such that h([u;]n) = p" !, then we have
Ul > {gp(U); be B} =p".

3. In general, the equality of types of two bases U and V does not
follow the existence of isomorphism between Cayley graphs Cay(FP,,U)
and Cay(P,,V). Let us consider the following two bases of P (p # 2):

U . V.
Uy = [170]7 U1 = [170]7
up =025, wm=[0,1-2}7].

We have t(U) = t(V) = (1,1). We will show that there is no possibility to
find automorphism o € Auto(P2) such that o(u;) = v; for i = 1,2. Note
that, any inner automorphisms do not change the first coordinate of any
tableau and cannot change the coefficient of the monomial of maximal
height on the second coordinate of this tableau. Let us take an arbitrary
automorphism ¢ € A. Since p(u;) = v = uy, then g = 1. This
automorphism should also change the coefficient of monomial of maximal
height so ag = p—1. Then p(uz) = [0, —:vjlg_l]. Now we consider an inner
automorphism ., where a = [a1, az(z1)]. Then 9,(u1) =a ! -uy-a =
[1, —az(z1—a1)+az(x1 —a1+1)]. So asz(x) = ¢ from some ¢ € Z, because
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second coordinate must be equal 0. Then 1, (p(u2)) = a~ 1[0, —xfﬁl]a =

[0, —(z1—a)P~1]. The function —(z1—a)?~! is equal 0 for #; = a and 1 for
the other x1, so it cannot be equal to the function 1 — fo;l. Hence there
is no possibility to have automorphism o = @t such that o(uz) = va.
Because p # 2 the group P, is a M PI-group. It follows that Cay(P,,U)
and Cay(P,, V') are not isomorphic.

4. Finally, we present the example of two bases U and V of Ps:

Uy = [L 1‘%, w%x%] U1 = [27 x%a 1‘%1’%]
U ug = [1, 223, 2323 Vi vy =1, 223, 2323
uz = [1, 22, 22323] vg = [1, 2%, 22323]

such that both of them have the type equals (3,3,3) and Cayley graphs
Cay(Ps,U) and Cay(Ps,V) are not isomorphic. Those graphs are not
isomorphic because their diameters (i.e. the longest distance between
vertices of a graph in the standard graph metric) are equal to 12 and
11 respectively. Such diameters were obtained by computer calculations.
Note that, in this example the inequality n + 1 < p does not hold.
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