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Abstract. Let G be a group. If S ⊆ G is a G–invariant

subset of G, the factor-group G/CG(S) is called the cocentralizer

of S in G. In this survey-paper we review some results dealing

with the influence of several cocentralizers on the structure of the

group, a direction of research to which Leonid A. Kurdachenko was

an active contributor, as well as many mathematicians all around

the world.

Introduction

Let G be a group. A subset S of G is called G–invariant if ag ∈ S for
every element a ∈ S and g ∈ G. If S is a G–invariant subset, then its
centralizer CG(S) is a normal subgroup of G. The corresponding factor-
group CocG(S) = G/CG(S) is called the cocentralizer of the set S in
the group G (L.A. Kurdachenko [37]). Clearly, CocG(S) is isomorphic
to some subgroup of Aut (⟨S⟩). The influence of the cocentralizers of
many objects related to the group on the structure of the group itself is
a subject of study in many branches of Group Theory. For instance, in
the Theory of Finite Groups many examples have been developed with
the consideration of the cocentralizers of chief factors, which play there a
significant role therein. For example, we can mention Formation Theory,
because local formations are defined through the cocentralizers of the
chief factors of the groups involved.
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In the Theory of Infinite Groups, many types of groups appear in
studying cocentralizers of their conjugacy classes. We recall here the
definitions. Let X be a class of groups. We say that a group G has X–
conjugacy classes (or G is an XC–group) if CocG(g

G) ∈ X for each g ∈ G.
If X = ℑ is the class of all identity groups, then the class of ℑC–groups is
exactly the class A of all abelian groups. Thus the class of XC–groups can
be considered as a natural generalization of the class of abelian groups. If
X = F is the class of all finite groups, then the FC–groups is the class of
groups with finite conjugacy classes (as in the literature, from now on we
shall denote FC–groups to this class). This class is a suitable extension
both of the classes F and A mentioned above, so that it inherited many
properties of them.

Some natural subclasses of FC–groups were introduced quite long
time ago. One of the important results on groups is the Schur’s theorem
[55]. I. Schur proved that if the center of a group G has finite index, then
the derived subgroup [G,G] is finite. Thus, in that paper, the classes of
central–by–finite groups and finite–by–abelian groups were introduced.
As it is well-know now, these classes play a very important role in the
theory of FC–groups. The next important step were done by A. P. Dits-
man in [9]. He proved that every finite G–invariant subset of a group
G whose elements have finite order generates a finite normal subgroups.
In the paper due to R. Baer [2], the class of FC–groups has been intro-
duced. With this and consequential works by P. A. Goldberg [12] and S.
N. Chernikov [5], the series of researches having as main goal the exten-
sion of main theorems from finite groups theory to periodic FC–groups
has begun. In the paper by R. Baer [3], arbitrary FC–groups were con-
sidered at first, and the term FC–group was introduced here. This paper,
papers by S. N.Chernikov [4, 6, 7] and B. H. Neumann [46, 47, 48] set
the bases of the theory of FC–groups.

The papers by M. I. Kargapolov [24], S. N. Chernikov [8] and P. Hall
[23] started the study of the conditions of embedding periodic FC–groups
in direct products of finite groups. The influence of the class SDF of
subgroups of direct products of finite groups on the structure of an FC–
group was also considered there. We note that an interesting parallel
with abelian groups raised there. A significant role here is played by the
work by Yu.M. Gorchakov [16, 17, 18, 19, 20, 21] and M.J. Tomkinson
[61, 62, 63]. Since these results are completely developed in the books
[22, 64] and the survey-paper [65], we do not consider them here any
longer. Instead we focus on some later results from this area.
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1. Non-periodic FC–groups

Leonid Kurdachenko initiated this investigation. We note that all previ-
ous results on FC–groups developed in the mentioned books by Yu. M.
Gorchakov and by M. J. Tomkinson concern with periodic FC–groups
only. However non-periodic FC–groups have their own nature. From the
results of the paper [3, 46], it follow that the set Tor(G) of all elements
of finite order of an FC–group G is a characteristic subgroup of G and
the factor-group G/Tor(G) is a torsion-free abelian group. From the re-
sults of [7], it follows that an FC–group G can be embedded in a direct
product T × A, where T is a periodic FC–group and A is a torsion-free
abelian group. However it is worth to mention that not all properties
of the periodic part Tor(G) can be extended on the direct factor T . In
particular, if Tor(G) is a subgroup of a direct product of finite groups,
the question on finding conditions under which G itself can be embed-
ded in a direct product of finite groups and abelian torsion-free groups
is naturally raised and it is not a simple one. This problem was consid-
ered by L. A. Kurdachenko. He begun the developing of the theory of
non-periodic FC–groups. Even since some interesting parallel with the
theory of abelian groups could be find here, we remark that the general
situation is more complicated.

Let G be a group and let H be a normal subgroup of G. Given a
class of groups X, we say that H can be embedded in a direct product of
X–groups relative to G if H has a family of subgroups {Hlambda ∣ � ∈ Λ}
satisfying the following conditions

(i) H� is a normal subgroup of G;

(ii)
∩

�∈ΛH� = ⟨1⟩;

(iii) if x ∈ H, then there exists a subset Λx ⊆ Λ such that Λ ∖ Λx is
finite and x ∈ H� for all � ∈ Λx; and

(iv) H/H� ∈ X for all � ∈ Λ.

If G is a subgroup of a direct product of finite groups and a abelian
torsion-free group, then its periodic part can be embedded in a direct
product of finite groups relative to the group G. Thus we see that a
condition of a relative embedding are natural. In the paper [25, 26], FC–
groups G whose periodic part can be embedded in a direct product of
finite groups relative to G were considered.

Theorem 1 ([25]). Let G be an FC–group whose periodic part can be
embedded in a direct product of finite groups relative to G. Then the
factor-group G/�(G) can be embedded in a direct product of finite groups.
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Theorem 2 ([25]). Let G be an FC–group. Suppose that �(Tor(G)) =
⟨1⟩. Then the group G can be embedded in a direct product of finite groups
with identity centers and a torsion-free abelian group.

Theorem 3 ([25]). Let G be an FC–group. Suppose that Tor(G) is a
semisimple group. Then the group G can be embedded in a direct product
of finite semisimple groups and a torsion-free abelian group.

Theorem 4 ([25]). Let G be an FC–group. Suppose that Tor(G) is a
bounded subgroup and G/Tor(G) has finite 0–rank. If Tor(G) can be
embedded in a direct product of finite groups relative to a G, then the
group G itself can be embedded in a direct product of finite groups and a
torsion-free abelian group.

In the paper [26], Kurdachenko considers FC–groups, whose periodic
part can be embedded in a direct product of finite groups.

Theorem 5 ([26]). Let G be an FC–group whose periodic part can be
embedded in a direct product of finite groups. Then the factor-group
G/�(Tor(G) can be embedded in a direct product of finite groups and
a torsion-free abelian group.

Corollary 1 ([26]). Let G be an FC–group. Then G/�(Tor(G) can be
embedded in a direct product of finite groups and a torsion-free abelian
group in the following cases:

(1) the Sylow p–subgroups of Tor(G) are finite for all primes p.

(2) Tor(G) is a countable residually finite group.

(3) Tor(G) is a residually finite group and Tor(G) = [G,G].

(4) Tor(G) is a subgroup of direct product of finite groups whose order
are bounded.

Corollary 2 ([26]). Let G be an FC–group and let C be the third hy-
percenter of Tor(G). Then G/C can be embedded in a direct product of
finite groups and a torsion-free abelian group.

The next theorem gives conditions that ensures than a usual embed-
ding in a direct product of finite groups is equivalent to the embedding
relative to a group G.

Theorem 6 ([26]). Let G be an FC–group whose periodic part can be em-
bedded in a direct product of finite groups. If the factor-group G/Tor(G)
has finite 0–rank, then Tor(G) can be embedded in a direct product of
finite groups relative to G.
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Theorem 7 ([26]). Let G be an FC–group whose periodic part can be em-
bedded in a direct product of finite groups. If the factor-group G/Tor(G)
has finite 0–rank, then G/�(G) can be embedded in a direct product of
finite groups.

Theorem 8 ([26]). Let G be an FC–group whose periodic part can be em-
bedded in a direct product of finite groups. If the factor-group G/Tor(G)
has finite 0–rank and Tor(G) is bounded, then G can be embedded in a
direct product of finite groups and a torsion-free abelian group.

Some results from the paper [26] were generalized in [27]. We say that
a group G is said to be co-layer-finite if G/Gn is finite for each positive
integer n. Here Gn = ⟨gn ∣ g ∈ G⟩. Since it is well-known that a layer-
finite group can be defined as a group G in which G[n] = ⟨g ∣ gn = 1⟩
is finite for each n ≥ 1, the concept of a co-layer-finite group is clearly
dual to the concept of a layer-finite group. We remark that the class of
co-layer-finite groups is quite large.

Theorem 9 ([27]). Let G be an FC–group whose periodic part can be em-
bedded in a direct product of finite groups. If the factor-group G/Tor(G)
is co-layer-finite, then Tor(G) can be embedded in a direct product of
finite groups relative to a G.

Theorem 10 ([27]). Let G be an FC–group whose periodic part can be
embedded in a direct product of finite groups. If G/Tor(G) is a count-
able co-layer-finite group and the set Π(Tor(G)) is finite, then G can be
embedded in a direct product of finite groups and a torsion-free abelian
group.

Corollary 3 ([27]). Let G be an FC–group whose periodic part can be em-
bedded in a direct product of finite groups. If the factor-group G/Tor(G)
has finite 0–rank and the set Π(Tor(G)) is finite, then G can be embedded
in a direct product of finite groups and a torsion-free abelian group.

The last two results were significantly generalized in the paper [29].
Let A be a torsion-free abelian group of finite 0–rank and let M be a

maximal ℤ–independent subset of A. Put B = ⟨M⟩ so that the factor-
group A/B is periodic. Let

Sp(A) = {p ∣ the Sylow p–subgroup of A/B is infinite}.

It is not hard to prove that the set Sp(A) is an invariant of the group A.

Theorem 11 ([29]). Let G be an FC–group whose periodic part can be
embedded in a direct product of finite groups. If G/Tor(G) is a countable
co-layer-finite group and the set Π(�(G)) is finite, then G can be embedded
in a direct product of finite groups and a torsion-free abelian group.
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Theorem 12 ([29]). Let G be an FC–group whose periodic part can be
embedded in a direct product of finite groups. If the factor-group A =
G/Tor(G) has finite 0–rank and the set Π(�(G)) ∩ Sp(A) is finite, then
G can be embedded in a direct product of finite groups and a torsion-free
abelian group.

Corollary 4 ([29]). Let G be an FC–group whose periodic part can be
embedded in a direct product of finite groups. Suppose that A = G/Tor(G)
has finite 0–rank. Then G can be embedded in a direct product of finite
groups and a torsion-free abelian group if one of the following equivalent
conditions is satisfied:

(i) A is a free abelian group;

(ii) A is a minimax group, that is A has a finite subnormal series whose
factors satisfy either the minimal or the maximal condition on sub-
groups;

(iii) the set Sp(A) is finite;

(iv) the set Π(G) is finite;

(v) the set Π(�(G)) is finite; and

(vi) the set Π(�(Tor(G))) is finite.

As we can see from above results the problem of whether or not an
FC–group G can be embedded in a direct product of finite groups and
a torsion-free abelian group depends heavily not only on the structure
of its torsion subgroup (the torsion subgroup must be embeddable in a
direct product of finite groups; however, this is not sufficient), but also
depends on the structure of the factor out the torsion subgroup. It is
therefore important to study classes of locally normal groups and classes
of torsion-free abelian groups that are "well-behaved" with respect to the
type of embeddability that we are interested in.

Denote by Atf the class of all torsion-free abelian groups, by SDF

the class of the subgroups of direct products of finite groups, and by
SD(F∪Atf ) the class of the subgroups of direct products of finite groups
and torsion-free abelian groups. Following [28] we say that a torsion-free
abelian group A belongs to the class A(SDF) if every FC–group G such
that Tor(G) ∈SDF and A ∼= G/Tor(G), can be embedded in a direct
product of finite groups and a torsion-free abelian group. And dually, we
say that a periodic FC–group T belongs to the class T(Atf ) if T ∈SDF

and every FC–group G such that Tor(G) ∼= T can be embedded in a
direct product of finite groups and a torsion-free abelian group. Applying
Theorem 2, it is not hard to obtain a following result.
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Theorem 13. The class T(Atf ) is exactly the class of all periodic FC–
groups having identity center.

A complete description of the class A(SDF) was obtained in the paper
[28]. This description depends on of the structure of the abelian co-layer-
finite groups, which was carried out in the same paper.

Theorem 14 ([28]). (1) A torsion-free abelian group A is co-layer-
finite if and only if it has an ascending series of pure subgroups

⟨1⟩ = A0 ≤ A1 ≤ ⋅ ⋅ ⋅ ≤ An ≤ An+1 ≤ ⋅ ⋅ ⋅A! =
∪

n≥0

An

with the following properties:

(a) The factor-groups An/An−1 have all finite 0–rank equal to 1,

(b) given a prime q, there exists a number t(q) such that q ∈
Sp(An+1/An) for every n > t(q), and

(c) A/A! is a divisible group.

(2) A periodic abelian group A is co-layer-finite if and only if A =
Drp∈Π(A)Ap, where Ap is the Sylow p-subgroup of A, we have that
Ap = Fp ×Dp with Fp finite and Dp divisible.

(3) An abelian group A is co-layer-finite if and only if Tor(A) and
A/Tor(A) are co-layer-finite.

The following theorem gives the description of the class A(SDF).

Theorem 15 ([28]). A torsion-free abelian group A belong to the class
A(SDF) if and only if it has an ascending series of pure subgroups

⟨1⟩ = A0 ≤ A1 ≤ ⋅ ⋅ ⋅ ≤ An ≤ An+1 ≤ ⋅ ⋅ ⋅
∪

n≥0

An = A

with the following properties:
(a) The factor-groups An/An−1 have all finite 0–rank equal to 1,
(b) all the sets Sp(An/An−1) are all finite, and
(c) if q is a prime, there exists t(q) ≥ 1 such that q ∈ Sp(An+1/An)

for every n > t(q).

This setting can be adequately generalized as follows. Let X be a
subclass of SDF. Following [29] we say that a torsion-free abelian group A
belongs to the class A(X) if every FC–group G such that Tor(G) ∈ X and
A ∼= G/Tor(G), can be embedded in a direct product of finite groups and
a torsion-free abelian group. And dually, if Y is a subclass of Atf , then
we say that a periodic FC–group T belongs to the class T(Y) if T ∈ SDF
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and every FC–group G such that Tor(G) ∼= T and G/Tor(G) ∈ Y can be
embedded in a direct product of finite groups and a torsion-free abelian
group ([32]).

If the class X is generated by a single group, say T (i.e. it consists
of all isomorphic copies of T and all identity groups), then we will write
A(T ) instead of A(X). Similarly, if the class Y is generated by a single
group A, then we will write T(A) instead of T(Y).

The class A(T ) is determined by the classes A(C), where C is a central
subgroup of T ; more precisely, A(T ) ⊆ A(C), and therefore two cases of
study naturally arise whether or not the center �(T ) of T is bounded.
The first of these cases was considered in the paper [30]. Indeed if we
choose A(T ) in the more natural way, this leads us to the developing
conditions of embedding FC–groups in direct products of finite groups
and abelian torsion-free groups.

Theorem 16 ([30]). Let G be an FC–group and put T = Tor(G) and
A = G/T . If T is a bounded subgroup of a direct product of finite groups
and A/Aq is finite for each q ∈ Π(�(T )), then G can be embedded in a
direct product of finite groups and a torsion-free abelian group.

Theorem 17 ([30]). Let T be a bounded subgroup of a direct product
of finite groups. Then the class A(T ) consists of all torsion-free abelian
groups A such that A/Aq is finite for each q ∈ Π(�(T )).

Corollary 5 ([30]). Let X be a subclass of SDF and suppose that there
is a positive integer n such that Gn = ⟨1⟩ for every G ∈ X. Then the
class A(X) consists of all torsion-free abelian groups A such that A/An

is finite.

Corollary 6 ([30]). Let X be a subclass of SDF and suppose that each
group G of this class is bounded. Then the class A(X) is exactly the class
of all co-layer-finite torsion-free abelian groups.

Another approach was considered in the paper [32].

Theorem 18 ([32]). Let T be a subgroup of a direct product of finite
groups and let q ∈ Π(�(T )). If A is a torsion-free abelian group such that
A/Aq is infinite, then A ∕∈A(T ).

Theorem 19 ([32]). Let G be an FC–group whose periodic part T is a
subgroup of a direct product of finite groups. Put A = G/Tor(G) and
suppose that A is countable. Let

⟨1⟩ = A0 ≤ A1 ≤ ⋅ ⋅ ⋅ ≤ An ≤ An+1 ≤ ⋅ ⋅ ⋅
∪

n≥0

An = A
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be an ascending series of pure subgroups such that the factor-groups An/An−1

have all finite 0–rank equal to 1. If A/Aq is finite for every q ∈ Π(�(T ))
and the sets Sp(An/An−1)∩Π(�(T )) are all finite, then G can be embedded
in a direct product of finite groups and a torsion-free abelian group.

Theorem 20 ([32]). Let T be a subgroup of a direct product of finite
groups, and suppose that Π(�(T )) is infinite. Then A ∈A(T ) if and only
if A has an ascending series of pure subgroups

⟨1⟩ = A0 ≤ A1 ≤ ⋅ ⋅ ⋅ ≤ An ≤ An+1 ≤ ⋅ ⋅ ⋅
∪

n≥0

An = A

whose factors An/An−1 have all finite 0–rank equal to 1, such that

(a) all the sets Sp(An/An−1)Π(�(T )) are finite, and

(b) if q ∈ Π(�(T )), there exists t(q) ≥ 1 such that q ∈ Sp(An+1/An)
for every n > t(q).

Theorem 21 ([32]). Let T be a subgroup of a direct product of finite
groups and suppose that Π(�(T )) is finite, but T is unbounded. Then
A ∈A(T ) if and only if A is countable and A/Aq is finite for all q ∈
Π(�(T )).

On the other hand the classes T(Y) were studied in the paper [33].

Theorem 22 ([33]). Let A be a torsion-free abelian group. Suppose that
there exists some prime q such that A/Aq is infinite. If T is a subgroup
of a direct product of finite groups and q ∈ Π(�(T )), then T ∈T(A).

Corollary 7 ([33]). Let Y ⊆ Atf . If Y contains a free abelian group of
infinite 0–rank, then T(Y) is exactly the class of all periodic FC–groups
with identity center.

Corollary 8 ([33]). T(Atf ) is the class of all periodic FC–groups with
identity center.

Theorem 23 ([33]). Let G be an FC–group whose periodic part T is a
subgroup of a direct product of finite groups. Put A = G/Tor(G) and
suppose that A is countable. Let

⟨1⟩ = A0 ≤ A1 ≤ ⋅ ⋅ ⋅ ≤ An ≤ An+1 ≤ ⋅ ⋅ ⋅
∪

n≥0

An = A

be an ascending series of pure subgroups whose factors An/An−1 have all
finite 0–rank equal to 1. Put

Θ = {q ∣ q is prime and A/Aq is infinite}.
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If Θ∩Π(�(T )) = ∅ and all the sets Sp(An/An−1)Π(�(T )) are finite, then
G can be embedded in a direct product of finite groups and a torsion-free
abelian group.

Theorem 24 ([33]). Let A be a countable torsion-free abelian group and
let

Θ = {q ∣ q is prime and A/Aq is infinite}.

Suppose further that

⟨1⟩ = A0 ≤ A1 ≤ ⋅ ⋅ ⋅ ≤ An ≤ An+1 ≤ ⋅ ⋅ ⋅
∪

n≥0

An = A

is an ascending series of pure subgroups whose factors An/An−1 have all
finite 0–rank equal to 1. If T is a subgroup of a direct product of finite
groups, then T ∈T(A) if and only if Θ ∩ Π(�(T )) = ∅ and all the sets
Sp(An/An−1)Π(�(T )) are finite.

2. Another topic related to the class of FC–groups

In the theory of FC–groups, nilpotent groups of class at most 2 play a
very specific role, as they ensure the proof of some highlighting results of
the theory. For example, Yu. M. Gorchakov showed that the factor group
of an FC–group by the second hypercenter can be embedded in a direct
product of finite groups (see [22, Corollary II.3.8]). Also, any FC–group
contains an equipotent nilpotent subgroup of class 2 (T. Ya. Semenova;
see [22, Theorem III.1.8]), although this fails even for abelian subgroups
of FC–groups. Nilpotent FC–groups of class 2 were studied in the paper
[34]. Following Yu. M. Gorchakov (see [22, Chapter I, Section 4]), a
class of groups D is called a direct variety if it is closed under taking of
subgroups, factor groups, and direct products. If X is an arbitrary class
of groups, then the direct variety generated by X is by definition the class
QSDX (see [22, Lemma I.4.2]).

Theorem 25 ([34]). Let X be the class of all nilpotent FC–groups having
nilpotency class at most 2. Then X is generated as a direct variety by all
FC–groups having quasicyclic derived subgroups.

Let N2 be the class of all nilpotent groups having nilpotency class
at most 2, and let FA the class of groups having finite derived subgroup
(finite–by–abelian groups).

Theorem 26 ([34]). If G ∈ N2∩QSD(FA), then G/�(G) can be embed-
ded in a direct product of finite groups.
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This result has an important consequence. M. J. Tomkinson had
shown that the derived subgroup of a periodic FC–group belonged to the
class QSDF ([64, Theorem 3.6]). In a natural way the following arise:
Do all periodic FC–groups belong to QSD(FA)?; see [64, Question 3.H].
Yu. M. Gorchakov had constructed an example of a p–group G such
that [G,G] = �(G) was a quasicyclic subgroup and G/�(G) ∕∈ SDF ([22,
Example II.2.11]). Theorem 24 shows that this group is not contained in
QSD(FA), so we obtain

Corollary 9 ([34]). The class of periodic FC–groups is not contained in
the direct variety generated by the groups with finite derived subgroups.

Theorem 27 ([34]). Let G be an FC–group and suppose that G ∈ N2.
If [G,G] has no element of order 2 and G/�(G) ∈ SDF, then G ∈
QSD(FA).

Recall that a p–group G is called extraspecial if �(G) = [G,G] is a
subgroup of order p and G/�(G) is an elementary abelian p–group, where
p is a prime.

Theorem 28 ([34]). Let G be an extraspecial p–group. If G ∈ QSDF,
then G can be embedded in a central product of non-abelian subgroups of
order p3.

Theorem 28 gives a positive answer to [64, Question 3G].

A group G is called a ℨ–group if for each infinite cardinal m and each
subset S of G such that ∣S∣ < m we have ∣G : CG(S)∣ < m ([64, Section
3]). This class of groups hah appeared in a paper of P. Hall [23]. The class
of periodic ℨ–groups includes the direct variety generated by the class of
finite groups ([23]). However it was unknown whether or not these men-
tioned classes coincide ([64, Question 3F]). M. J. Tomkinson constructed
an example of an extraspecial p–group that could not be embedded in a
central product of non-abelian groups of order p3 ([64, Example 3.16]).
Applying Theorem 28 above, this group cannot be contained in QSDF,
so we have the following

Corollary 10 ([34]). The class QSDF is not equal to the class of periodic
ℨ–groups.

The study of the relationship between the classes QSDF and FC–
groups was continued by L. A. Kurdachenko in the paper [35]. Since P.
Hall [23] had constructed an example of n extraspecial p–group outside
of the class QSDF, it was known that the class QSDF and the class
of periodic FC–groups are not coincide. Therefore it appeared in the
most natural way to compare natural the direct variety of FC–groups
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and the class QSDF, in particular, the minimal direct variety of FC–
groups and QSDF. This natural approach were already applied to some
other important classes of groups, for instance, varieties and formations.
At the beginning of the research, the natural question on the existence
of such direct variety raised, that is there is a minimal direct variety
outside QSDF? In [35, Theorem 1], an strategy to go further on this was
developed. Actually, P. Hall had constructed an extraspecial p–group,
which have allowed to solve positively the question. In this setting, the
following result generalizes Theorem 28.

Theorem 29 ([36]). Let G ∈ N2 ∩ QSDF. Then G can be embedded in
a central product of finite N2–groups with two generators.

This theorem answered the following question of the theory of FC–
groups. The results of P. Hall, Yu. M. Gorchakov and M. J. Tomkinson
showed that the class V of those FC–groups, whose factor-groups by the
center can be embedded in a direct product of finite groups formed a
distinguished class of FC–groups that included the class QSDF (see [22,
Theorem I.4.6]). Hence the following question appeared: is the class V a
direct variety? The answer was negative, as the following result proved.

Theorem 30 ([36]). There exists an FC–group G with the following
properties:

(1) G is a p–group, p prime;

(2) G/�(G) ∈ SDF; and

(3) G has an epimorphic image B such that B/�(B) ∕∈ SDF.

In particular, the class V is not a direct variety.

M. J. Tomkinson proved that every periodic residually finite FC–
group G can be embedded in a residually finite group L = TZ, where
T is a subgroup of a direct product of finite groups and Z ≤ �(L) ([64,
Theorem 2.24]). This Theorem shoved that the structure of a periodic
FC–group heavily depends on the structure its central subgroups. Re-
lated to this, there are the following results.

Theorem 31 ([31]). Let G = TZ, where T is a subgroup of a direct
product of finite groups and Z ≤ �(G). If Z is a bounded subgroup, then
G can be embedded in a direct product of finite subgroups.

Theorem 32 ([31]). Let G = TZ, where T is a subgroup of a direct
product of finite groups and Z ≤ �(G). If Z/(Z∩T ) is a layer-finite group
and G is residually finite, then G can be embedded in a direct product of
finite subgroups.
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Corollary 11 ([31]). Let G be a residually finite periodic FC–group. If
the factor-group G/[G,G] is layer-finite, then G can be embedded in a
direct product of finite subgroups.

Theorem 33 ([31]). Let G be a residually finite periodic FC–group. If
the center �(G) is layer-finite, then G can be embedded in a direct product
of finite subgroups.

If G is a periodic FC–group, then G/�(G) ∈ SDF (see [22, Corollary
II.3.7]) and [G,G] ∈ SDF ([64, Corollary 2.27]). Hence the following
question makes sense: If G is an FC–group and [G,G] ∈ SDF, is it
necessarily true that G/�(G) ∈ SD∥F? ([64, Question 2A]). Some results
on this topic were obtained in [44].

Theorem 34 ([44]). Suppose that G is an FC–group such that [G,G] ∈
SDF but G/�(G) ∕∈ SDF, and let � = Π(�(G) ∩ [G,G]). Then there is a
metabelian section H = U/V of G satisfying the following conditions:

(1) G/U is finite;

(2) H is a p–group for some prime p;

(3) [H,H] is bounded abelian; and

(4) H/�(H) ∕∈ SDF.

Theorem 35 ([44]). Let G be an FC–group. If [G,G] ∈ SDF and the
Sylow p–subgroups of [G,G] are countable for every p ∈ Π(�(G)[G,G]),
then G/�(G) ∈ SDF.

Theorem 36 ([44]). Let G be an FC–group and let A = G/[G,G]. If
[G,G] ∈ SDF and A/Ap is countable for every p ∈ Π(�(G)∩ [G,G]), then
G/�(G) ∈ SDF.

Let G be a residually finite group. We say that G is an strong resid-
ually finite group if every factor-group of G is residually finite as well
([40]). Examples of strong residually finite groups are direct products of
finite simple non-abelian groups, bounded abelian groups and periodic
FC–groups with finite Sylow subgroups. If G is a residually finite group,
then G can be given a topology in which the family of all subgroups of
finite index in G forms the neighborhoods of the identity. In fact G be-
comes a topological group and the topology is called the profinite topology
on G. Under this meaning, a strong residually finite group G is a residu-
ally finite group in which every normal subgroup is closed in the profinite
topology on G. In the paper [40], strong residually finite FC–groups were
characterized. Main results of this paper can be formulated as follows.
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Theorem 37 ([40]). Let G be an FC–group and let T = Tor(G). Then
G is strong residually finite if and only if the following conditions hold:

(1) G/T has finite 0–rank;

(2) Sp(G/T ) = ∅; and

(3) T is a strong residually finite group.

Theorem 38 ([40]). Let G be a locally nilpotent FC–group. Then G
is a strong residually finite group if and only if �(G) includes a finitely
generated torsion-free subgroup V such that G/V = Drp∈Π(G)Zp, where
Zp is a bounded central–by–finite group.

Let M be a minimal normal subgroup of a group G. Since [M,G]
is a G–invariant subgroup of M either [M,G] = ⟨1⟩ or [M,G] = M . In
the first case M is central in G. In the other, CG(M) ∕≤ G, and so M is
non-central in G. Consider the socle of the group G; this is the subgroup
Soc(G) generated by all minimal normal subgroups of G. It is known that
Soc(G) = Dr�∈ΛM� is the direct product of some of them. Put

Z = {� ∈ Λ ∣ M is central in G}

and set E = Λ ∖ Z. Then Soc(G) = S1 × S2, where S1 = Dr�∈ZM� and
S2 = Dr�∈EM�. It is not hard to see that S1 and S2 are independent of
the choice of the decomposition of Soc(G). The subgroup S1 = Socc(G)
is called the central socle of G and the subgroup S2 = Socnc(G) is called
the non-central socle of G. Starting from the non-central socle we may
construct the upper noncentral socle series of G,

⟨1⟩ = M0 ≤ M1 ⋅ ⋅ ⋅ ≤ M� ≤ M�+1 ≤ ⋅ ⋅ ⋅M
 ,

where M1 = Socnc(G), M�+1/M� = Socnc(G/M�) for all � < 
 and
Socnc(G/M
) = ⟨1⟩. The last term M
 of this series is called the non-
central hypersocle of G, and will be denoted by Z∗(G).

Theorem 39 ([40]). Let G be an FC–group. Then G is a strong residu-
ally finite group if and only if G/Z∗(G) is a strong residually finite group.

Theorem 40 ([40]). Let G be a periodic locally soluble FC–group. If the
Sylow subgroups of G/Z∗(G) are bounded central–by–finite groups, then
G is residually finite.

Corollary 12 ([40]). Let G be a periodic locally soluble FC–group. If
the Sylow subgroups of G are bounded central–by–finite groups, then G is
residually finite.
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Corollary 13 ([40]). Let G be a periodic locally soluble FC–group. If the
Sylow subgroups of G/Z∗(G) are bounded central–by–finite groups, then
G is strong residually finite.

Theorem 41 ([40]). Let G be a (hypercentral–by–hypercentral) FC–
group. Then G is strong residually finite group if and only if G/Z∗(G) ≤
T ≤ A, where

(1) A is a torsion-free abelian group of finite rank and Sp(A) = ∅;

(2) T has a normal subgroup L = Drp∈Π(L)Lp, where Lp is a finite
p–group;

(3) T/L = Drp∈Π(T/L)Qp, where Qp is a bounded central–by–finite p–
group; and

(4) The Sylow p–subgroups of T are bounded central–by–finite groups.

Theorem 42 ([40]). Let G be a periodic FC–group. If G is strong resid-
ually finite group, then G can be embedded in a direct product of finite
groups.

Corollary 14 ([40]). Let G be a periodic FC–group. Then G is a strong
residually finite group if and only if every factor-group of G can be em-
bedded in a direct product of finite groups.

3. Some generalizations of FC–groups

A Chernikov groups is the most classic generalization of a finite group.
Thus the first natural generalization of the class of FC–groups is the
class of CC–groups or groups with Chernikov conjugacy classes. Ya.
D.Polovitsky [53] introduced this class and obtained some initial results.
Although CC–groups are not investigated as far as FC–groups, they
are the subject of many recent papers. As in FC–groups, the first step
here is extending the fundamental results on finite groups to periodic
CC–groups. This was done in papers due to J. Alcázar and J. Otal [1], J.
Otal and J. M. Peña [49, 50, 51] and J. Otal, J. M. Peña, M. J. Tomkinson
[52]. In the papers of M. González and J. Otal [13, 14, 15] the important
results of embeddings due formerly to P. Hall, Yu. M. Gorchakov and
M. J. Tomkinson on FC–groups could be extended to the class of peri-
odic CC–groups. In the paper by S. Franciosi, F. de Giovanni and M.
J. Tomkinson [10], the consideration of groups with polycyclic–by–finite
conjugacy classes or PC–groups. In a series of papers, L. A. Kurdachenko
considered another classes of XC–groups. A natural generalization of the
classes of Chernikov groups and polycyclic–by–finite groups is the class
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of minimax groups. Recall that a group G is called minimax if G has
a finite subnormal series whose factors are either polycyclic–by–finite or
Chernikov groups. A group G is called an MC–group or group with min-
imax conjugacy classes if CocG(g

G) is minimax for each g ∈ G. This
class was introduced by L. A. Kurdachenko in the paper [37]. Whitin the
paper the following results were obtained.

Theorem 43 ([37]). Let G be an MC–group. Then for each element
g ∈ G, the subgroup ⟨g⟩G is minimax.

Corollary 15 ([37]). Let G be an MC–group. Then for each element
g ∈ G, the subgroup [G, g] is minimax.

Theorem 44 ([37]). Let G be an MC–group. Then the following asser-
tions are equivalent:

(1) G is a Baer-nilpotent group;

(2) G is a locally nilpotent group;

(3) G is a ℨ–group;

(4) G is a hypercentral group;

(5) G has a ascending central series of length at most 2!;

(6) G is a group with the normalizer condition; and

(7) G is an N–group.

Theorem 45 ([37]). Let G be an MC–group. Then the following asser-
tions are equivalent:

(1) G is an SN–group;

(2) G is an SN∗–group;

(3) G is an SN–group;

(4) G is an SI–group;

(5) G is a hyperabelian group;

(6) G is a hypoabelian group;

(7) G is an SI–group;

(8) G is a locally soluble group;

(9) G is a radical group;
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(10) G has a ascending series of normal subgroups whose factors are
abelian and whose length is at most !;

(11) G has a descending series of normal subgroups whose factors are
abelian and whose length is at most ! + 1;

(12) G is a group with the normalizer condition; and

(13) G is an N–group.

The study of MC–groups was continued in [39].

Theorem 46 ([39]). Let G be an MC–group. Then we have

(1) G has an ascending series of normal subgroups whose factors are
finite groups or abelian minimax groups.

(2) the chief factors of G are finite.

(3) every maximal subgroup of G has finite index.

If G is a group, we denote by D(G) the subgroup generated by all
Chernikov divisible normal subgroups of G. It is not hard to see that
D(G) is a periodic divisible abelian normal subgroup of G. If G is an
MC–group and D(G) = ⟨1⟩, then we say that G is a reduced MC–group.
A group G is said to be an MrC–group if CocG(x

G) is a reduced minimax
group for each element x ∈ G (see [39]).

Theorem 47 ([39]). Let G be an MrC–group. Then for each element
g ∈ G, the subgroup ⟨g⟩G is reduced minimax.

Corollary 16 ([39]). Let G be an MC–group. Then G/D(G) is an
MrC–group.

Corollary 17 ([39]). Let G be an MC–group (respectively, an MrC–
group). If G = Fratt(G), then G is F–perfect and nilpotent of class at
most 2 (respectively, G is divisible abelian).

Theorem 48 ([39]). (1) Let G be an MC–group. If G/Fratt(G) is
minimax, then there exists a finite subset X such that L = ⟨X⟩G is
minimax and G/L is an F–perfect nilpotent group of class at most
2.

(2) Let G be an MrC–group. If G/Fratt(G) is minimax, then there
exists a finite subset X such that L = ⟨X⟩G is reduced minimax
and G/L is divisible abelian.

Theorem 49 ([39]). Let G be an MrC–group. Then
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(1) Fratt(G) is locally nilpotent.

(2) If G/Fratt(G) is locally nilpotent, then so is G.

We recall that an abelian group A is called an A0–group if the Sylow
p–subgroups of A are Chernikov and A/Tor(A) has finite 0–rank. A
soluble group G is said to be an S0–group, if G has a finite series of
normal subgroups whose factors are abelian A0–groups. Related to this,
we have the class S0F of finite extensions of S0, which is a large extension
of the class of minimax groups. Following A.I. Maltsev [45] we say that a
group G has finite special rank r if every finitely generated subgroup of G
has at most r generators and r is the minimum under such property. The
class of abelian groups of finite special rank will denote by A△, whereas
the class of soluble groups of finite special rank will denoted by S△. In
the paper [43], A0C–groups and A△C–groups were considered in some
detail. If {G� ∣ � ∈ Λ} is a family of groups, then the central direct
product of the given groups is

Zr�∈ΛG� = (Dr�∈ΛG�)�(Cr�∈ΛG�).

Theorem 50 ([43]). Let G be an A0C–groups and let g ∈ G. Then
⟨g⟩G ∈ A0.

Theorem 51 ([43]). Let G be a countable A0C–group. Then G is iso-
morphic to a subgroup of Zrn≥1(An × Bn), where the groups An and Bn

satisfy the following conditions:

(1) An, Bn ∈ N2;

(2) [An, An] is a periodic A0–subgroup;

(3) Bn is a torsion-free group; and

(4) [Bn, Bn] has finite 0–rank.

Theorem 52 ([43]). Let G be a countable A△C–group. Then G is iso-
morphic to a subgroup of Zrn≥1Gn, where the groups Gn satisfy the fol-
lowing conditions:

(1) Gn ∈ N2;

(2) [Gn, Gn] has finite special rank equals to 1.

Moreover, if [Gn, Gn] is torsion-free, then Gn is also torsion-free.

Let ℌ be the class of all groups G such that �(G) ∼= ℚ and G/�(G) ∼=
ℚ×ℚ (here ℚ stands the full rational group), and all identity groups.
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Theorem 53 ([43]). Let G be a countable A△C–group. Then G ∈QSDℌ.

In the paper [38], locally nilpotent S0C–groups were studied. We
quote some of the main results of the paper.

Theorem 54 ([38]). Let G be a locally nilpotent S0C–groups and let
g ∈ G. Then ⟨g⟩G ∈ S0.

Theorem 55 ([38]). Let G be an S0C–group. Then the following asser-
tions are equivalent:

(1) G is a Baer-nilpotent group;

(2) G is a locally nilpotent group;

(3) G is a ℨ–group;

(4) G is an Engel group;

(5) G has a ascending central series of length at most 3!;

(6) G is a group with the normalizer condition; and

(7) G is an N–group.

At the beginning of this survey-paper we mentioned a classical result
due to I. Schur [55], namely that if the center of a group G has finite index,
then the derived subgroup [G,G] is finite. Following [11], we say that a
class of groups X is a Schur class if it satisfies that G/�(G) ∈ X implies
that [G,G] ∈ X. It is not hard to show that the class of polycyclic–by–
finite groups is a Schur class. Ya. D. Polovitsky [53] proved that the
class of Chernikov groups is also a Schur class. The following theorem
generalizes these two results.

Theorem 56 ([37]). Let G be a group. Suppose that G/�(G) is a minimax
group. Then the derived subgroup [G,G] is also minimax.

Other examples of Schur classes were developed in the paper [11].
Denote by ℜ0 be the class of all groups having a finite series of subnormal
subgroups whose factors either are locally finite or infinite cyclic.

Theorem 57 ([11]). The following classes are Schur classes: S0F, S△F,
ℜ0, layer-finite groups and layer-Chernikov groups.

Let G be a group. If H is a subgroup of G, then we denote the set of
all conjugates of H in G by ClG(H) = {Hg ∣ g ∈ G}. This set is called the
conjugacy class of H in G. B. H. Neumann in the paper [48] characterized
the groups G such that ClG(H) is finite for every subgroup H of G:
these are the central–by–finite groups. Since ∣ClG(H)∣ = ∣G : NG(H)∣,
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the finiteness of this index is equivalent to that its core, and this remark
allow to consider Neumann’s result in larger classes of groups. Given a
subgroup H of a group G, the normalizerof the conjugacy class of H in
G is by definition

NG(ClG(H)) =
∩

g∈G

NG(H
g) =

∪

g∈G

NG(H)g.

Let X be a class of groups. The group G is said to have X–classes of
conjugate subgroups if G/NG(ClG(H)) ∈ X for every subgroup H of G
([42]). If ℑ is the class of all identity groups, then it is clear that G has
ℑ–classes of conjugate subgroups if and only if every subgroup of G is
normal, i.e. G is a Dedekind group. If X = F, then we clearly obtain
the groups with finite conjugacy classes of subgroups, that is the groups
considered formerly by B. H. Neumann. Therefore, the next natural step
is to consider classes of infinite groups close to that of finite groups and
that were well-studied from different points of view. The first candidates
are the formation ℭ of all Chernikov groups and the formation P of all
polycyclic–by–finite groups. In the paper [54], Ya. D. Polovizky had
considered groups with Chernikov classes of conjugate subgroups and
had proved that a periodic group with Chernikov classes of conjugate
subgroups is central–by–Chernikov. In contrast to this, in the paper
[41], it was constructed an example showing that in general that fact is
not true. The description of groups with Chernikov classes of conjugate
subgroups gives the following result.

Theorem 58 ([41]). Let G be a group with Chernikov classes of conjugate
subgroups. Then the following assertions hold.

(1) G is abelian–by–Chernikov.

(2) G/CG(Tor(A)) is finite.

(3) [G,G] is Chernikov.

However for groups with polycyclic–by–finite classes of conjugate sub-
groups we recover B. H. Neumann’s characterization.

Theorem 59 ([42]). A group G has polycyclic–by–finite classes of con-
jugate subgroups if and only if the factor-group G/�(G) is polycyclic–by–
finite.

References
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