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ABSTRACT.  We propose constructive criteria of divisibility
and associativity of matrices over commutative elementary divisor
ring without zero divisors. On this base, the explicit form for all
non-associated divisors which have prescribed canonical diagonal
forms (c.d.f.) is indicated. A relation between c.d.f. for matrix
and c.d.f. for its divisors is established. The uniqueness theorem
is proved.

One of the most important problems in the matrix theory is the prob-
lem of factorization of a matrices over rings, classification and investiga-
tion of the structure of its divisors. Due to practical application, the main
consideration was given to matrices over complex number field. In partic-
ular, the article of P. Kazimirskij [1,2| and its followers (V. Petrychkovych
[3], V. Zelisko [4,5], V. Shchedryk [5,6] and many others), P. Lancaster,
[.Gohberg, L. Rodman [7], A. Malyshev [8], Langer H. [9] deal with the
given issue. The valuable problem contribution of these authors concern
the existence and description of regular divisors of a matrix polynomials.
Research activity in this area has been continued until now. The recent
papers of T. Laffei [10,11], I. Krupnyk [12] and other deal primarily with
the conditions of a matrix polynomials decomposition into the product
of linear multipliers. Later, the investigation of a matrix polynomials,
was extended to some other classes of rings, in particular, the polynomial
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ring in n variables [13], the ring of integer [14], principal ideal rings [15],
dedekind rings [16].

1. The structure of matrices divisors

Let A be a matrix over a commutative elementary divisor ring R [17]
without zero divisors. Matrices A and A; are called right associate (left

associate, written A L Ap) if Ay = AU (A1 = UA) for some invertible
matrix U. Let B be a left divisor of the matrix A, i.e., A = BC. It is
obvious that all matrices which are right associate to the matrix B are
also left divisors of the matrix A. Hence, it is natural to describe the left
divisors of the matrix A up to right associates. In this paper we have
proposed the solution of this problem. As corollary we have obtained
the description of monic divisors of matrix polynomials and solution to
unilateral matrix equations over fields.

Let A, B be n x n matrices over R. There are invertible matrices
P4, Pp,Qa,Qp such that

P4AQ 4 = diag(eq, ..., e,0,...,0) =,

PpBQp = diag(p1,...,¢1,0,...,0) = &,

where e, # 0,1 # 0, gileit1, @jlpj+1,9=1,...,k—1,j=1,...,t — L
The matrices W, ® are called canonical diagonal forms (c.d.f.) of the
matrices A and B, respectively. Consider the sets of matrices

Gy ={H € GL,(R)|H® = K for some K € GL,(R)},

L(T,®) = {L € GL,(R)|L¥ = ®S for some S € M,(R)}.

A trivial verification shows that these sets have the following properties:

Proposition 1.  The set Gg is a multiplicative group. ]
Proposition 2. GoL(¥,®) = L(V, ®). O
Proposition 3. If H € Gy then L(V,®)H = L(¥, ). O

The following results show that these sets play the main role in de-
scription of matrix divisors.

Theorem 1. The matriz B is a left divisor of the matrix A |, i.e.,
A= BC if and only if PgP;' € L(¥,®).
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Proof. Necessity. Note that A = Pgl\Ilel, B = Pglq)le we have
PpA = Pp(BC) = (PpB)C = (9Q3")C = (Q3'0).
On the other hand,
PpA = (PpP;')(PaA) = (PP ) PQ "

Hence,
(PgP MV = @8,

where S = Q;CQA. This means that PBPA1 € L(V, D).
Sufficiency. Since
PpA = Pp(P'9Q ") = (PP H)PQ ' = 85Q ",
we have
A=P5'85Q;" = (P;'2Q5")(QsSQ3") = BC,

where C' = QpSQ7". O

Corollary 1. All left divisors of the matriz A = Pglllngl with c.d.f.
® have the form (LPa)~1®Q, where L € L(¥,®),Q € GL,(R). O

Corollary 2. The matrices A = PgléQ;‘l,B = PE_;ICI)QE;1 are right
associate if and only if nggl € Gg, t.e., P = HP4, where H €
Go. O

Corollary 3.  If P4AQa = P,AQ'y = ¥, then P}, = HP,, where
He Gy. O

Let us denote by W (W, ®) the set of representatives of the left con-
jugate class of the set L(¥, ®) by the group Gg. Corollaries 1 and 2 can
be summarized in the following statement:

Theorem 2. The set (W (U, ®)P4)~t® consists of all left up to right
associate divisors of the matriz A which have c.d.f. . O

Theorem 3. Let P4AQa = P4AQ, =V and B € (W(¥,®)P))"1d.
Then the set (W (U, ®)P4)~1® contain a matriz which are right associate
to the matrix B.
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Proof. Let B = (WP})"'®, where W € W(V¥,®). By Corollary 3
Py = SP4, where S € Gy. Therefore B = (WSP4)~'1®. According to
Proposition 3 the matrix WS belong to the set L(¥, ®). Consequently,
WS € GeWi, where Wi € W(W, ®). It follows that there exist matrix
H € Gg, such that WS = HW;. Hence

B=(WP))™'® = (WSPy) '® = (HW,P4)"'® =
= (W1 Py) *H'® = (W Py) '¢K ' = BiK 1,

where By € (W(¥,®)P4)"1®, K1 € GL,(R). O

Let 04;(L) denote the greatest common divisor of matrix entries

lil - lij
S R
which are submatrix of the matrix L = H lij H?

Lemma 1. det L = 04(L)l;,l; € Ryi=1,...,n.

Proof. Since o;(L) is a divisor of all minors of maximal order of the
matrix

1 oo lpn

1 =1,...,n, the proof is immediate. O

Corollary 4. If L is an invertible matriz then o4(L) € U(R),i =
1,....,n. O]

Now, let us establish the relation between c.d.f. of the matrices A
and B. It is well known, that ® divides ¥ provided R is a principal ideal
ring [18] or an adequate ring [19]. The following theorem asserts that this
statement is still true provided R is an elementary divisor ring.

Theorem 4. The matriz A = PA_l\I/QZl, where ¥ = diag(eq, ..., e, 0,. ..

has a divisor B with c.d.f. ® = diag(p1,...,¢:0,...,0), if and only if
® divide V.



V. SHCHEDRYK 83

Proof. Necessity. Let A = BC. By Theorem 1, LV = &S, where L =

PBIDX1 = H lij H;L, S = H Sij H;L Therefore

€1l11 €kllk 0O ... 0 Y1811 --- P1S1n

Elltl . Ekltk 0O ... 0 _ OtSt1 ... PtStn (1)

€1lt+1.1 PN 5klt+1.k 0O ... 0 0 NN 0 )

elpt ... Eklpe 0 ... 0 0 0

It follows that
lty11 o0 bk
=0.
lp1 oo lpk

Applying Corollary 4 we conclude that the element l; 1 lies below the

main diagonal, i.e., t + 1 > k. Hence, ¢ > k. From (1) we conclude
. . i E4

that ¢;e;lij, = 1,...,t,7 = 1,..., k. Consequently, (_JT;’)‘@ZU' It

follows that (gofifaj)”ij’ Le., ljj = fijl;j, where f;; = (gf’ej). Therefore the

19

matrix L has the form

((,041)07,151)1/11 ce. %lllk‘ ll.k+1 . e lln
Pt g1 ¢ /
L=| Genla o Genln Dkt el o
0 . 0 [P P P
0 ... 0 bkt e lom

According to

Pitr
(907:4-7“7 i 6]) .
i1 = fii 2 , l < ,
Forat = I o e ’
we have fj|oi;(L). By Corollary 4, fi; = (Sfiig_) eU(R),i=1,....,k Tt
follows that ¢;|e;, i =1,...,k, hence, ®|U.
Sufficiency is obvious. O

Therefore decomposition procedure of the matrix A falls naturally
into two steps. At first we decompose the c.d.f. of the matrix A into
two factors: U = ®A, where & = diag(e1,...,¢+,0...,0), vil@it1, i =
1,...,t — 1. Secondly, we seek divisors of the matrix A with prescribed
c.d.f. ®.
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Corollary 5.

form
Ly
L= Lo
0
where
11 l12
®2
Ly = (cpz,sl)l21 l22
® ®
o) hl Tpea) k2
Pk+1
(<Pk+17€1)lk+1'1
Lo = ..
_pt
(%;1)&1
lij €R.

The set L(W, ®) consists of all invertible matrices of the

, (3)

li k-1 Lk
lo k-1 log,
, (4)
ren ) k=1 Ui
Pk+1
(Greren) et Lk
%)
(Wtffk) lik

Proof. On account of the proof of Theorem 4 any matrix L from L(, ®)

has form (2).

Since —%
(SO’L sEi+75 )

€ UR), j=0,...,k —1i, we see that the

elements l; ;4; have no restrictions. Hence, the matrix L has form (3).
Conversely, suppose that the matrix L has form (3). An easy compu-

tation shows that LV = &5, where

My
S =1 My
0
13 €
glllll S5721112
&1 £2
M = (302781)l21 2 a2
13
(L
13
(e e
My = ..
13
(%}El)lﬂ

Corollary 6.
form

H:‘ m

0 N

0
01,
0
Ek— 13
ol
Sk=1g Lk ]
oy l2k—1 orlok
)
€k—1 Ek
(@k,sk—l)lk'k_l %lkk
ek
(‘Pk+175k)lk+1'k
€k
(<Pt75k)ltk

O

The group Gg consists of all invertible matrices of the

*

.
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where
hi1 hia ... hit—1 hit
o — %hm haa ... hoy1  hy ’
ha Sthey .o JPoheea D
N e GLn_t(R) ]

We can now rephrase Theorem 1 as follows.

Theorem 5. The matriz B = Pglq)Q;l 1s the left divisor of the matrix
A= Pgl\I'Qzll if and only if the matrix PBP,Xl has form (3). O

Theorem 6. The matriz A has a unique up to associate divisor with
c.d.f.
& = diag(¢1,---,%t,0,...,0) if and only if one of following three cases
holds:

Dk=t=n= (pn,&j) =¢j,j=1,...,n—1;

2)k <nt=n= g1 = prr2 = ... = Pn, and (¢n, &) = @j,
ji=1,...k;

3) k.t <n=k=t, and (pr,g;) =¢j, j=1,...,k—1.

Proof. We follow the notations of Corollaries 5 and 6. According to
Theorem 2 the matrix A has a unique up to associate divisor with c.d.f.
® if and only if W(¥, ®) = {E}, i.e., L(T, ®) = Gg.

Let £ =t = n. The equality of these sets is equivalent to L1 = Hj.
Therefore (¢;,65) = ¢j,i=2,...,n,j=1,...,n—1,i > j. Specifically,
(Pny&5) = @iy j=1,...,n—1.

Conversely, if (‘P—’?, i) =1,j=1,...,n— 1, we have (ﬁ_, 3) =1,

Yi’ P Yi’ P
1=7+1,...,n, so that

Pi €j
(30‘7‘5‘) =¥ <7> = ¥j-
B "\wi v ’
Case 2. The equality of the sets L(¥, ®) and Gg is equivalent to

P i=k+2,k+3,...nj=k+1k+2,....n—1,i>j (5)
@;

Ll*

Hl:H L2 *

This is equivalent to

and
(goi,aj):goj,i:2,...,n,j:1,...,k,i>j. (6)
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Specifically,
%:M:...: Pn =1.
Pr+1  Pk+2 ¥n—1
Hence,
Pkt1 = Pkt2 = ... = Pn. (7)

Having noticed

$r _ _Pp P11 Patl

Pq Pp—1 Pp—2 Pq ’
where p > ¢, we conclude that equalities (5) and (7) are equivalent. In
the same manner as above we can see that i7) and (6) are equivalent.

Now consider Case 3. Thus we get

L1 *
Ly

-l
0

v

The sizes of zero submatrices are (n —t) x k and (n —t) x ¢ hence, k = t.
It follows that the matrix Lo is empty. Furthermore the analysis similar
to above shows that (ox,ej) = ¢, j=1,....,k—1. O

This result generalizes the known results of Z. Borevich [15], V. Zelisko
[4] and V. Petrychkovych [3].

2. Finding the set W(U, O)

This part of our paper is devoted to the study of set W (¥, @), where A
is a nonsingular matrix.

Let us denote by K(f) the set of representatives of the conjugate
classesof R/Rf, f € R. Let V(¥, @) denote the set of lower unitriangular
matrices of the form

1 0 . 0 0
2
(<P2,2€1)k21 1 . 0 0 |
P $n Pn
mknl mknz mkn.n—l 1

wherekij€K<(¢;€J)>,i 2,...,n,5=1,....,n—1,7 > j. For the first
time in the case R = C[x] these matrices were introduced by Kazimirskij
P.S. [1,2].

Proposition 4. V(¥,®) C W(U, D).
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Proof. Let V.,V be matrices from V(\I' ®) with the elements fijvsj,
fijuij, respectively, where f;; = (so = ),z > j, and let HV = Vi, where
H € Gg. The assertion follows if we prove that V = Vi . It is obvious
that the matrix H is also a lower unitriangular matrix with the elements
%hij,i > j. We have H = V; V1. Putting n = 2, we get

2
faruo1 — farv91 = 22 .
®1

Notice that
w2 . (p2,61)
—= = fo

)

¥1 ¥1
thus
Ul — V21 = ((p;’fl)hm
Hence,

U9l = V91 <m0d
©1

This means that us; = v91, so V = V.
Suppose that the assumption holds for the matrices of order n — 1,
we will prove it for n. The equality HV = V; implies that the equalities

1 0
w2
H'V' = 21 ! X

Pn—1 $n—1 $n—1
o1 hn—l,l 02 On_ hn 1.n—2 1

1 0
fa1v21

hn—1.2

—_

fr—11Vn—11 fa—12Un—12 ... fo—1n—2Un—1n-2 1
1 0 0

_ faru21 1 Y
- “ e “ e - 1’

fn—11Un—11 fa—12Un—12 ... fo—1n—2Un—1n—2 1

and

£3
H'V" = || 2 hay 1 %

Pn Pn $Pn
02 th 03 hn3 T pet hn.n—l 1
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1 0
[32v32 1 _
fn2vn2 fn3vn3 cee fn.nflvn.nfl 1
1 0
f32u32 1 o
- - - — "
fn?unZ fn3un3 v fn.n—lun.n—l 1

hold. Since H' € Gyiag(py,...pn_ 1) and V', V] € V(diag(e,...,en1),
diag(¢1,...,¢¥n-1)), by the induction hypothesis, V' = V/. Analogously,
H" € Giag(po,....pn) and V", V]" € V(diag(ez, ..., en),diag(pz, ..., ¢n))
implies V" = V/". Tt follows that the matrices V, V; differ from each other
by the entry (n,1) at most. Hence,

1 0
1
wvlt=1 : ,
0O O 1
Snl 0 0 1

where s,1 = fn1(un1 — vn1). Thus,

Upl = Uni <m0d
P1

This means that u,; = v,1. Consequently, V = Vi and the proof is
complete. O

Let 2 < j1 < j2--- < jg < n the set of all indices such that ¢; # @;_1,
@ = J1,72+-+-1Jg-

Theorem 7. The sets V(¥,®) and W (¥, ®) coincide if and only if

any divisor of the element Sfil has a common divisor with the element
(%271)’ L= 0150200 dg-

In order to prove this theorem we establish a series of facts which
present interest in their own right.

Lemma 2. Let S be an nxm matriz and ®; = diag(%, ey %, 1,..., 1),
o

n—i+1
i=2....n IfHc Gg then &,HS ~ ;S,i=2,...,n.
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Proof. Since the j-th column of the matrix H has the form

T
i+1
hj:‘hlj by Py Pyl =1 n— 1,
©j Py
we obtain
‘I’thZ'%hlj e by Phy Py
P1 Pi—1 J J
T
i+1
ﬂhzg Pit hi-l—l.j (pnhnj =
Py J Py
Pi || Pj Pj
= 2 gy, hj—1; h
o pj1 Y
Pi+1 ¥ r
R o hivti o hpall
v T pi
1=2,...,n, 1 > j. It follows that
¢, H = K;P;, (8)

where the matrix Kj; is the quotient of dividing ®; H by ®;. Since det ®; £
0 and H € GL,(R), (8) shows that K; € GL,(R), therefore ®;HS =

K;®,S. Consequently, one has ;5 L D,HS, 1=2,...,n. O
Lemma 3. Let L be an n X n invertible matriz of form (4). Then

<w{;ﬂ,lij,li+1,j,...,lnj> =1, +=2,...,n,5=14,1+1,...,n.
is Ei—

Proof. Suppose, contrary to our claim, that
Pi
—— i i1, .l > =0;; # 1.
(Gt b ) =2

Let us consider the submatrix

(901',61)[11 e (%761'—1)[1'”71 lij
Lij =

Pn l

1 (Pn,giy) mi—1 lnj

Pn
eI

of the matrix L. Since (%ﬁﬁ (;;725)’ k=4,i+1,...,n,s=1,...,i—1,

we have d;;|L;;. By Lemma 1, 0;;| det L. This contradicts to the fact that
L is an invertible matrix. O
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Lemma 4. Let S be a lower unitriangular matriz from L(V, ®). Then
there is a matric H € Go such that HS € V(VU, ®).

Proof. Let S, Hy be lower unitriangular matrices with elements (gfiz-)sijv

1]
%hij, respectively, where h;; are parameters, i =2,...,n,j=1,...,n—
1,7 >j. If n =2, then

1 0 1 0
i T | P
it 1 moayen 1
1 0 g
= (,) = 1-
et (“Ggthar +om) 1

Let s91 = kop (mod(gofoifﬂ» where ko; € K ((“"fpi’fl)). It follows that

ko1 = 891 + @rm for some 191 € R. Setting ho; = 121, we obtain

S; € V(T, D).

Suppose that the assumption holds for the matrices of the order n—1,
we will prove it for n. The matrix HyS is also a lower unitriangular matrix
with the elements d;;, 7 > j. We have

dnj: H%hnl Pn honm—1 1] x
#1 Pn—1
T
Pj+1 Pn
x0...0 1 ————<8i415... Sni =
— (piv1.65) 777 (onyeg)

j—1

Pn ©®n
= "—hpj+ ——hnjt15j415 + -
;i 7 (ip1,eg) T
Pn Pn
b1 Sn s =
(Pn-1,65) " (onsgy)

, €5 ]
_ Pn <(‘Pn j)hnj + Mhn.j+13j+l.j 4.

~ (¢n,€j) ©j (¢j+1,€5)
((p”ﬁ 6]) h

_l’_
(Pn—1,€5)

nn—18n—1.j + Snj) )

j=1,...,n—1. Let j =n—1and spn_1 = knn_1 (rnod(‘ng’:ile)>7 where

knno1 € K (W;f%;l)). This gives kppn_1 = Spn_1 + %rwn_l for
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some T, ,—1 € R. We put hyn1 = rpn_1. Set j =n — 2 and

y En—2 ,En—2
Sp.n—2 + MTn.nflsnfl.an =kpn—2 <m0d(90nn)> >
(‘Pnfly 5n72) Pn—2

for some ky, p—2 € K (M) Then there exists 7,.,—2 € R such that

Pn—2
En—2 En—2
knn—2 = Spn—2+ Mrn.n—lsn—l.n—2 + Mrn.n—l
(‘Pn—la En—?) n—2

We set hypn—2 = rpn—o. We continue in this fashion obtaining the lower

unitriangular matrix

E,1 0
h 1

)

=

where E,,_ is the identity (n — 1) x (n — 1) matrix,

Pn ©n
S -
®1 Pn—1
such that
S0
ms=[ 5 7
1
where S’ is a lower unitriangular matrix from L(diag(e1,...,en—1),

diag(e1, ..., ¥n-1)),

nl

©n
g= kpn—1
H )

(Sona En—1

n
(Sona 51) ’
knj € K (%) ,7=1,...,n— 1. Thus, by the induction hypothesis,
there exists H' € Gaiag(,y,....on_,) SUch that H'S" € V(diag(e1,...,en-1),
diag(¢1,-.-,9n_1)). Hence, (H' ®1)H1S € V(¥,®), and this is precisely
the assertion of the Lemma. O

We proceed to the proof of Theorem 7.

Proof. Necessity. Let §; be a non-trivial divisor of w('-o;

, 11 <1<

Suppose, contrary to our claim, that (dﬁ? 5,~> = 1. Then there exist
u,v € R such that u% + vd; = 1. Consider the matrix

i
Pi€i—1

v —U
Li - Ei—2 ) H ©i 5
(pisei—1) v

2] En—z"




92FACTORIZATION OF MATRICES OVER ELEMENTARY DIVISOR DOMAIN

It is obvious that L; € L(W,®). Denote by S; the matrix consisting of
last m — i + 1 columns of the matrix L;. It is easy to check that

dlag(wl Tty i ,1,,1>SZ:(I)ZSZL
¥1 Pi-1

On the other hand, if M € V(¥, ®), then
where M; is a matrix, which consists of the last n — 4 + 1 columns of a
matrix M. We conclude from Lemma 2 that V(¥, ®) does not contain
the representative of the conjugate class GgL;. This contradicts the fact
that V(U, ®) = W(U, <I>)

Sufficiency. Let ( Gie—ybs d) = 1 and ( b d) = q; for same

b,de R, 2<i<n. Slnce 0‘2|4fi1 and «a;|d, by the assertion assumption

0; @ Eny

‘ 0

0

l
DU
n—

of the theorem, ((@,‘iifl)b, d) # 1, a contradiction. Hence, the equality

((% f 1)b d) = 1 implies that ( £ -b d) =1,i=2,...,n

Let L be an invertible matrix of form (4). In order to prove this
statement we only need to show that there exist a matrix H € Gg such
that HL € V(¥,®). The proof will be divided into 2 steps. At the
first step we will find a matrix H; € Gg such that H{L has a lower
unitriangular form.

In the case n = 2 the invertibility of the matrix

ar

2 ‘
(p2,€1)

( P2 l127l22>:1-
(902781)

By the above reasoning
2
<£pl127122> =1
$1

ﬂlum +loous =1
®1

l11 l12
lor 22

implies that

Therefore,

for some w1, us € R. Clearly, we have

[ | -ty B I
o = 2 ;
90? u1 <P2,€1) 21 l22 (pa.c1) 521 1
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is the desired matrix.

Suppose that the assumption holds for the matrices of order n — 1,
we will prove it for n. Step by step, using Lemma 3 and the result which
has been proved above, we obtain

where e € U(R). Hence

Hy —
! L2q usy

H 6_1l22 —6_1l21
¥1

Pn Pn—1 Pn—1
= ( < llna Ty ln72.na lnln) alnn> =
Pn—1 ¥1 Pn—2

- -1
= <30n ! lln: Tty Pn ln—2.n7 ln—l.nv lnn) =
P1 Pn—2

= <SD71—1 (QOn—Qlln’ e 7ln—2.n> ,(ln—l.n7 l””)> -
Pn—2 P1

2
= (2200 Uam o o) ) = (i L) = 1.
(2t an)) = ()

Then there exist uq,...,u, such that

ﬁllnul +...+ Fn
¥1 Pn—1

This implies that

ln—l.nun—l + lnnun =1

—Up, -, Un—1,Upn | = 1.
®1 Pn—1

It is known (see, for example [18] p.13) that there exists an invertible
matrix of the form

Uil u12 v Ul.n—1 Uln
0 U922 .o U2.n—1 U2n
0 v 0 Un—1.n—1 Un—1.n

#n $n Pn

o1 Ui ) ug ... o1 Un—1 Un,

Let HoL = || t;; ||]. Then tn, = 1. So

1 0 ... 0 —t,

)
—
|
S~~~
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Since H)Hy € Gg, the above equality shows that H\HoL € L(U, ®), by
Property 2. Therefore
L’ € L(diag(ey,...,en—1),diag(e1, . .., ¥n—1)). By the induction hypoth-
esis, there exists a matrix H' € Gaiag(g,,....p,_,) Such that the matrix H'L
has lower unitriangular form. Hence the matrix Hy = (H' & 1)HyH is
the desired matrix, i.e., HL € L(¥,®) and has a lower unitriangular
form.

By Lemma 4, HoH L € V(¥,®) for some matrix Hy € Gg. The
proof is complete. O

Combining Theorem 2 and 7 we obtain.

Theorem 8. The set (V(¥,®)Pa)~1® consists of all left up to right
associate divisors of the matrix A which have c.d.f. ® if and only if any
divisor of element % has common divisor with the element ﬁ,
1= J1,72,--»Jg-

Let now R be a principal ideal ring and A = Pgl\I’Qzl, where ¥ =

diag(eq,...,&n), is a nonsingular matrix over R. Let ® = diag(ep1,...,¢n)|Y,
ilgi+1, ¢ = 1,...,n — 1. Decompose the elements S;_Djl , ;Zill , 1 =
J1,J2,---,Jg, into product of the irreducible factors:
¥i ks ky Ei-1 i il 1, Pi ir
.Z :g’ill...gill’ Z‘ :gqulggllhfllhlp'f‘ . (9)
PYi—1 PYi—1

Theorem 9. The set (V(¥,®)P4)~1® consists of all left up to right
associate divisors of the matriz A which have c.d.f. ® if and only if

kl] >q1]7 12]1,]27,j9,j:1,,l
Proof. Observing that

©s . SOi/(,Oi_l . .
- y V=01,025--45]0g5

(pirei-1) <(pi/80i—1’ 61_1/%’—1)

and having Theorem 8 we prove this assertion. O

3. Application

Let us apply these results to factorization of a matrix polynomials and
solution of unilateral matrix equations. Consider a nonsingular matrix
polynomial

Ax) = Agz® + Ag_1257 1 4 -+ 4 A,
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A; € Mp(P), i =0,...,s, P is a field. We recall that a matrix poly-
nomial A(z) is monic if Ay = E. A matrix polynomial A(x) is right-
regularizable if there exists invertible matrix U(x) such that A(x)U(z)
is a monic polynomial. Necessary and sufficient conditions for right-
regularization of the matrix polynomial A(x) are proposed in [2,5,20].
Since A(x) is the matrix over elementary divisor ring R = P[x], there
exist P4(x),Qa(x) such that

Pa(z)A(z)Qa(x) = diag(er1(z), ..., en(z)) = U(z).

Let ®(x) = diag(pi(x),...,pn(x)),0i(z)|@ir1(z),i = 1,...,n — 1, be
a divisor of the matrix ¥(z). Write the polynomials @‘fj(lﬁ), ;:11((?),
i=2,...,n,in form (9). In order to describe divisors of the matrix A(z)
with c.d.f. ®(z) we can use Theorem 9. To describe monic divisors of

the matrix polynomial A(z) we employ the following result.

Theorem 10. Let degdet ®(x) = nr. All left monic divisors of degree r

of the matriz polynomial A(z) with c.d.f. ®(x) can be obtained by right-

reqularization of matrices from (V (¥ (z), ®(x))Pa(z)) " ®(x) if and only

if]{:ij>qij,i:jl,jg,...,jg,jzl,...,l. L]
Consider the matrix polynomial equation

XA, + XA, 1+ +4Ay=0. (10)

It is well known that the matrix B is the root of equation (10) if and only
if the matrix polynomial Fx — B is the left divisor of the corresponding
matrix polynomial A(z) = Agx® + As 125! + .- + Ag. Therefore, we
can apply Theorem 10 to the solutions of unilateral matrix equation (10).

Consider some examples that illustrate the presented factorization
theory.

Example 1. Let R={a+bix+bya’+---| a€Z, bcQ ic
N} [21].  Let us find all left up to right associate divisors of the matrix
A = diag(5,523) = U which have c.d.f. ® = diag(1,5z).

It is easy to check that any divisor of the element % = 52 has common
divisor with the element (L = 2 — 2. Thus the set of desire

P2,E1) (5z,5)

divisors has the form

(I B e

where k € K ((@;7151)) — K(5) = {0,1,2,3,4}.

Example 2. Let us solve the equation

1 0
zk 1

X% =o, (11)
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where X is a 3 X 3 matriz.
The matrix polynomial Ex? = ¥(x) corresponds to this matrix equa-
tion. The possible c.d.f. of the left monic divisors of Ex? are the matrices

®(z) = Ex, ®o(x) = diag(1, z, 2?).

By Theorem 6 the matrix ®;(xz) = Fx determines the unique solution
X1 = 0. Consider the matrix

1 0 0
Vix) = a 1 0| eV(¥(x),Pa(x)),
br+c d 1

where a, b, c,d € P. By Proposition 4 and Theorem 2 we conclude that
V(U (), ®o(x)) 1 ®o(z) is the set of left divisors of the matrix Ez?. Using
the results of papers [2,5,20] we can find the invertible matrix U(z) such
that

V(¥(x), a(2)) ™' @o(2)U (2) =
& d 1
= Fx—b! —ac —ad —a
(da —c)e (da—c)d da—c

It follows that

c d 1
Xo=<f —ac —ad —a )
(da —c)c (da—c)d da—c

where a,c,d € P, f € P*, is the set of solutions of equation (11). Since

e3(x) _  ealx) _
=z, =
P2 () p2()
the conditions of Theorem 10 do not hold. This means that the set
V(¥(z), Po(z)) ' ®2(x) does not contain all left up to right associate
divisors of the matrix EFz? with c.d.f. ®o(x).
Using the results of paper [22] we get that the set of all solutions of
equation (11) consists of

—c -1 0 0 0 0
X17X27X3: f C2 c 0 7X4: f —d —c -1 )
ac a O ed 2 ¢
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where a,c,d € P, f,g € P*,s,t are not equal to zero simultaneously.

Remark. Let P be a commutative ring. It is easy to check that the ma-
trices from X1, Xa, ..., Xg are also solutions of equation (11). Moreover,
if f is the element of the center of a non commutative ring P, then the
matrices from these sets are solutions of equation (11) as well.

1]
2]
3l

(4]
5]

[6]

7]
(8]
[
(10]
(11]
(12]
(13]
(14]

[15]

[16]

[17]

References

Kazimirskij P.S. Solution of the problem of determining a regular factor of a
matriz polynomial // Ukr. Math. Zh. 1980, 32. — Ne 4, — P. 483-498.

Kazimirskij P.S. Decomposition of Matriz Polynomials into Factors — Kiev,
Naukova Dumka, 1981. — 224 p.

Petrychkovych V.M. On diagonalisability of sets matrices and unique its factor-
ization // Visnyk Derzh. Univ. "Lvivska Politekhnika". — 1999. — Ne 364, — P.
177-180.

Zelisko V.R. Uniqueness of monic divisors of a matriz polynomial // Visnyk
Lviv Univ. — 1988. — Ne 30, — P. 36-38.

Shchedryk V.P., Zelisko V.R. The matriz of values on a system of roots of diag-
onal elements of a matriz and its applications // Mat. Met. i Fiz.-Mekh Polya. —
2005. — 48. — Ne 4, — P. 38-47.

Kazimirskij P.S., Shchedrik V.P. O pewenuar mampuunvls mHo204AeHHIT
oonocmopornnux ypaswernuti // Doklady AN SSSR. — 1989. — 304, Ne 2. — C.
271 - 274.

Gohberg 1., Lancaster P., Rodman L. Matriz Polynomials New York, Academic
Press, 1982. — 409 p.

Malyshev A.N. Factorization of matriz polynomsials // Sib. Math. J. — 1982 —
23. — Ne 3, — P. 136-146.

Langer H. Factorization of operator pencils // Acta Sci. Math. — 1976. — 38. — S.
83 — 96.

Laffey T.J., Dias da Silva J.A. On simultaneous similarity of matrices and related
guestions // Linear Algebra and its Applications. — 1999. — 291. — P. 167 — 184.

Laffey T.J., Meehan E. Factorization of polynomials using commuting matrices
// Linear Algebra and its Applications. — 1994. — 196. — P. 85-103.

Krupnik 1. Decomposition of a monic matrix polynomial into a product of linear
factors // Linear Algebra and its Applications. — 1992. — 390. — P. 239 — 242.

Mingsheng Wang, Dengguo Feng On Lin-Bose problem // Linear Algebra and
its Applications. — 2004. — 167. — P. 279 — 285.

Bhowmik G., Ramare O. Algebra of matriz arithmetic // Journal of Algebra. —
1998. — 210. — P. 194 — 215.

Borevich Z.I. On the factorization of matrices over principal ideal ring // Pro-
ceedings of the III All-union Symposium on the Theory of Ring, Algebras and
Modules. — 21-24 September 1976, Tartu University P. 19.

Narang A., Nanda V.C. Factorization of matrices over Dedekind domains //
Journal of the Indian Math. Soc. — 1979. — 43. — P. 31 — 33.

Kaplansky 1. Elementary divisor and modules // Trans. Amer. Math. Soc. —
1949. — 66. — P. 464-491.



98FACTORIZATION OF MATRICES OVER ELEMENTARY DIVISOR DOMAIN

[18] Newman M. Integral matrices. — New York: Academic Press. — 1972. — 224 p.

[19] Kazimirskij P.S., Zabavskyj B.V. Reduction of a pair of matrices over an adequate
ring to a specific triangular form by means of identical unilateral transformation
// Ukr. Mat. J. — 1984. — 36. — Ne 2, — P. 256-258.

[20] Prokip V.M. On divisibility and unilateral equivalence of matriz polynomials //
Ukr. Mat. J. — 1990. — 42. — Ne 9, — P. 1213-1219.

[21] Henriksen M. Some remarks on elementary divisor ring II // Michigan Math.
J. —1955/56. — 3. — C. 159-163.

[22] Shchedryk V.P. Nonassociative matrices with standard ®-skeleton // Mat. Met.
i Fiz.-Mekh Polya. — 2002. — 45. Ne 3, — P. 32-44.

CONTACT INFORMATION

V. Shchedryk Pidstryhach Institute for Applied Problems
of Mechanics and Mathematics NAS of
Ukraine,
3b Naukova Str., L’viv, 79053, Ukraine
E-Mail: shchedrykvQukr.net

Received by the editors: 01.03.2006
and in final form 15.05.2009.



