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ABSTRACT. The paper concerns the problem of characteriza-
tion of verbal subgroups in finitely generated nilpotent groups. We
introduce the notion of verbal poverty and show that every verbally
poor finitely generated nilpotent group is a finite p-group with the
lower p-central series for certain prime p. We conclude with few
examples of verbally poor groups.

1. Introduction and main results

The characterization of verbal subgroups in a group is an interesting and
difficult problem. The full description of the verbal structure has been
found only for few specific kinds of groups. The examples are given in the
last section of this paper. All the groups presented there admit rather
poor verbal structure. We consider then an inverse problem and provide
conditions which a finitely generated nilpotent group should meet to have
such poor verbal structure.

Let G be a group and F' be a set of words from the free group of count-
ably infinite rank, freely generated by an alphabet X = {z1,z2,...,2,}.
The verbal subgroup Vi (G) of group G is the subgroup generated by all
values of the words from F' in group G. If F' = {f} then the verbal
subgroup generated by F' will be denoted by V;(G). In a nilpotent group
every verbal subgroup is generated by a finite set of words, hence we
restrict here our considerations to the case of F' being finite [3|. Let us
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2 VERBAL SUBGROUPS OF FINITELY GENERATED NILPOTENT GROUPS

denote by ¢; the following words:
Cl = X1, Ci+1 = [IL’Z‘_H, ci(xl, veay xl)]

For any group G the verbal subgroups V., (G) constitute the lower central
series

G =7(G) = 7%(G) > ..,

in which v;(G) = V,(G). In the case of a nilpotent group of class [ we
obviously have v(G) = V., (G) = {1}.

The group is said to be wverbally simple if it has no proper verbal
subgroups. In the class of residually nilpotent groups we introduce yet
another notion concerning verbal subgroups in the group. We say that
the group G is verbally poor if it has no verbal subgroups but the terms of
its lower central series. In other words group G is verbally poor if every
verbal subgroup Vg (G) coincides with v;(G) for certain ¢ € N. One can
easily check that a cyclic group Cp» of order p™, where p is a prime is
verbally poor if and only if it is verbally simple, i.e. for n = 1.

In this paper we deal with the problem of finding necessary and suf-
ficient conditions for a finitely generated nilpotent group to be verbally
poor. The main result is stated in the following

Main Theorem. Fvery verbally poor finitely generated nilpotent group
18 a finite p-group with the lower central series being a p-central series for
certain prime p.

This, however, is not a full characterization of all finitely generated
nilpotent verbally poor groups. In Section 3 we discuss the problem of
reversing the theorem and present some known examples of groups to
which the reverse theorem applies. At the moment, no counterexample
is known to the author. Then we give also a few examples of infinitely
generated verbally poor groups.

2. Preliminaries

We begin with some basic facts on verbally poor groups.

Proposition 1. Let G be a group and H be a normal subgroup of G. If
G s verbally poor then so is the quotient group G/H .

Proof. Let ¢ : G — G/H be the natural homomorphism. Since G is
verbally poor, then there exists ¢ € N such that

Ve(G/H) = ¢(Vr(G)) = ¢(Ve, (G)) = Ve, (G/H).

Hence G/H is verbally poor. O
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Proposition 2. Let {G1,Ga,...,Gy} be a finite family of groups and G
n

be the direct product of G, i.e. G = [[ Gi. If G is verbally poor then so
i=1

is G; for every i € {1,2,...,n}.

Proof. Consider G = A x B. Then obviously B = G/A and A = G/B.
Since G is verbally poor, then following Proposition 1, both A and B are
verbally poor too. The rest of the proof is simple induction on n. O

From now on, we assume that G is a finitely generated nilpotent
group. We recall that

Lemma 1. /2] If G is nilpotent group and A is its subgroup such that
AlG,G] =G, then A =G.

A useful characterization of torsion-free finitely generated nilpotent
groups is known (see [2]). Namely, a finitely generated torsion-free nilpo-
tent group G has the lower central series with infinite cyclic quotients.
This fact allows us to introduce in G integer coordinates. If G = G >
Go > ... > G541 = {1} is the lower central series of G, then we can choose
the Malcev basis aj, ag, ..., as of group G such that G; = (a;, Gij+1). Ev-
ery element & € G can be uniquely represented as = atll(x)agz(gc)...aés ()
where t;(x) € Z are the Malcev coordinates. The notion of Malcev basis
and coordinates in group G allows to represent elements of G as unitrian-

gular matrices with integer entries. The latter is stated in the following

Lemma 2. Every torsion-free finitely generated nilpotent group is iso-
morphic to a subgroup of UT,(Z) for a certain n € N.

The group UT,(Z) is the group of upper triangular reversible ma-
trices with ones on the main diagonal, zeros below and integer entries
above. A detailed proof of Lemma 2 can be found in [2].

For the purpose of this work we also recall the notion of p-central
series. In a nilpotent group G the central series

G =G(G) =2 G(G) = ... = G(G) = {1}

is called a p-central series, if all the quotients (;(G)/(i+1(G) for all i =
1,2,...,k — 1 are elementary abelian of exponent p. An example of such
series is the lower p-central series G = A\ (G) > \a(G) > ... > M\(G) =
{1}, which is defined recursively as:

)\1(G) = G, )\l(G) = [)\ifl(G),G])\ifl(G)p fO’I“ 1> 1.

Here, GP denotes the verbal subgroup V,»(G).
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3. Proof of the Main Theorem

From the characterization of torsion-free finitely generated nilpotent groups
presented in Section 2 it follows that for description of verbal subgroups
of any torsion-free finitely generated nilpotent group, it is sufficient to
investigate the latter in the subgroups of the group UT,(Z), n € N.

For further considerations we introduce some necessary notation first.
Let A = [a;] be an arbitrary matrix from UT),(Z) such that for all indices
1<j<i+t;+1 thereis

ai;; =0 and i+t;+2>n

or
@iitti+2 7 0.

Let w(A) = (t1,t2,...,tn—1) be a vector of size n — 1, in which each
coordinate t; is the number of zeroes placed between the main diagonal
of the matrix A and the first nonzero element in i-th row of the matrix.
The vector w(A) will be called the type of matriz A. For example, the
type of the unit matrix I,, is equal to w(l,) = (n — 1,n — 2,...,2,1).
Directly from the given definition one can observe that

Lemma 3. If H < UT(n,Z) contains matrices A and B of the types
w(A) = (t1,t2,....,tn—1) and w(B) = (s1,52,..., Sn—1)

respectively, then H contains a matriz C' of the type
w(C) = min{w(A4),w(B)} = (min{ty, s1}, min{ta, so}, ..., min{t,—1, Sp—1}).

Proof. It is enough to take C = A’B for adequate i € N. Obviously, for
every i € Z we have C' € H. Now, if for every k € {1,2,...,n — 1} there
is ty # sp or tp = sk A Ak,k+tk+2 + (Bk,k+tk+2)_1; then for ¢ = 1 the
assumed matrix C will be of the desired type. Otherwise, we take
=1+ B ;
? ke{lgl,.%.),(n—l} | k7k+tk+2’
and this completes the proof. O
As a consequence of Lemma 3 we are able to define the type Wg of
the subgroup H in the group UT,(Z) as
Wy = mi A).
o= e
In the set of the types Wi of subgroups H of the group UT, (Z) we
define the order:

(al, ...,an) =Wg, <Wg, = (bl, ,bn) & Vi=1,...,n a; <b;.
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If Wy, < Wy, and there exists i € {1,2,...,n} such that a; # b;, then
we write

VVH1 < WH2 .

Lemma 4. Let v;(H), i = 2,3, ...,c be the i-th term of the lower central
series in the group H being the subgroup of UT,(Z) of nilpotency class c.
Then

Woewn) > W

o1 () > o > Wy > W

Proof. IfW%(H) = (tl,tz, ...,tn_l), then W’Yz'+1(H) = (tl—i-l,tg—l-l, cey b1+
1. 0

Lemma 5. Let w(A) = (t1,ta, ..., tn—1) be the type of the matriz A. Then
w(AF) = w(A) for every k € Z\ {0}.

Proof. Indeed, it can be easily observed that
(Ak)i7i+ti+2 =k- Ai,i+ti+2 75 0

for k # 0. Moreover, if i < j < i +t; + 1 then (A¥);; = 0, and hence
w(AF) = w(A). O

Lemma 6. The group UT(n,Z) does not contain divisible subgroups
different from {I,}.

Proof. Let us assume that H is a nontrivial divisible subgroup of UT (n, Z).
Then there exists A € H such that A # I, ie. w(A) = (t1,t2, ..., tn—1)
and there exists ig € {1,2,...,n — 1} such that ¢;, < n — dp. Since
Aigig+tig+2 € Z\ {0}, then there exists m € Z\ {0} such that m {
Aigjig+ti,+2- Indeed, it is enough to take m > |Ajjigtt, +2|. If there
exists a matrix B such that B™ = A, then following Lemma 5 we have
w(B) = w(A) and the equality

Ai07i0+t¢0 +2=Mm- Bi07io+t¢0 +2

holds. Then we get a contradiction and hence there exists no such matrix
B. Therefore H is not a divisible group. O

Proposition 3. Every verbally poor finitely generated nilpotent group is
a (finite) torsion group.

Proof. The proof will be carried out in a few steps. Successively, we will
show the following:

A If H is a non-trivial subgroup of group UT,,(Z), then for every
k # 0,+1 the verbal subgroup V «(H) is a proper subgroup of H.
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B A non trivial subgroup of UT,,(Z) is not a verbally poor group.
C Correctness of the thesis in the Proposition.
A. The first part of the proof consists of two steps:

1. At first we will show that if A € Vo« (H) and w(A) = (t1,t2, ..., tn—1),
then the elements A; ;4,42 for i =1,2,...,n — 1 are divisible by k.
Indeed. Let A be a matrix from V x(H). Then there exist ma-
trices Ay, Ag, ..., As € H such that A = AyAL.. AF. If w(4;) =
(ugl),ug), ceey nz) ) fori=1,2,..s, then

w(A) = minw(A4;)

2

and

Ajjtt 42 = Zk Ajjrtj42 =k ZA j+t+2

2. Now, assume M; C Z to be defined as follows: M; def {Aiive,42/A €
H}. Since H # {1,}, then there exists ig € {1,2,...,n — 1} such
that M;, # {0}. Let us denote by m the element of the smallest
nonzero absolute value in M;, (if there are more than one such
elements we choose one of those that are positive numbers). The
following two cases may occur:

a) k1 m. Then there exists matrix A € H such that A;; jo41,, +2 =
m and following the first step of the proof A & Vi (H).

b) m = k-1 for certain | € Z\ {0} such that |I| < |m|. Let us
assume that matrix A € H satisfying condition: Aio,io+ti0+2 =

m is contained in V_x (H). Then there exist matrices A, As, ..., As €
H such that

A= AWEADE A0k g5

S

Hence m=Fk-l=k- ZA
i=1

osio-ttig +27 and therefore

S
_ (4) ,
l= Z Aio,i0+t¢0+2 € MZO'
=1

By the fact that |I| < |m| and the assumptions involving m we
get a contradiction. Hence A & Vi (H).
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From a) and b) we directly conclude that V x(H) # H for k #
0, +1. O

B. Now we can prove the second part. If A € H is a matrix of the
type Wy, then after Lemma 5 the matrix A%, k # 0 is a matrix of the
type Wy, hence the type of the verbal subgroup V,«(H) of the group H
generated by the word z* is equal Wy. Simultaneously if k # +1, then

We obtained that while k # 0 the inequalities hold: WVZ W) = Wi <
W,y for i =2,3,...,c. Hence

Vo(H) £ ~v(H) dla i=2,3,...,c,

i.e. group H has verbal subgroups V, . (H), that do not coincide with any
term of its lower central series. O

C. Let G be a finitely generated nilpotent group with non-trivial torsion-
free part. We denote by T the torsion part of G. Of course, T <1 G
and the quotient group G/T is torsion-free. Then G/T is isomorphic
to a subgroup of UT,,(Z), which - as proved above - is not a verbally
poor group. Hence by Proposition 1, neither is G. Therefore, a finitely
generated verbally poor nilpotent group G has a trivial torsion-free part,
i.e. it is a finite torsion group. O

Proof of the Main Theorem. As a consequence of Proposition 3,
the research of verbally poor finitely generated nilpotent groups can be
limited to finite torsion groups. The structure of finite nilpotent groups
has been thoroughly investigated and we recall here a famous result of
Burnside and Wielandt, that a finite nilpotent group is a direct product
of its maximal p-subgroups. Then from Proposition 2 we obtain a simple
observation, that if a finite nilpotent group G has a maximal p-subgroup
which is not verbally poor, then neither is G.

Let us consider the case of G being the direct product of groups A
and B such that

exp(A) =pF, exp(B)=¢, p#q,

where p and ¢ are two different primes. We will show that G is not
verbally poor. Obviously

Vmpk: (A) ={1a} and qul (B) ={1p}.
Also, since LCD(p*, ¢') =1 then V i(A)=Aand V_,(B)= B, hence

prk (G) = {1A} x B and quz (G) =Ax {13}.
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However, the subgroups {14} x B and A x {1} do not coincide with any
of the terms of the lower central series in G. As A and B are nilpotent,
then v;(A) # A and ~;(B) # B for i > 1 and therefore

Ax {1} # (@) # {14} x B.

For ¢ = 1 we have v;(G) = G and this term also does not coincide with
the verbal subgroups determined above. Hence G is not verbally poor, if
it is not a p-group.

Now, consider a verbally poor finite p-group G of nilpotency class c.
As a p-group, G has the lower central series with abelian sections being
p-subgroups. We will show that the lower central series of GG is a p-central
series, that is v;(G) = \i(G) for alli = 1,2, ...,c+ 1.

The proof is inductive. We start with Ao(G) = G'GP and note that
the second term of the lower p-central series of group G is the Frattini
subgroup ®(G) of G. It is well known that v2(G) = G' C ®(G), hence
we need only to prove the reverse inclusion. It is enough to show that
GP C G'. Since G is verbally poor, then G? coincides with one of the
terms of the lower central series of G, say GP = ~(G) for certain .
Moreover, since G is a finite p-group, GP? is a proper subgroup of G and
[ > 2. Then G? = v,(G) C 7(G).

Now, assume that 7;(G) = \;(G) for all i < k. We take

Ai1(G) = [Me(G), GIA(G)".

By induction it is equal to [yk(G), G]vk(G)P = Yk+1(G)Vk(G)P. We need
only to show that v4(G)P C v,+1(G). Indeed, 7;(G)P is a proper verbal
subgroup of 7;(G) and hence it is a verbal subgroup in G. Since G is
verbally poor, v;(G)?P = v (G) for certain m > k + 1 and in particular

Y:(G)P € Y1 (G).

This completes the proof of Main Theorem. O

4. Discussion

The Main Theorem describes the structure of a finitely generated nilpo-
tent verbally poor group, however it does not provide a full character-
ization. It is an interesting question whether the reverse of the Main
Theorem holds and the p-central lower central series is a sufficient con-
dition for verbal poverty. Although the answer is not totally clear, the
reverse theorem seems to be true. This hypothesis can be easily verified
for the abelian and metabelian groups.
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Remark 1. A finite abelian group G is verbally poor if and only if G is
elementary abelian.

For metabelian groups we have:

Proposition 4. If a finite metabelian p-group G has the lower central
series which is a p-central series, then G is verbally poor.

Proof. We assume that G has the lower central series
G>G >{1}

such that G/G' = CF and G'/{1} = G’ = CJ". We denote by ¢ the
natural homomorphism of G onto G/G’. Let Vi(G) be an arbitrary verbal
subgroup of G. Then ¢(V#(G)) = Vp(G/G') and since G/G' = CF is

verbally simple, then there are two options:

1. Vi(G/G') = G/G'. Then Vp(G) contains representatives of all
cosets of G/G’ and we have G = Vp(G) - G'. Following Lemma 1,

Vi(G) =G.
2. Vr(G/G") =1-G'". Then Vp(G) < @', and since in G' = C}* there
are no nontrivial fully invariant subgroups, then Vp(G) = {1} or

Vi (G) =G
Overall, the only verbal subgroups of G are G, G’ and {1}, i.e. G is
verbally poor. O

So, for finite nilpotent groups of nilpotency class less than 3, the Main
Theorem defines all verbally poor groups. Apart from all such groups,
we give another examples of finite nilpotent verbally poor groups.

Example 1. The Sylow p-subgroup Syl,(Sy) of a finite symmetric group
is verbally poor. The proof and details can be found in [5].

Example 2. The group W), defined as a wreath product W,, = C;' 1 G
... LGy is verbally poor group.

This paper addresses only finitely generated nilpotent groups, however
there exist verbally poor groups with infinite number of generators. We
provide here three examples of such groups:

Example 3. The group of automorphisms AutTs of the homogeneous
2-adic rooted tree is verbally poor [4].

Example 4. The Sylow p-subgroup of the group of automorphisms
AutT, of a p-adic rooted tree for p > 2 is a verbally poor group.
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Example 5. The group UT,(K) of unitriangular matrices of size n
over a field K of characteristic 0 is a verbally poor group. Every verbal
subgroup of UT,(K) coincides with one of its subgroups of the type
UTL(K),0<1<n—1 (see [1] for details).

It is an interesting question, whether any conditions for verbal poverty
can be found for the infinite nilpotent (or residually nilpotent) groups.
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