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ABSTRACT.  For several classes of finite nonabelian groups
we investigate the structure of the ring of functions, R(C'), deter-
mined by the cover C of maximal abelian subgroups. We deter-
mine the Jacobson radical J(R(C)) and the semisimple quotient
ring R(C)/J(R(C)).

1. Introduction

Let G = (G, +) be a group written additively but not necessarily abelian,
with identity element 0, and let C' := {Aj, Ag,..., Axy} be a cover of
G by abelian subgroups, i.e., each A; is an abelian subgroup of G and

N
A; = G. Define R(C) :={0: G — G | g4, € End(4;), for all i}.
[A;

=1
Then R(C) is a ring of functions on G called the ring determined by the
cover C'. Note that the identity function, id., and the zero function, 0,
are in R(C) and we require them to be in all of our rings of functions.
On the other hand, suppose R is a ring of functions on G. Define
C(R) := {B C G|B is an abelian subgroup of G and Rjp C End(B)}.
Then C(R) is a cover of G by abelian subgroups. These correspondences
were initiated in [2] and were shown to form a Galois correspondence. One
of the goals of this investigation is to determine structural properties of
the ring R(C') in terms of the cover C. For additional background and
results, we refer the reader to [2].
Suppose C' := {A;,..., Ay} is a cover of the finite group G by abelian

N
subgroups. Define ¢: R(C) — @ End(4;) by ¢¥(o) = (01,...,0N)
i=1
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where o € R(C) and 0; = 014,. Then ¥ is a monomorphism and one

N
wishes to identify Im ¢ in € End(4;). We note if C'is a partition then v

i=1
N
is surjective and R(C) = € End(A4;). However, when there are nontrivial
i=1

intersections among the cells of C, the identification of Im 1 becomes
more difficult.

As in [2], let J(C) denote the intersection semilattice determined by
the cells of C, including the cells of C, so J(C) is a cover by abelian
subgroups. For A; € C, let J(A4;) = {A;N B| for each B € J(C)}. Then
T(Ain Aj) = T(A) N T (4;).

Theorem A. With the notation as above, Im 1 = {(01,...,0n)|oyw =
ajw for each W € J(A;N 4;), 1 <4,j < N}.

Proof. Let T := {(01,...,0N|05w = ojw, foreach W € J(A;NA;), 1<
i,j < N}. For o € R(C), ¥(o) = (01,...,0n) and oy = oy, W €
J(A;iNA;). Thus o € T. For the reverse inclusion, take (p1,...,pn) € T
and define p: G — G by p(z) = pi(x) if z € A;. By the definition of T, p
is a well-defined function in R(C') and we note that ¢ (p) = (p1,...,pN)-
Hence T' C Im v as desired. O

We note that, using the above theorem, we again see that when C' is
a partition, v is surjective since in this case J(A4; N A;) = {0} for i # j.

In this paper we continue the work of [2]. We restrict our attention
to a particular type of cover, namely the cover, C, by maximal abelian
subgroups and, for the most part, to special classes of finite nonabelian
groups. We then investigate the image (R (C)) or more specifically the
associated semisimple ring, R(C)/J(R(C)).

Conventions: All groups, G, in this paper will be finite and, unless
stated otherwise C will always denote the cover of G by its maximal
abelian subgroups. By maximal we always mean proper. If the order
of the group G, denoted by |G|, is at most 3 then G has no cover by
maximal abelian subgroups, so we take |G| > 4.

2. The symmetric group S,

We note first that we take n > 4. For if n = 2, Sy & Zy which has no
cover by maximal abelian subgroups. For Ss we see from [2] that R(C) =
Z3 @ (Z3)? and thus J(R(C)) = {0}. The main tool for our investigation

of the symmetric group is the characterization of the maximal abelian
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subgroups of S,, given by Reinhard Winkler in [4]. We summarize his
results which are relevant to our work.

Let M = {1,2,...,n} and let S,, be the symmetric group on M. Let
P be any partition of M and for every K € P, let +x be an abelian
group operation on K. For every choice a = (ag)gep, ax € K, put
fa(b) = ag +x b for b € K. Define

JP7(+K)K€P = {fala = (ax)kep,ax € K}.

Theorem 2.1 ([4]). (i) H = Hp (1 ,)xcp 5 an abelian subgroup of Sy,
and is mazimal with respect to this property if and only if P does
not contain more than one singleton class.

(i1) Every mazimal abelian subgroup H of Sy is of this form, i.e., there
s a partition P of M containing not more than one singleton class
and a family (+g) of abelian group operations +x on K for every
K € P such that H = Hp

+r)Kep”

We remark that we use the cycle notation for the elements in S, and
denote the operation (composition) with the addition symbol “+.” Before
going into the general situation we consider the specific example S4 which
will illustrate some of the techniques.

Example 2.2. For n = 4 we have the partitions 4 + 0,3 + 1,2 + 2 in
which there is at most one singleton. For the partition {1,2,3,4} we
have the cyclic groups ((1 23 4)), ((12 4 3)) and ((1 3 2 4)). There are
other abelian group structures on {1, 2, 3,4} but these are “picked up” in
the 2 + 2 cases. For 3+ 1 we get the cyclic groups ((1 2 3)), ((1 2 4)),
((1 34)), (234)) and for 2 + 2 we get ((1 2),(3 4)), ((1 3),(2 4)),
((1 4),(2 3)) so we have groups generated by 4-cycles, 3-cycles and 2-
cycles. If ¢ is a 4-cycle or a 3-cycle we get for o € R(C), o(c) € (c).
Suppose o(1 2 34) = k(1 23 4). Then 20(1 2 3 4) = k2(1 2 3 4)
or 0((13)+(24)) = k(1 3) + k(2 4). On the other hand, o(1 3) =
z1(1 3) + 22(2 4) and 0(2 4) = y1(1 3) + y2(2 4). From this we find
r1+y1 =k =22+ ysmod 2. If k=0 mod 2 then z1 = y; and x5 = yo
so 0(1 3) = 0(2 4) and conversely if o(1 3) = 0(2 4) then k = 0 mod 2.
A similar argument holds for the other 4-cycles. Define

I:={p e R(C)|p(d) =0
for each 3-cycle d and p(c) € (2¢) for each 4-cycle c} .

We note that [ is a nil ideal in R(C).
Now suppose ¢ = (1 2 3 4) and o(c) € {¢,3c}. Then z1 +y1 =1 =

Z1 Y1

x2+y2 mod 2 and o has the matrix representation [7; i ] on (1 3), (2 4)).
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If 4 = 1 and 29 = 1 then y; = yo = 0. Note [} 9] = [§9]+ [99]
and the second matrix in the sum represents a function in I restricted
to ((1 3),(2 4)). Hence modulo I, each 4-cycle determines a copy of
Zs. Thus we have R(C)/I = (Z3)* @ (Z2)?. Since I is a nil ideal and
J(R(C)/I) = {0} we have I = J(R(C)). (See [1], Corollary 15.12.)

Since we make use of this result from [1]| several times in the sequel
we state it for reference.

Theorem 2.3 ([1], Corollary 15.12). Let I be an ideal of the ring R. If
I is nil and if J(R/I) = {0}, then I = J(R).

We return to the general case and take n > 5. Let H be a maximal
abelian subgroup of S,. Then H is a direct sum of finite cyclic groups
and each generator of these cyclic subgroups is of prime power order.
We focus on cycles. However we should mention that the generators of
H need not be cycles of prime power order, but can be sums of such
cycles. For example in Sg, the subgroup, H, generated by the cycle
o0 =1(123456) is a maximal abelian subgroup and H has generators
o1 =(14)+(25) 4 (36) of order 2 and o9 = (1 53)+ (26 4). (Note
o1+ 09 =0.)

Theorem 2.4. Let ¢ be a cycle in S, of order |c|, i.e., |c|c =0 in Sy.
Let 0 € R(C). Then o(c) € (c) unless |c|=2", m > 2 and n = |c| + 2.

Proof. If |¢| = n or |¢] = n — 1 then (c¢) is the unique maximal abelian
subgroup containing ¢ so by definition, a(c) € (¢). If n — |¢| > 3 then
one can find suitable partitions P; and P of those elements in M =
{1,2,...,n} not in ¢ to determine maximal abelian subgroups H; and
Hj such that H; N Hy = (¢). Hence a(c) € {c).

It remains to consider n — |¢| = 2. If |c| is odd, let t be the 2-cycle
determined by the elements in M not in c¢. From this we get that (c,t) is
a maximal abelian subgroup and o(c) = zc + yt. But then 0 = o(|c|c) =
lc|lo(c) = |e|yt, so y = 0 and o(c) € (c). Next suppose that |c| = 24, ¢
odd, £ > 3 and m > 1. Again let t be the 2-cycle associated with ¢ and so,
as above, o(c) = zc+ yt for each 0 € R(C). We note that ¢c is the sum
of ¢ disjoint 2™-cycles, say fc = by + bs + - - - + by. Using an appropriate
partition, (by,ba,...,by) is a subgroup of a maximal abelian subgroup
and also one finds o(b;) € (b;) for o € R(C). We take o(b;) = k;b;.
Thus o(fc) = lo(c) = Lxc + byt = xby + xby + - - - + xby + Lyt. But also

4
o(le)=0o(by+---+bp) = @ o(b;) =kiby + - - + keby. From this we get
i=1
y =0 and o(c) € (c).

Now let n = 2™ + 2 and let ¢ be a cycle in S,. If |¢| is odd then

n = |lc| +2k+ 1. For o0 € R(C), o(c) = sxc+ yit1 + -+ + yrtx where
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the t; are 2-cycles. Then 0 = |c|o (c) = y1lclty + -+ + yk|c|ty which
implies y; = 0, i = 1,2,...,k so o(c) € (c). If |¢| is even and |c| < 2™
then n = |¢| + 2h and n = |¢| + (2h — 1) + 1. From suitable partitions
we get two maximal abelian subgroups whose intersection is (c). Again
we obtain o(c) € (¢) for 0 € R(C). When |c| = 2™ we get a unique
2-cycle, t. associated with ¢ and (¢, t.) is a maximal abelian subgroup so
o(c) = xzc+yt., o € R(C). O

Let b be an element in S,, of prime power order, say |b| = p™! where,
if n=2"1 42 |b] # 2™. If b is a cycle, then from the above theorem
o(b) € (b), 0 € R(C), say o(b) = kb. Now k =qp+7r,0<r <p
so o(b) = rb+ gpb, r € Zy. 1f b is not a cycle then we first take b as
the sum of disjoint cycles of order p™', b = by 4+ --- + b;. Then there
is a cycle ¢ of order tp™! such that t¢ = b. We know o(c) = kc so
o(b) = o(tc) = to(c) = tke = kb and again we get o(b) = sb + ¢pb,

¢
s € Zp. Note also that o(b;) = k;b; so o(b) = € k;b;. This implies that
k = k;, modp, for each 1. =
For the general case we take b to be the sum of elements of order

p™i, mq > --- > my. Let b; be the sum of the summands of order
p™i. We have just shown that o(b;) = 7;b; + ¢;pb;. Using a suitable
partition, (by,...,b;) is a subgroup of a maximal abelian subgroup so

o(b) =0o(b1) +---+o(b) = riby + r2by + - - - + by + pb where r; € Z,,
and b is an element of prime power order. We want to show r; = r; in
Z,. Note that each p™i~1b; is a sum of p-cycles, by + -+ + bin,. Using
these p-cycles we can form a cycle ¢ of order (N1 + --- + N)p and we
know o(c) = rc. Then o((Ny+ -+ N)e) = r(Ny + - - -+ Ny)c and from
this we find 7; = r = rj mod p.

We summarize the above.

Lemma 2.5. If b is an element in S, of prime power order p™ where
b] # 2™ if n. = 2™+ 2, then for o € R(C), o(b) = rob+ pb where b is an
element of prime power order and ro € Zy.

We now turn to one of our main results.

Theorem 2.6. Let C = {Ay,...,An} be the cover of S, by mazimal
abelian subgroups and let P := {p;|p; is a prime integer, p; < n}. Then
R(C)/J(R(C)) = D (Zp,)", ni = 1.

pi€P
Proof. From abelian group theory each A; decomposes into its primary
components and each endomorphism of A; decomposes into endomor-

~

phisms of these primary components. From Section 1 we have R(C) =
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Im ) where (o) = (01,...,0n), 0 € R(C). From the decomposition
into primary components we get o; = (041,02, ...,0,). The primary
components decompose further into cyclic groups in which each genera-
tor is an element of prime power order.

We first take n £ 2™ + 2, m > 2. Define

I:={o € R(C)|o(b) € (p:b) for any element b of prime power order
p; € P, p;”, and b has order a power of p;}.

One verifies that I is an ideal of R(C'), moreover a nil ideal.
As we noted above we only have to consider elements, b, of prime
power order and so from Lemma 2.5, for o € R(C), o(b) = r,b + pb,

re € Zyp. Thus we obtain an embedding R(C) — | @ Zp,b | ®I,b an
pieP
element of order a power of p;. This leads to an embedding of R(C)/I
into @ (Zp,)™ and thus we have R(C)/I = D (Zp,)", ni > 1.
iE€P i€P

1\?OW take n = 2™ 42, m > 2. We modif; the definition of I. The
difference here is when c¢ is a cycle of order 2. Then there is a unique
2-cycle, t., associated with ¢ and o(c) = x.c + yct.. Define I := {o €
R(C)lo(c) € (2¢,tc) if ¢ is a cycle of order 2™ and o(c) € (pé) if ¢ is
any element of prime power order, not 2" and ¢ is an element of order a
power of 2}.

Again one finds that I is a nil ideal. For example if o € I and |¢| = 2™
then o(c) = k-2c+yt, and 0" (¢) = 0. Now as in the previous case, for
o€ R(C), o(c) = xpc+ yote and x5 = q -2+ 1, s0 o(c) = re+ q2¢ + yet.
50 R(C)/T = @ (Zy)", mi > 1.

pieP
From Theorem 2.3, I = J(R(C)). O

The above result is not very precise. One would like to specify the
exponents n; for a given n. We now turn to this specification. As we
have seen above, each element b of prime power order p™ gives rise to
a copy of Z, in the decomposition of R(C)/J(R(C)). We wish to find
how many distinct copies of Z, appear in this decomposition. We know,
for 0 € R(C),0(b) = kb modulo J(R(C)). Further, p™~ b is a sum of
p-cycles p™ b = by + -+ by and o (b;) = kib;, i = 1,2,...,t. Just as
we did in the discussion prior to Lemma 2.5 we find that k; = k mod p.
Thus we can restrict to cycles of prime order, i.e., p-cycles. So when c;
and cg are p-cycles and o € R(C) we have o(c1) = kic1 and o(c2) = kaca.
We want to determine when k; = k2 mod p, that is when the same copy
of Z,, is associated with any element of prime power p" which contains
either ¢; or ¢y as one of its disjoint summands.
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If k1 = ko mod p we say c1 and ¢z are p-equivalent and write ¢ ~ ca.
In fact we note that heci ~j, ¢1 for any nonzero element hc; in {c1) so ~p
is an equivalence relation on the subgroups of order p in S,,. We denote
the number of equivalence classes by n,. Thus the number of summands
of Z, in R(C)/J(R(C)) is ny.

Lemma 2.7. Disjoint p-cycles in S, are p-equivalent.

Proof. Let ¢1 and cg be disjoint p-cycles in S,, so we must have n > 2p.
Let ¢; = (x1,...,2p) and ¢ = (y1,...,¥yp). Form c3 = (z1,y1,22,¥2, ...,
Zn,Yn), & cycle of order 2p. If n = 2p or n = 2p + 1 there is a unique
maximal abelian subgroup containing c3 and for o € R(C), o(c3) =
kscs. We also have o(c1) = k11 and o(c2) = kaco. Therefore o(2¢3) =
k3(2c3) = k3(c1 + c2). But ¢; and ¢y are in a maximal abelian subgroup
so 0(2c3) = o(c1 + ¢2) = k1c1 + kaco and we see k1 = ks = ko mod p.
Next suppose n = 2p + 2. Let t denote the unique 2-cycle on the
elements of M not in ¢3. Then (cs3,t) is a maximal abelian subgroup and
o(c3) = xes + yt so 0(2c3) = 22¢3 and the result follows as above. If
n=2p+ni, ng > 3 we get o(c3) € (c3) and obtain ¢ ~,, ca. O

Lemma 2.8. Forn > 5 all 2-cycles are 2-equivalent.

Proof. Let a = (a1,a2) and b = (b1, bs) be 2-cycles and o € R(C). Then
o(a) = kia and o(b) = kob. If a and b are disjoint, the result follows from
the previous lemma. Otherwise we suppose a; = b;. Since n > 5, there
exist elements ag, b3 in M different from a,ag,by. Thus ¢ = (as, b3) is
disjoint from a and b. Hence a ~,, ¢ ~, b as desired. O

We note that, from the above lemma, when n > 5 only one copy of
Zo appears in the decomposition of R(C)/J(R(C)). We now take p to
be an odd prime.

Theorem 2.9. Let p be an odd prime and let x and y be p-cycles in Sy
on X ={z1,...,zp} and Y = {y1,...,yp} respectively, where X C M,
Y C M. Let nig =|XNY|. If n>2p+ min{nia,p — ni2} then z ~, y.

Proof. Without loss of generality we let {z1,...,212} = {y1,...,y12} so
we have nis 4+ 2(p — n12) = 2p — ny2 elements listed in X UY. Note that
P — N2 7 Nyo since p is an odd prime.

Case (1) P —nie < Nnia.

We have n > 2p+ (p — n12) so we have at least 2p+ (p — ni2) — (2p —
ni2) = p elements from M = {1,2,...,n} not yet listed in 2 and y. We
use these p elements to obtain a p-cycle, w, disjoint from z and y. Thus
T~ W Y
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Case (ii). p — ni2 > nio.

In this case n > 2p + ni2 and so there are at least 2p + nijo —
(2p — n12) = 2n12 elements from M not yet listed. Note in this case
2n19 < p. Let wy,wa,...,wp,, and vi1,v2,...,0y,, be 2112 elements
not listed in z and y. Let X = {wi,wa,..., W1y, Tnygtls- ey Tp} and
Y = {v1,02, .., Vnin, Ynggils - - - 5 yp} and let T be a p-cycle from the ele-
ments of X,y a p-cycle from the elements of Y. Then y ~p T ~p §J ~p @
giving the result. O

Corollary 2.10. Ifn > 2p+ 1 then all p-cycles in Sy are p-equivalent,
e, ny =1

Proof. Suppose x = (x1,...,2p) and y = (y1,...,yp) are arbitrary p-
cycles in S, with X = {z1,...,2p} and Y ={y;1,...,yp}. f X =Y
then nis — p = 0 while if X N'Y = () then n1o = 0. Thus by the above
theorem, = ~, y. We take [X NY| > 1. Let s € Y — (X NY) and
rj € X — (X NY). Replace z; in = by y; to obtain /. From the above
theorem, x ~, 2z’ since the intersection number nj2 = p — 1 and by
hypothesis, n > 2p+ {p — 1,p — (p — 1)}. Continuing by replacing one
element at a time we get x ~, y. O

We classify the primes in P = {p|p is a prime, p < n} into three
subsets. Define Py ={p € P|2p+1<n}, b ={pe P2p=n<2p+1}
and P3 = {p € P|lp < n < 2p}. As we have just seen, for primes p € P,
all p-cycles are p-equivalent, so n, =1 for p € P.

To investigate the primes in P3 we first indicate how many distinct
subgroups of order p are in .S,,. We choose p of the n elements in M and
recall that each choice determines (p — 1)! p-cycles. But each subgroup
of order p contains p — 1 of these cycles, so we have (Z) (p —2)! distinct
subgroups of order p in 9.

Suppose now p € Py and x = (x1,...,2p) is a p-cycle. As noted
above there are (p — 2)! subgroups using {z1,...,2,} and (p — 2)! for
the n — p = p other elements in M. Since these sets are disjoint we have
(;)(p72)! _1(n
oo = 20)
We summarize this section in the following result.

2(p — 2)! subgroups in a class so in this case n, =

Theorem 2.11. Let C' be the cover of S,, by maximal abelian subgroups
and let Py, Py, Py be the sets of prime numbers defined above. Then
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R(C)/J(R(C)) = @ (Zy)"™ where P =P, UP,U P3 and

peEP
1, pEPl
1/n
— e P
p = 2(?)’ P
n
()(p_2)!7 pGPB-
b

We close this section with some examples for small n.
Example 2.12. C is the cover of S,, by maximal abelian subgroups.

() n=4P =0, P={2}.P= {3}, ma = 3(3) = 3, m3 = (53~
2)! = 4 s0 R(C)/J(R(C)) = (Z3)* @ (Z2)? as found in Example
2.2.
(i) n=5; P ={2}, ,=0,Ps={3,5}, no = 1, n3 = (3)(3—2)! = 10,
ns = (3)(5—5)! =6 s0 R(C)/J(R(C)) = Zo ® (Z3)'° @ (Z5)°.
(111) n — 10; P1 == {2,3}, PQ = {5}, P3 == {7}, ng — N3 — 1, ny —
L0931, ny = (19)5! 50 R(O)/J(R(C)) = Zo ® Ly & (Zs5)™ & (Zr)™ .

(iv) n=11; P, ={2,3,5}, P, =0, P = {7,11} and R(C)/J(R(C)) =
Lo ® L3 ® ZLs ® (Z7)"™ @ (Zig1)™.

3. p-groups with a cyclic maximal subgroup

Let G be a finite p-group having a cyclic subgroup which is also a maximal
subgroup. The structure of groups with this property is well-known.

Theorem 3.1 ([3, 5.3.4]). A group of order p" has a cyclic mazimal
subgroup if and only if it is one of the following types:

(i) a cyclic group of order p™;

(ii) the direct product of a cyclic group of order p"~*
P, €., Lgn—1 ® Zyp;

and one of order
(iii) the dihedral group Don—1 = (x,y]2" 1z =2y =0, y + o = (2" —
Dz +y),n=>3;

(iv) the group M,(p) = (z,y|lp" 'z = py = 0,-y+x+y = (1 +
P Hz),n > 3;

(v) 8Dy = (z,y|2" e =2y =0,—y + 2z +y=(2"* - 1)z),n > 3;
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(vi) GQ := (z,y|2" 'z = 0,2y = 2" 22, —y+2x+y = (2" ' - 1)z),n >
3.

We consider the nonabelian cases separately in the following subsec-
tions. The cyclic group of order p™ has no cover by maximal abelian
subgroups. The abelian case, i.e. part (ii) will be handled in the next
section.

3.1. Dihedral group D,

We consider here the collection of all dihedral groups rather than just
dihedral p-groups. So we let D), := (z,ylnx =0=2y,y+2z=(n— 1)z +
Y)-

Case A.1. n odd.
The maximal abelian subgroups are the cyclic subgroups

C = {(z), W), @ +y), 2z +y),....((n = Dz +y)}.

Note that C' is a partition so we have R(C) = Z,, @ (Z2)". If n =

¢
p1t ... pg", pi an odd prime, then J(R(C)) = J(Z,)®{0} = (@ pin%)@
i=1 :

{0} 50 R(C)/J(R(C)) = (@ Z) & (Za)"

Case A.2. n even.

Let C = {(x),(52,9), (§z,2+y),.. .. (52, (5 —1)z+y)}. Note that C
is a cover of D,, and each cell is abelian since the center of D,,, Z(D,,), is
(5x). We show each cell is a maximal abelian subgroup. Since |(z)| = n,
() is a maximal subgroup. Suppose H is an abelian subgroup, H D
(3,72 +y). For w € H, w = hx +y and we have hx +y+rz+y =
re+y+hxr+ysohr+ (n—1)re=rx+ (n—1)hz or 2ha = 2rz. Thus
2h —2r =qnor h=r+q-5. Hence w = hx +y = q- 5z +rz +y which
is in (52,72 +y). Hence H = (§z,rx +y) giving the result.

For notational convenience we let A := (z) and A; := (Sx,ix +y),

i=0,1,...,5—1and take 0 € R(C) where as we have shown above, C' is
the cover of D,, by maximal abelian subgroups. On A, o(x) = kx. If we
use the basis {§z,iz 4 b} on A; then o has the representation [g IIZ;} on
A; where k = k mod 2. Thus o — (o) = (k, [’é ZS;] e [lg l;gj ;])
From this we see |R(C)| = n4? = n-2". Suppose n = p{'ps2...po
where the p; are primes and we have p;1 = 2, oy > 1. Define I :=

{e € R(O)|o(x) = (p1...pt)r and o(iz +b) € (Fx)}. Calculations show

that I is an ideal. Moreover for o € I, o%(iz +y) = o(h - Zz) = 0
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while 0?(x) = p2p3...p*p. Thus I is a nil ideal of R(C) and we find
R(C)/I = % = Plzﬁ D (22)5 = Zm ©--D Zpt 52 (22)5' Again,
applying Theorem 2.3 we see that I = J(R(C)).

Theorem 3.2. Let D,, be the dihedral group of order 2n and let C be the
cover of Dy, by mazimal abelian subgroups. If n = 2%p* ... p p; an
odd prime, then

R(O)/IR(C)) = d P @ O Lp @ (Z2)" i a0 =0,
Ly, @ - D Lp, D (Zg)%“ if ag > 0.

3.2. The group

M, (p) == (z,ylp" 'z = py = O;—y+x +y = (1+p" )

The group M, (p) has p™ elements and its center Z(M,(p)) = (pz). One
finds that

C:={{),(x+y),....x+ (p—1)y), (y,pzr)}

is the cover by maximal abelian subgroups. Let A4; := (z + iy), i =
0,1,...,p—1 and A := (y,pz). For o0 € R(C), let o(x) = kz and
o(x + iy) = ki(z + iy). Since (pz) is contained in each of the cells of
C, there exist h; such that hi(z + iy) = pz. Thus o(pr) = hio(z +
iy) = hiki(x + 1y) = kipx. But also o(px) = po(x) = kpx. Thus we
find k = k;, i = 0,1,2,...,p — 1. On the cell A, with respect to the

bases {y,px},o has representation {Z; 2} = (U0l + [y()2 n]. If we let

I := {0 € R(C)|o(w) € pMy(p) for each w in My (p)} then I is a nil
ideal with R(C)/I = Z, & Z, = (Z,)*. Applying Theorem 2.3 gives
I =J(R(C)).

3.3. Semidihedral group

SDy = (z,y)2" te =0=2y;~y+z+y=(2""2—1)z)

Since 2y = 0, from —y+z+y = (2" 2—1)z we get y+x = (2" 2 —1)x+y.
Using this we see if a is odd, (ax +y) = {0,az +y,2" 22, (2" 2 + a)x +
y} while if a is even, 2(ax +y) = 0 and (ax + y,2" %) = {0,ax +
y,2" 22, (2" 21 + a)z + y}. Since the center Z(SD,) = {0,2" 2z} we
find that the cover by maximal abelian subgroups is

C = {(z), (x+y) (2z+y, 2" 2x), Ba+y), ..., (2" > —Da+y), 2" *z,y)}.
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(iz +y) if 7 is odd
iz +y,2" %), ifiis even.

For 0 € R(C),o(x) = ka and o(iz + y) = ki(iz + y) if ¢ is odd.
But then (2" 2x) = k2" 2z and 20(iz + y) = o(2" %2) = k2" %
which gives £ = k; mod 2 when ¢ is odd. For i even, using the basis
{272z iz + y},o has the representation [k b“] on A;. If we define

Let A := (z) and A; := {

0 bi2
I = {0 € R(O)|o(z) € (2z) and o(iz +y) € (2" 2x) for i even}
then calculations show that I is a nil ideal of R(C) and R(C)/I =
Zo® (Z3)%" " where the second summand arises from the 2”3 subgroups
containing ix + y,7 even. Hence from Theorem 2.3, I = J(R(C)) and
R(C)/J(R(C)) = (Zo)*" .

3.4. Generalized quaternion groups

GQ:= (z,y]2" e =0,2y = 2" 22, —y+r+y= (2" — 1)z)

Since (2" !~ 1)z = —z we find y + 7 = —z+y = (2" ! — 1)z +y. Using
this we find the cover by maximal abelian subgroups is

C={{x),(z+y), 2z +y),...,2" 2z +y) = (y)}.

For o € R(C),0(x) = kx and o(iz+y) = k;i(iz+y),i =1,2,...,2" 2
Since 2(iz + y) = 2" 2z we find 0(2"22) = 20(iz +y) = k;2" 2 and
o(2"%x) = k2" 2z s0 k = k;mod 2, 5= 1,2,...,2" 2, Let [ := {0 €
R(C)|o(z) € (2z)}. (Note o(z) € (2z) implies o(w) € (2z) for all
w € GQ.) Again [ is a nil ideal and R(C)/I = Zy. Thus I = J(R(C))
(using Theorem 2.3) and we see R(C) is a local ring.

4. Finite abelian p-groups

As in the above section we let p be an arbitrary but fixed prime integer

t
and let A be a finite abelian p-group. Thus we have A = @ Zyni, so
i=1

¢
without loss of generality, we take A = @ Zyn: with the natural basis
i=1
{e1,e2,...,e;}. As usual C is the cover by maximal abelian subgroups,
which in this case, is the cover by maximal subgroups. As is well known

the intersection of all maximal subgroups of A is pA = (peq, ..., pes).
Case (i). t =2, A =Zpn & Zpm,n > m.

First we consider n > m > 2. Let C' = {(e1, pea), (e1+e2,pea), ..., (e1+
(p — 1)ea, pe2), (pe1,e2)} and let w = ae; + beg be arbitrary in A. If pla
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then w € (pey,eq) or if p|b then w € (e, pes). Otherwise we have a
is invertible modp” and a~'w = e; + a"'bey and a~'b # 0 mod p so
alb=gp+r,0<r<p Thus a 'w=e; +res+qgpes € (e1 + ez, pes).
Thus we see C'is a cover and since the order of each cell is p"+™~!, each
cell is a maximal subgroup, i.e. C' is the cover by maximal abelian sub-
groups. Let A; := (e1+ieg,peg), i =0,1,...,p—1 and let A, := (pey, e2).
Let 0 € R(C). Then on A;, i = 0,1,...,p — 1,0 has representa-
tion [zg Ziﬂ using the generating set {e; + iep,pea} and on A, us-
ing {pe1,ea},o has representation [ g]. We then have o(e; + iea) =
kil(el + iez) + kjopes so a(pel + ipez) = kjipe1 + kijripes + ki2p2€2. But
o(pe1+ipes) = paey+bes+ip(cpey +des). Hence pa+icp® = kj1p mod p™
or k;1 = a mod p.

Also, we get b = 0 mod p. For, o(per) = ape; + bea and o(pe;) =
pko1e1+pkoapes so b = koap? mod p™ giving the result. Further, o(pes) =
hii(e1+ie2)+hiopes, i = 0,1,2,...,p—1 and also from o(e2) = cpej +des
one gets o(pez) = cp?e; + pdea. Hence (ihi + hi2)p = pd mod p" and
hi1 = cp? mod p™. From this hj; = 0 mod p? which in turn gives hjy =
d mod p. Therefore on A;, i = 0,1,2,...,p — 1,0 has representation
[zg Zi;} = [a9] + [k‘; Z:} where the second summand maps A; into
pA. Also, on A,, o has representation [ 5] = [8 2] + [28
the second summand map A, into pA.

Define I := {o € R(C)|o(w) € pA for all w € A} and note [ is a nil
ideal. Moreover R(C)/I = Zy ® Zy, so from Theorem 2.3, I = JR(C).

If m =n =1 then A =%, + Z,. The maximal abelian subgroups are
the cyclic groups (e; +ieg), 1 =0,1,2,...,p— 1 and (eg). Thus we have
a partition and R(C) = (Z,)P™! with J(R(C)) = {0}.

] where again

t
Case (ii). A= @ Zyni,n1 >ng >--->ngand t > 3.
i=1

We remark first that since ¢ > 3, any two elements of A are contained
in a maximal subgroup, so R(C) C End(A).

Lemma 4.1. For any element w € A, let I(w) denote the intersection
of all cells in C' containing w. Then I(e;) = (e;) + pA and I(e; +¢e;) =
(e;+ej) +pA, 1 <i,j <t i#j.

Proof. To illustrate the proof we let ¢ = 1 and 57 = 2. First
(e1,p€2,€3,...,€1),...,(€1,€2,...,€_1,pes) are maximal subgroups of A
containing e;. Hence I(e;) C (e1,pea,...,per) C (e1) + pA. On
the other hand, the intersection of all maximal subgroups is con-
tained in I(e;) which means pA C I(e;). But (e;) C I(e1) giving
(e1) + pA C I(e1) and hence equality. Moreover, (e] + ea, pea,es, ..., e,
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(e1,€9,p€3,€4,...,€1),..., {€1,€2,...,6,_1,pe;) are maximal subgroups
containing e; + ez and we get I(e; + ez) = (e1 + e2) + pA. I

Now for o € R(C),0(e;) = ase; + pw;, w; € A and o(e; + ej) =
a;j(e; + ej) + pw;j, wy; € A. Since o(e; + €j) = o(e;) + o(e;) we get
a; = a;; = a; mod p so for each 4, 1 <4 <, a; = r + ¢;p. From this we
then get o(e;) = re; + bijer + - - - + bye; where plbj;. Using the natural
basis, ¢ has matrix representation

[r+b11 bz ... by ,
ba1 r =+ boo ZH T
. N 21
b32 = O + 1.
: o - .
’ r bi1 byt
L bﬂ th r+ btt_

where p|b;; and r € Z,. If we let I = {0 € R(C)|o(w) € pA for w € A}
then I is a nil ideal, R(C)/I = Z, and I = J(R(C)) by Theorem 2.3.

We summarize the results of this section.

t

Theorem 4.2. Let A be a finite p-group, A = € Zyni, ng > ng > -+ >
i=1

ne and let C' be the cover of A by mazximal subgroups. Then

L, if t > 3;
R(C)/J(R(C)) = Ly + Ly, ift=2,m >2;
(Zp)p+1 ift:2,n1 :1:n2.
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