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ABSTRACT. We study the relation between completeness and
H-closedness for topological partially ordered spaces. In general, a
topological partially ordered space with an infinite antichain which is
even directed complete and down-directed complete, is not H-closed.
On the other hand, for a topological partially ordered space without
infinite antichains, we give necessary and sufficient condition to be H-
closed, using directed completeness and down-directed completeness.
Indeed, we prove that a pospace X is H-closed if and only if each
up-directed (resp. down-directed) subset has a supremum (resp.
infimum) and, for each nonempty chain L C X, \/ L € cl{L and
AL € cIfL. This extends a result of Gutik, Pagon, and Repovs
[GPR].

In this paper, we study the relation between completeness and H-
closedness for topological partially ordered spaces (or shortly pospaces).
Though H-closedness is a generalization of compactness, H-closedness
does not correspond with compactness for even chains and antichains
(equipped with some pospace topologies). Indeed, since the pospaces
which are antichains coincide with the Hausdorff topological spaces, we
have that H-closed non-compact topological spaces are also such pospaces
which are antichains. There is also another extremal example which is a
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countable linearly ordered H-closed non-compact pospace (e.g. Example
4.6 in [GPR)).

In [GPR], they have shown that a linearly ordered topological semilat-
tice is H-closed if and only if it is H-closed as a topological pospace. They
also have given the following characterization of H-closedness for a lin-
early ordered pospace to be H-closed (Corollary 3.5 in [GPR]): A linearly
ordered pospace X is H-closed if and only if the following conditions hold:
(i) X is a complete set with respect to the partial order on X;

(i) x =V A for A=A\ {z} implies z € clA, whenever A # () C X; and
(iii) x = A B for B =1B\ {z} implies € clB, whenever B # () C X.

This result can rewrite the following statement: A linearly ordered
pospace X is H-closed if and only if X is a complete lattice with \/ L € cl| L
and A L € cItL for any nonempty chain L C X.

Naturally the following question arises: Is there a similar characteri-
zation of H-closedness for topological semilattices or pospaces?

It’s easy to see that a discrete countable antichain is not H-closed as a
pospace but directed complete and down-directed complete. This means
that there is no similar characterization of H-closedness for pospaces.
However, we give the necessary and sufficient condition for pospaces
without infinite antichains to be H-closed.

In this paper, all topological spaces will be assumed Hausdorff. For a
set X, denote by X <% the set of finite subsets of X. If A is a subset of
a topological space X, then we denote the closure of the set A in X by
clx A or clA. By a partial order on a set X we mean a reflexive, transitive
and anti-symmetric binary relation < on X. A set endowed with a partial
order is called a partially ordered set (or poset).

Recall that a poset with a topology defined on it is called a topological
partially ordered space (or pospace) if the partial order is a closed subset
of X x X. A partial order < is said to be continuous or closed if z £ y
in X implies that there are open neighborhoods U and V of z and y
respectively such that tU NV = () (equivalently U N[V = (}). A partial
order < on a topological space X is continuous if and only if (X, <) is a
pospace [W]. In any pospace, [z and Tz are both closed for any element
x of it.

A Hausdorff pospace X is said to be an H-closed pospace if X is a closed
subspace of every Hausdorff pospace in which it is contained. Obviously
that the notion of H-closedness is a generalization of compactness.

For an element x of a poset X, o := {y € X | x < y} (resp.
lz :={y € X | y < x}) is called the upset (resp. the downset) of
x. Define {z := f2 U Jz. For a subset Y C X, 1Y := Uyey Ty (resp.
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1Y = Uyey $y) is called the upset (resp. the downset) of Y. Define
1Y := 1Y U Y. For a subset S of a poset X, denote by ST (resp. SV)
the set of upper (resp. lower) bounds of S. In other words, S¥ = {z €
X|xz<sforalls€ St and ST={r € X |z > s forall s € S}. Define
maxS:={se€S|SNts={s}} andminS:={se S| SNls={s}}.

For elements x, y of a poset, z||y means that x and y are incomparable.
For a subset A of a poset, A is said to be a chain if A is linearly ordered,
and is said to be an antichain if any distinct elements are incomparable.
A maximal chain (resp. antichain) is a chain (resp. antichain) which is
properly contained in no other chain (resp. antichain). The Axiom of
Choice implies the existence of maximal chains in any poset. A subset
D of a poset X is (up-)directed (resp. down-directed) if every finite
subset of D has an upper (resp. lower) bound in D. A poset X is said to
be down-directed complete (resp. (up-)directed complete) if each down-
directed (resp. up-directed) set S of X has A S (resp. \V 5). An up-directed
complete poset is also called a directed complete poset or a dcpo. It is
well-known that a poset X is directed complete if and only if each chain
L of X has \V L. Now we state the main result.

Theorem 1. Let X be a pospace without infinite antichains. Then X is
an H-closed pospace if and only if X is directed complete and down-directed
complete such that \/ L € cl|L and \ L € cITL for any nonempty chain
LCX.

Note that JF = X for a maximal antichain F' of a poset X. Moreover
notice that that if X has no infinite antichains, then all subposet and all
extensions of X by adding finite points have no infinite antichain neither.
First, we show the only if part in the main theorem.

Lemma 1. Let X be a pospace without infinite antichains. Suppose that
X is directed complete and down-directed complete such that \/ L € cl|L
and N\ L € cItL for any nonempty chain L C X. Then X is an H-closed
pospace.

Proof. Suppose there is a non-H-closed pospace X without infinite an-
tichains such that X is directed complete and down-directed complete,
and \V L € cl{L and A L € cITL for any nonempty chain L C X. Then
there is an embedding from X to a pospace X such that X is a dense
proper subspace. Fix any element z € X \ X. Since X is directed com-
plete and down-directed complete, we have X = |y max X = 1y min X.
Since X has no infinite antichains, we have that max X and min X are
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finite subsets. If x ¢ | max X, then the fact that | max X is a closed
subset of X implies that « ¢ clX, which contradicts that X is a dense
subset of X. Thus there is an element w € X such that z < w. By the
symmetry of pospace, there is an element o € X such that o < z. Since
X is embedded into X, we have that 4’ := |z N X and B := tz N X
are closed subsets of X. Let A := {\/y L | L # () C A’ is a chain} and
B:={Ax L|L#0C B'is a chain} be subsets of X. Since X is directed
complete and down-directed complete, we obtain max A and min B are
nonempty such that |y max A O A and Ty min B O B. Next we show
that x ¢ | max A. Indeed, suppose that there is an element y € max A
such that = < y. By the definition of A’, we have y ¢ A’. Since y € max A,
there is a chain L C A’ such that y = \/x L ¢ L. By the assumption,
y=VxL€cx]L CclxyA = A’ which is impossible.

By the symmetry of pospace, we have x ¢ Tmin B. Let I :={y € X |
x||y}. Since X has no infinite antichains, there is a finite subset F' of I
such that I C JF. Since X = A’ U B’ U I, the facts that |y max A D A’
and Ty min B D B’, imply that X C [maxA U tmin B UJF and so
clX € Jmax AU tmin BUJF. Since z ¢ | max AU tmin BUJF, we
obtain that x ¢ clX, which contradicts that X is a dense subset of X.
Therefore X is H-closed. O

Now we show the another direction. Later we assume that X is an
H-closed pospace without infinite antichains. Note that the following
three statements are equivalent for subsets U, V of a poset X: tUNV = ().
Unlv =0.1Un]V =0.

Lemma 2. Let X be a poset and x a point of X. Suppose that there is a
subset F' of X such that the disjoint union FU{x} is a mazimal antichain
in X. Let U := X \ {F. Then {U C Jz.

Proof. Put X_ := [(FU{z}) and X := N(FU{z}). Then X = X_UX,.
By symmetry, it suffices to show that 1U C Jz. For any y € U, if y € Tz,
then obviously 1y € tx. Otherwise y € |x. Since fTUNJF =0 and y € U,
we have Ty N [F = (). Then fy N X_ C |x and Ty N X, C tz. Thus
1ty C ez Utz and so 1U C Jz. O

Lemma 3. Any maximal chain of X is complete.

Proof. Suppose that there is a maximal chain L which is not complete.
Then there is a subset S of L such that either \/; S or A; S does not
exist. We may assume that \/; S does not exist. If ST = (), then let
X := X {00} be the extension with the greatest element oo. Define a



T. YOKOYAMA 291

topology 7 on X by an open subbase 7y U {X’ \JF | F € X<“}. Since any
neighborhood of co meets S, we have oo € clX'\ X. Then X is a non-closed
subset of X. We will show that X is a pospace. For any element z of X,
if # ¢ max X, then the fact that \/; S does not exist implies that there
are an element y > = of X and a maximal antichain F' of X containing y.
Then U := X \ 1F is an open neighborhood of z and V := X \ LF is an
open neighborhood of oo such that (U NV = (). Otherwise € max X.
Since ST = (), there is an element y € S such that y||z. Then there is a
maximal antichain F of X containing z and y. Let U = X \ $(F \ {z})
be an open neighborhood of x and V = X \ LF an open neighborhood of
00. Since x € max X, we have Tz = {z,00}. Since F'\ {z} # (), we obtain
U C |z. Then {UNV = (). Thus Xisa pospace and so X is not H-closed,
which contradicts the hypothesis on X.

Thus we may assume that ST # (). Then A, (L \ |S) does not exist.
Let A := LN S and B := L\ |S. Extend X to X := X U {a} by
ta := {a} U A" and |a := {a} U ]A. Define a topology 7 by an open
subbase 7x U{X \ (1EU[F) | F,E € X<“}. Since tar = {a} U AT and
since \/; S =V A does not exist, we have \/ A = «. Since A is a chain
with max A = () and o O A", we obtain that any neighborhood of o
meets A. Thus X is a non-closed subset of X. Therefore it suffices to show
that X is a pospace, which implies that X is not an H-closed pospace.
Indeed, let z € X be any element. Then either z < «, z||a, or x > a. If
r < a, then there is an element y € X such that x <y < a. Let F be a
maximal antichain containing y, U = X \ JE an open neighborhood of «,
and V = X \ 1E an open neighborhood of z. Then U N[V = 0. If z|a,
then the fact that ta = {a} U AT implies that 2 ¢ AT. Since z ¢ |A C |a,
we have that either > y or z|y for any y € A. Since z ¢ AT C 1a,
there is an element y € A such that z||y. Let F' be a maximal antichain
containing x and y, U = X \ Jz and V = X \ J(F \ {z}) C Jz. Then
UNJV =0 and V is an open neighborhood of z. Since z||«, we have
U is an open neighborhood of a. Otherwise > a. Then = € AT, If
x ¢ min AT, then there is an element y € AT such that o < y < x. Let F
be a maximal antichain containing y, U = X \JF,and V = X \ TF. Then
U is an open neighborhood of « and V' is an open neighborhood of « such
that U N[V = ). Otherwise € min AT. Since L is a maximal chain and
A, B does not exist, there is an element y € B such that y||z. Let F' be a
maximal antichain containing z and y, U = X \ 3(F \ {:1:}) E a maximal
antichain containing a, and V = X \ (J(E\ {a}) UTF) C (o \ {z}) N |F.
Obviously U is an open neighborhood of x. Since y > «, we have V is an
open neighborhood of a. Since 2 € min AT and ta = {a} U AT, we have
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TanNlx = {a,z}. Since F is a maximal antichain containing y and since
a <y, we have (Ta\ {z})NLF C |(F\{z}). Since o C ly C [(F\{z}),
we have V' C |(F \ {z}). By the definition of U, we have |V NU = 0.
This show that X is a pospace. ]

Lemma 4. X is directed complete.

Proof. Let L be any infinite chain of X. Then min(L") = min(({L)").
By the Axiom of choice, there is a maximal chain L’ containing L. By
Lemma 3, there is the element 2 € L' " min(L") and so min(L") # () and
tmin(L") = LT. Since X has no infinite antichains, we have min(L") is
a nonempty finite subset. Put {z1,...,7,} = min(L"). Since X has no
infinite antichains and since min L is an antichain, there is a maximal
antichain K containing {z1,...,z,}. Suppose that min(L") is not a
singleton. Then w;||z; for any distinct pair ¢ # j. The facts that X is a
pospace and z;||z; for any i # j, imply that for any ¢ =1,...,n, there is
an open neighborhood U; C Ja; \ J(K \ {x;}) of @; such that U; N L = ()
and U; NJU; = 0 for any distinct j. Extend X to X := X U{a} by
ta =1y {r1,..., 2.} U{a} = LT U{a} and |a := | L U {a}. Define a
topology 7 on X by an open subbase 7x U{X \ (tFULE) | F,E € X<¥},
where Tx is the topology of X. Since max L = (), VgL =a and ta 2 LT,
we have that any neighborhood of o meets L and so X is an embedded
subset of X which is not closed. Next we show that X is a pospace. Indeed,
let  be any element of X. Then either z € 1y {z1,...,z,}, x < a, or z||a.
Let G be a finite subset of X such that GLI{«} is a maximal antichain in X.
If - = ; for some i, then let U := X\ (1K UJG) be an open neighborhood
of a. Since ta\ {a} € 1K, we have U C Ja. Since Ja = [ L U {a} and
ILNU; =0, we have JUNU; = 0. If x € ta \ {z1,...,2,}, then let
U:=X \ TK be an open neighborhood of o and V := X \JK C 1K an
open neighborhood of a. Now U NV = (. If = € |a, then there is an
element y € L such that x < y < a. Now there is a maximal antichain F
of X containing y. Then U := X \ LF' is an open neighborhood of o and
V.= )N(\TF is an open neighborhood of x such that UN|V = (). Otherwise
x||a. Since x ¢ | L C la, we obtain that either z > y or z||y for any y € L.
Since x ¢ LT C ta, there is an element y € L such that y||z. Then there
is a maximal antichain F' of X containing = and y. Thus U := X \ Jz
is an open neighborhood of v and V := X \ §(F \ {z}) C Jx is an open
neighborhood of z. Since F' is a maximal antichain, by Lemma 2, we have
IV C 3z and so $V N U = (). This show that X is a pospace. Therefore
X is not H-closed, which contradicts the hypothesis of X. Thus min(L")
is a singleton and so \/ L exists. Hence X is directed complete. O
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Notice that the symmetry of pospace implies that the dual statement
of Lemma 4 holds (i.e. An H-closed pospace without infinite antichains is
down-directed complete).

Lemma 5. For any nonempty chain L C X, we have \| L € cl|L.

Proof. Suppose that there is a chain L C X such that \/ L ¢ cl] L. Put
a:= VL. Let X := X U {a} be an extension of X by ta = {a} Uta
and Ja = {a} U L. Define a topology 7 on X by an open subbase
rx U{X\ (1F U |E) | F,E € X<¥}, where 7x is the topology of X.
Since any neighborhood of o meets L, we have o € cl[L \ | L. Thus X
is a subset of X which is not closed. Next we show that X is a pospace.
Indeed, let « be an element of X. Then either z > a, x < «, or z||a.
If € Ta, then there is a finite subset F' of X such that F U {a} is a
maximal antichain. Since Jo C Ja, we obtain F' U {a} is an antichain.
If 2 = a, then U = X \ (ta UJF) C la is an open neighborhood of «a.
Since a ¢ clx]L, there is an open neighborhood W C X of a such that
WNJL =0. Then V := W\ JF C Ja is an open neighborhood of a. Since
a ¢V CW,wehave [lUNV C la\(JLU{a,a}) = la\(Jal{a}). We may
assume that (U NV # (). Let E be a maximal antichain of a \ (la U {a}).
Note that ENJa = 0. Since a ¢ JE, we have U’ := U \ {E is an open
neighborhood of av. Since Ja\la C JE, we have U’ C la = {a}U] L. Since
WNJL=0and a ¢ W, we have [JU' NV = (. Otherwise > a. Then
U = X \1(FU{a}) is an open neighborhood of v and V := X \ [(FU{a})
is an open neighborhood of x with |U NV = (). If z < «, then there are
an element y € L and a maximal antichain F' € X <% containing y such
that * <y < a. Then U := X \ TF is an open neighborhood of x and
Vi=X \ JF' is an open neighborhood of . Then (U NV = (). Otherwise
x||a. If x||a, then there is a finite subset E of X such that E LU {z,a} is a
maximal antichain. Thus U := X \ Jx is an open neighborhood of a and
V := X \ $(E U {a}) is an open neighborhood of z. Since E U {x,a} is
a maximal antichain, we have {V C {z. Since U C | X \ Jz, we obtain
IV NU = 0. Otherwise x < a. Since z|a and a = \/ L ¢ L, there is
an element y € L such that y||z. Let E be a maximal antichain of X
containing x and y. Then U := X \ Jz is an open neighborhood of « and
V := X \ $(E\ {x}) is an open neighborhood of z. Since F is a maximal
antichain, we have JV C . Since U C X \ {z, we obtain JVNU = §. This
shows that X is a pospace. Therefore X is not an H-closed pospace. [J

Notice that the symmetry of pospace implies that the dual state-
ment of Lemma 5 holds (i.e. For any nonempty chain L C X, we have
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AL € cltL.). Therefore Theorem 1 is induced by Lemma 4, 5, their dual
statements, and Lemma 1.

Note that all H-closed pospaces which the author knows are directed
complete. Naturally the following question arises:

Question. Is there an H-closed pospace which is not directed complete?
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