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ABSTRACT. Weindicate the method for computing the kernels
of projective resolution of irreducible module over tiled order. On the
base of this method we construct projective resolution of irreducible
module and calculate the global dimension of tiled order. The evident
view of kernels of projective resolution allows to check easily the
regularity of tiled order.

1. Tiled orders over discrete valuation rings

Recall [2] that a semimazimal ring is a semiperfect semiprime right
Noetherian ring A such that for each primitive idempotent e € A the ring
eAe is a discrete valuation ring (not necessarily commutative).

Denote by M, (B) the ring of all n x n matrices over a ring B.

Theorem 1 (see [2]). Each semimazimal ring is isomorphic to a finite
direct product of prime rings of the following form:
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where n > 1, O is a discrete valuation ring with a prime element m, and
«i; are integers such that

Qi + g > Qg i =0
foralli,j, k.

The ring O is embedded into its classical division ring of fractions D,
and (1) is the set of all matrices (a;j) € M,(D) such that

a;j € 90 = e;lejj,

where €11, ..., e,y are the matrix units of M, (D). It is clear that Q) =
M,,(D) is the classical ring of fractions of A.
Obviously, the ring A is right and left Noetherian.

Definition 1. A module M is distributive if its lattice of submodules is
distributive, i.e.,

KN(L+N)=KNnL+KnNN
for all submodules K, L, and N.

Clearly, any submodule and any factormodule of a distributive module
are distributive modules.

A semidistributive module is a direct sum of distributive modules. A
ring A is right (left) semidistributive if it is semidistributive as the right
(left) module over itself. A ring A is semidistributive if it is both left and
right semidistributive (see [9]).

Theorem 2 (see [8]). The following conditions for a semiperfect semi-
prime right Noetherian ring A are equivalent:

o A is semidistributive;

e A is a direct product of a semisimple artinian ring and a semimaxi-
mal Ting.

By a tiled order over a discrete valuation ring, we mean a Noetherian
prime semiperfect semidistributive ring A with nonzero Jacobson radical.
In this case, O = eAe is a discrete valuation ring with a primitive
idempotent e € A.
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Definition 2. An integer matrix £ = (ay;) € M, (Z) is called

e an exponent matriz if o;; + o > oy and ay; = 0 for all 4, 7, k;

e a reduced exponent matriz if oy + aj; > 0 for all 4,7, 7 # j.

We use the following notation: A = {O,E(A)}, where E(A) = (ay;) is
the exponent matrix of the ring A, i.e.

n
A = Z ez‘jﬂaijo,
i,0=1

in which e;; are the matrix units. If a tiled order is reduced, i.e., A/R(A)
is the direct product of division rings, then a;; + aj; > 0 if 7 # 7, i.e.,
E(A) is reduced.

We denote by M(A) the poset (ordered by inclusion) of all projective
right A-modules that are contained in a fixed simple @Q-module U. All
simple Q-modules are isomorphic, so we can choose one of them. Note
that the partially ordered sets M;(A) and M, (A) corresponding to the
left and the right modules are anti-isomorphic.

The set M(A) is completely determined by the exponent matrix
E(A) = (e j). Namely, if A is reduced, then

MA)=A{pi|i=1,...n,and z € Z},
where

z—2 >y if M(A) = M(A),

2t e
pl — p] {Z — Z/ 2 aji lfM(A) MT(A)

Obviously, M(A) is an infinite periodic set.

Let P be an arbitrary poset. A subset of P is called a chain if any
two of its elements are related. A subset of P is called a antichain if no
two distinct elements of the subset are related.

Definition 3. A right (resp. left) A-module M (resp. N) is called a right
(resp. left) A-lattice if M (resp. N) is a finitely generated free O-module.

Given a tiled order A we denote Lat,(A) (resp. Lat;(A)) the category
of right (resp. left) A-lattices. We denote by S,(A) (resp. S;(A)) the
partially ordered by inclusion set, formed by all A-lattices contained in a
fixed simple M,,(D)-module W (resp. in a left simple M, (D)-module V).
Such A-lattices are called irreducible.
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Let A = {O,E(A)} be a tiled order, W (resp. V) is a simple right
(resp. left) M,,(D)-module with D-basis ey, ..., e, such that e;ejr, = d;jex
(eijer = 0jke;).

Then any right (resp. left) irreducible A-lattice M (resp. N), lying in
W (resp. in V) is a A-module with O-basis (7% eq,...,m%" e, ), while

{ a; + «; > «j, for the right case; )
ai; + o > oy, for the left case.

Thus, irreducible A-lattices M can be identified with integer-valued
vector (au,...,a,) satisfying (2). We shall write E(M) = (aq,...,a,)
or M = (aq,...,ap).

The order relation on the set of such vectors and the operations on
them corresponding to sum and intersection of irreducible lattices are
obvious.

Remark 1. Obviously, irreducible A-lattices My = (aq,...,q,) and
My = (Bi,...,Bn) are isomorphic if and only if a; = f; + 2 for i =
1,...,nand z € Z.

2. Kernel of epimorphism from direct sum of modules to
their sum

Let A be the reduced tiled order with the exponent matrix £(A) = (ay;),
M is irreducible right A-module and P(M) is its projective cover.
The following statement holds.

Proposition 1 ([10]). Let Xi,..., X, be the set of all mazimal sub-

modules of irreducible and non-projective A-module M with E(M) =

(a1,...,00) and E(X;) = E(M) + ej,, where e, = (0,...,0,1,0,...,0).
———

k—1
Then

S
P(M) = é 7P, and M=) x%iPj,
- =1

This statement allows to find easily the projective cover of irreducible
module over tiled order.

Theorem 3 ([10]). Let M, ..., M, be submodules of distributive module

n
M = > M; and epimorphism ¢: % M; — M operates by the rule
i=1 1=1
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e(my,...,my) = mi + ...+ my. Then ker ¢ = {(y1,...,yn) | ¥i =
%ﬁ:'mij, mi; = —Myj; € M; ﬂMj}.
] ¥

Since the tiled order is a semidistributive ring we have the following
corollary.

Corollary 1 ([10]). Let M be irreducible A-module and P(M) =
'EsBl w9 P, M = Y m%i Pj,. Then the kernel of epimorphism ¢: P(M) —
i= i=1

M equals to ker ¢ = {(y1,...,yn) | vi = Z'mik, m = —my; €

ki

aj. p. i, D.
™ JlPJimﬂ- ]kP]k}‘

The kernel K as the submodule in é M; can be formally written as
i=1

K = Z(Ml N M;j)(e; — e;), where e, = (0,...,0,1,0,...,0).
i<y k-1

3. Distributive equations and the system of distributive
equations

Let O be a discrete valuation ring with unique maximal ideal m = 7O,
where 7 is a prime element of a ring. O, F = O/7O — is a skew field,
A ={0,E(A) = (o)} — is a reduced tiled order over a discrete valuation
ring O with exponent matrix £(A) = (ay;) € M, (2).

S
The equation of the form > a;m; =0, where a; € F, m; € M;,

i=1
My, ..., My are the submodules of the distributive module M, we will

call distributive.

S
Let M, ..., M, be the submodules of distributive module M = >~ M;
i=1

and epimorphism ¢: é M; — M operates by the rule ¢(my,...,mg) =
my + -+ + msg. Thezljlby the theorem 3 ker ¢ = {(y1,...,ys) €
iE:%I M; | yi = —my — - = mi_1; + M1 + -+ + Mys, Where m;; €
M; N M;,i < j}.

In other words, distributive equation

my+---+mg=0, (3)
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where m; € M; i = 1,...,s, My,..., My are the submodules of the
distributive module M, has solution

mi = mig + -+ mis,

Mg = —M12 + Ma3 + - - + Mas,

(4)
My = =M1 — - — Mi—13 + Myip1 + -+ My,
ms = —Mis — — Ms—1s

Distributive equation
aymi + -+ +asms =0 (5)

where a; € F, m; € M;, a; # 0 for all i = 1,...s by replacement
a;m; = z; € M; reduces to the equation (3) and then

airmi; = mig + - + Mg,

aomo = —Mmq2 + Moz + - - - + Mas,

(6)
iMmy; = —M1; — = M1 + M1 + 0+ Myss,
asMg = —M1s — — Ms—1s

where m;; € M; N M for all ¢, 5 ¢ # j. Hence

my = al_l(mu + -+ mas),
Mo = ay ' (—mia + ma3 + - - - + Mmas),

Let now consider the system of distributive equations.

apymi + - 4+ ajgmg =0,
agimi + -+ +agsmg = 0,

(8)

agmy + -+ -+ agsmg = 0,

where m; € M; for all i, M1, ..., My are the submodules of the distributive
module M, a;; € F for all 4, j.
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Denote A = (a;j) € Myxs(F). We can consider that vectors which are
the rows of the matrix A are linearly independent. Indeed, if

(a1y ... as) = ar(ain, ..., a15) + -+ a—1(@e—11, - - -, Gt—15),

then

agmi + -+ agsmg =

=ai(aimi + - a1smg) + -+ a1 (@—11my + - -+ ap—1sms).

Thus the last equation is a corollary of previous equations. Therefore
t < s. When ¢t = s are the vectors which are the rows of the matrix A
and construct the basis of space F**. Then

(1,07' . aO) = Cll(alla . 7als) + - +Cls(asla ce aass)a
0,1,...,0) = ca1(a11, .- -, a15) + - - - + cas(ast, - . ., ass), (9)

(0,0,...,1) =cs1(arn,...,a15) + -+ + Css(@s1, .. ., Ass)-
where ¢;; € F for all 7, j. Hence

m1 = cr(anmi + ...+ aismg) + -+ crs(asimy + ...+ agsms),

mo = ca1(arimi + ... + aismg) + -+ - + cas(asimi + ...+ asems),

ms = cs1(arimy + ...+ arsms) + -+ + css(asimy + ...+ assms).

(10)

Thus, for existence of nonzero solution of the system (8) it is needed
rank A < s, that is ¢t < s.

Obviously, the solution of the system (8) depends on the set
My, ..., M. Denote M = (M, ..., My). Thus the system (8) uniquely
is determined by the matrix A and the set of the irreducible modules
Mj, ..., Mg and we will denote it by (A, M).

Consider the method of solving the system of distributive equa-
tions (A, M). Determine the sequence of systems (A1, M1), (As, Ms),
..., (A, My) inductively. Notably, let A; = A, My = M. Let we have

the system (A, M), where Ay = (al(-;-c)) — is rectangular matrix of size
(t+1—k) x vg, My = (M, mi.

Let in the first row of the matrix Ay the elements agl;z,agl;g, R agl;)

g

are not equal to 0, and all other elements are equal to 0. That is the first
equality of the system is of the form

k k k k
a(ljzmgl) k) B — g,

o ayy, My,
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Then by (7)

W = @) e ml) ),

m]l J1J2 ]ljl

(k) _ (k) (k) (k)
m;, = (aljz) (_ ]1.72+ +m]2]l ) (11)

k) _ (k) (k) (k)
My, = (aljzk) ( Mgy =70 7 mjlk—ljlk)'
Substituting these expressions for m§ ) when [ = 1,...,l; in other

equalities of the system (A, M},), we will have the system of t—k equalities

1 (k) (k) (k) (k)
Z al]r 1]7« m]l]'r T Ty, + MG oot mjrjlk)'f_
+ Z agf)m(k) =0
JFTL5d

i=2,...,t+1—k. This is the system of ka + (vi — li;) = vg4+1 unknowns:

myzzy (x #vy, z,y = 1) and mgk) (j # jryr =1,...,1l§), where
& a1 gl .
Let
My = {M}k N M T FY, LY = U

U{Mj(k71§]§Vk7]?é]177jlk}

Obtained rectangular matrix of the size (¢ — k) X vg41 from unknowns
myjzy, r £y, oy = 1,1k, mg.k) and m(k), jF#E g, =1,
we denote by Agi1. Thus, we have obtained the system of distributive
equations (Agy1, Mgi1).

Solving only one equation from each system (Ay, M1), (As, M3), ...,
(Ay—1,M;_1), we will obtain the system (A;, M;) of one distributive
equation, which we will obtain also by the following formulas (7). We will
have the (¢ — 1)-th union of relations (11) for k = 1,...,t — 1 between
old unknowns of the system (A, M) and innovated unknowns of the
system (Api1, M, 1). Using these relations in inverse order, firstly when
k =1t —1, then when k£ = ¢ — 2 and so forth, we will obtain the solution
of the system (Ay, M) = (A, M).

Note that since module M, either coincides with the module M,
or is the intersection of two modules from M}, and the solution of the
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system of distributive equations (8) is of the form

my = byix1 + biaxa + - - + b7y,
mao = bo1x1 + bagwo + - - - + bopy,

(12)
ms = bg171 + bgowa + - -+ + bgp .

where b;; € F, x; € X;, X; — is the intersection of not more than the
(t+1)’s module from the set My, Mo, ..., M;.

Proposition 2. The solution (12) of the system of distributive equations
(8), which is obtained by mentioned method, is the general solution of this
system.

Proof. The proof will be made with the help of induction by the number
of equations of the system(8). The base of the induction is ¢ = 1. The
solution of distributive equation (5) is of the form (7) and is the general
solution of the equation by the theorem 3.

Let we have the system (8) of ¢ equations and let the solution of
the system of (¢t — 1) distributive equations, which is obtained by the
mentioned method, be the general solution of the system of distributive
equations.

Let aji,...,ay in the system (8) be the elements of the first row,
which are not equal to 0, aj;11 = -+ = a;s = 0. The the system (8)
subject to the solution of the first equation from the system is equivalent
to the system

mi = al_ll(mm + -+ mll),
ma = ayy (—miz +maz + - +ma),

(13)
m; = Ay, (=my; — - —my—1; + Mijip1 + -+ mg),
mp = ay; (—my — - —my_1)
1 l _1 -1 s
asiayy Y, Mig+ -+ agay Y mg+ Y, asggmy =0,
- =1 k=141
..................... (14)

-1 s
1 —1
agay; Y, mig+ -+ agay; kZ My + . Xl: agemy = 0.
-1 —I+1
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From (13) it follows that mj +---+m; = 0, and it is the first equation
of the system (8). By assumption of induction the solution of the system
(14) is a general

mig = b11x1 + braxa + - - - + by,

my—1; = by1x1 + byoxa + - - - + byr s,

15
M1 = bug1171 + bug1272 + -+ + byt 12T, (15)
ms = bqusfllxl + bu+sfl2x2 + o+ bqusflrxw
where u = CZQ, bij € F,x, € X, k=1,...,r, X; — is the intersection
of not more than ¢ modules from the set My, ..., M;.
Then the expression for mq,...,m; we obtain from (13) and (15).
Moreover, from the generality of the solution (15) and the unambiguity
of expressions for my,...,m; in (13) we will obtain the generality of

the system’s solution (13) — (14). From the equivalence of the systems
(13) — (14) and (8) we obtain that the solution of the system (8), which
is obtained by the mentioned method, is the general. The proposition is

proved. ]
The solution (12) of the system of distributive equations (8) we will
write as
bui b1y
X1 + X,
bsl bsr

Remark 2. The form of the solution (12) depends on the set of equations
which are solved from each system (Ag, My).
c11 Clp
Ifvy | +Y, : is the another solution of the system (12),

Csl Csp
then from the generality of the solutions we have

b11 b1, c11 Clp
Xi| | +X ] s = |+

bsl bsr Cs1 Csp

The set of irreducible modules {M1,..., M,} constructs the partially
ordered set by inclusion.
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Let us consider the cases when the expression for the set of system’s
solutions can be simplified.

Let the module M; be the submodule of modules M;,, ..., M;, and
vector by is hnearly expressed over F' through vectors by, ,

. .,bizi
by = oqbzl + -+ oazbz , where a; € F. Then
= (aiby, + - +a )W + by, My, + -+ b, M;, =
251‘1(041M1 +Mi1)+(_7i ( oM+ M,; ,)+ "+_ZZ(QZM1 +Mzz)
= B M + Bigﬂig + + BizMiz-

Let the vectors b; and Ej be collinear and not equal to zero. Then
[_)ZM B H [_)ZMZ + )\I_JZM] = Bz (MZ + )\M]) = Bz (MZ + M])
4.

The construction of projective resolution of irreducible
modules over tiled order

Let Xq,...,

X, be the set of all maximal submodules of irreducible
and non-projective A-module M with £(M) = (a1,...,ay) and E(X;) =
E(M) + ej,, where e, = (0,...,0,1,0,...,0). Then by the proposition 1

———

k—1

s S
P(M) = & 7%P;,  and M =Y n%iP

By the corollary 1 the kernel of epimorphism ¢: P(M) — M equals
to ker v = {(y1,

) |y = %ﬁ:'mik’ mix = —mg; € P, 0 Py }.
7

The kernel K7 as submodule in E% M; can be formally written as

=1
K = Z (Mz N Mj)(ei —

ej), where e, = (0,...,0,1,0,
1<j

.., 0).
k—1
Let the n-th kernel of projective resolution of irreducible module be
S —
of the form K, = > M;f,, where M; — are irreducible modules and

=1
L
P(M;) = & P
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L
Obviously, there is the epimorphism ¢ : & P(M;) — K, which
k=1

operates by the formula

1 1 2 2 s s
Y(my,...,mp,my, ..., mp,...,mj,...,mj )=

=(mi+...+mi)f1+...+(m]+...+m)

l;
Proposition 3. Let M, ..., My be A-modules, P(M;) = P(l) be the

projective cover of module M; and the epimorphism 1 : EB P(M) — K,

operates by the rule

w(m%,...,mlll,m%,...,mi,...,mf,...,mfs) =
=(mi+...+mi)f1+...+mf+...+mi)f..
If projective module Pl(l) is the submodule of projective modules
PI(Q), P1(3), cee Pl(t) and fi = asfy + asfs + -+ + auf,, where a; € F,
then there exists the epimorphism v : ( éla P]£1)> ) (69 P(M; )> — K,,
which operates by the rule =

A 1 1 2 2 s s
Y(may,...,my,mi,...,mp,...,mj,...,mj )=

=(my+...+mi)f1+...+mi+...+m)f,.

Proof. Let write down the operation of the epimorphism % in the form

w(m%,...,mfs) =
= myfy+(myt.tmp) fr+(mi+ ) o (i m] ) f =
=mi(azfyt...tacf)+(my+. . Amp) fit. o+ (mi A mp)
:(m%—l—...—i—mlll)fl—l—((m%+a2mi)+m%+...+m?2)f2+...
+ ((mh + asml) +mb 4l ) T (mi 4 mpE ) F
+(mi+...+m)fs
Since P € P™ for all k = 2,... ¢, then mF + aym! = mF for all

k=2,...,t, where mf € P (k).
Thus,
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Y(mi,...omi) = (my+ - +my,) fr1+
+ (M +ms+ -t mp,)fo e+ (M +mh+ -+ mi) fit
+(m§+1+"‘+m§:;11)?t+1+"'+(miq+"'+mls_g)?s:

o 1 1 =2 2 2 —3 3
:w(mQ,...,mll,ml,mQ,...,mb,ml,...,ml?),...,
—t t t t+1 t+1 s s
ey T, My, My, My ,...,mlt+1,...,m1,mls). ]

Corollary 2. In conditions of proposition 3 projective module Pl(l) isn’t
included in projective cover of module P(K,).

l;
By the kernel K,, we construct the epimorphism ¢ : & P(M;) — K,,
k=1
which operates by the rule

1 1 2 2 s s
Y(my,...,my,mi,...,mp,...,mij,...,mj )=

=(mi+...+m)f1+...+mi+...+mi)f,

Using proposition 3 by the epimorphism 1 we construct the epimorphism
¢ with the minimal number of direct summand. For the kernel K,
we obtain the system of distributive equations. This system is solved by
the method given in the section 3. Hereby, we construct the projective
resolution of irreducible module, indicating not only projective modules
but also all intermediate kernels.

Conclusion

The results obtained in sections 3 and 4 allow to construct projec-
tive resolutions of irreducible modules over tiled order and calculate the
global dimension of order. There is the program, which is written in Java
programming language, on the basis of performed researches. It allows to
calculate projective resolutions of irreducible modules over tiled order of
any finite length.

Specifying the kernels of resolution in explicit form allows to determine
easily whether the global dimension of tiled order depends on characteristic
of skew field, i.e. whether the order is regular.
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