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ABSTRACT. We describe the geometry of representation of
numbers belonging to (0, 1] by the positive Liiroth series, i.e., special
series whose terms are reciprocal of positive integers. We establish
the geometrical meaning of digits, give properties of cylinders, semi-
cylinders and tail sets, metric relations; prove topological, metric
and fractal properties of sets of numbers with restrictions on use
of “digits”; show that for determination of Hausdorff-Besicovitch
dimension of Borel set it is .enough to use connected unions of cylin-
drical sets of the same rank. Some applications of L-representation
to probabilistic theory of numbers are also considered.

Introduction

There exist many models of real number based on positive integers.
One of them is a model of number in the form of (finite and infinite)
regular continued fraction. Today they study and use different models of
number in the form of convergent series (number is a series, number is a
sum of series, number is expanded in series). Mostly of these series are
positive or alternating. Engel [12], Sylvester [16], Liiroth [8, 3, 4, 5, 7, 13],
Ostrogradsky [9, 1, 2], Sierpiniski [15], Pierce series et al. are among them.

2010 MSC: 11K55.

Key words and phrases: Liiroth series, L-representation, cylinder, semicylin-
der, shift operator, random variable defined by L-representation, fractal, Hausdorft-
Besicovitch dimension.



146 EXPANSIONS OF NUMBERS IN POSITIVE LUROTH SERIES

Some of them have relatively simple self-similar geometry [13, 17, 18, 14],
but other have rather complicated and non-self-similar geometry [1, 2,
9, 12, 10]. Such expansions of numbers can be represented in different
forms using positive integers. It is an encoding of number with symbols
of infinite alphabet.

Liiroth [8] introduced in 1883 expansion of x € (0, 1]-in special positive
series such that its terms are reciprocal to positive integers. Geometry
of this expansion of numbers is self-similar and convenient for modelling
of mathematical objects with non-trivial topological, metric and fractal
local properties based on relatively simple metric relations generated by
cylindrical sets. In papers [17, 18] we particularly studied properties of
cylindrical sets and used them for study of one class of infinite Bernoulli
convolutions.

In this paper we continue to study geometry of this expansion. In
particular, we study properties of semicylinders, supercylinders and tail
sets, solve some problems of metric and fractal theories of numbers, provide
some applications of results.

1. L-representation of real numbers

Theorem 1. Any number x € (0,1] can be uniquely expanded in Liiroth
series, i.e., for x exists a unique sequence of positive integers d,, = dyp(x)
such that

1 P 1 .

= 7= - =A 1
S A 2 Dy (dy+ 1) et (1)

where Dy, = dy(dy 4+ 1)da(d2 + 1) ... d,(dy, + 1).

o0
Proof. Existence. Since (O‘ = U (7 T 1], it is evident that there exists
n=1
dy such that 7 1 <x< ar . Then
02 <1 1 1 1 1
%, — = = —.
d1+1 = dy d1—|—1 dl(dl—l-l) Dy
o0
Since (0; D%] = nU (D1(711+1)’ o 5], it is evident that for z; € (0; m]
there exists do € N such that W <x < m Whence it
follows that
1 1 1

0<z — =19 < = —
T di+ D)(da+1) 2= di(dy + da(ds + 1) Dy
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and
1

1
= +
di +1 di+1  di(dy +1)(d2 + 1)

Let us perform analogous arguments for x5 and so on to infinity and
obtain (1). Series (1) is convergent because of

+a1 = + 72

1 1 1
. 0 .
di(dy + 1)da(ds + 1) ... dpm(dm + 1) Dy <om (m — o0)

Tm =

Uniqueness. Suppose that x has at least two different expansions in

e — AL _ AL /
the form (1): o = Ay 4 4 dnir.. = Ad1...dm71d’md;l+1...’ dp, # d,.

Without loss of generality we assume that d, < dp,. Then

1
— AL
0= Adr--dm—ld/ " = Al rdmdih. = Do
m
1 i 1 00 1
(51 = w .
dm + 1 z:: m+n l(d;n—i—n nz::l Dm+n71(dm+n + 1)

However,

6>< i — dy i ! )>
PN+ D(dm+ 1) = Dot (dmgn + 1)) =

> : oy Gt te) =0
T (d, + D) (dm+ 1) dpl(dp+1)\2 22 7230 )

Thus, 1 > 0. This contradicts the assumption that there are two
different expansions of the same number. O

Definition 1. Brief notation z = AdleQdem of the expansion (1) is
called L-representation of x, and d,, = d,(z) is its nth L-symbol.

Theorem 2 ([17]). A number x € (0, 1] is rational if its L-representation
s periodic.

2. Geometry of L-representation: cylinders
and semicylinders

Definition 2. Let (¢1,ca,...,¢n) be a fixed m-tuple of positive integers.
Cylinder of rank m with the base cicy. .. ¢y is a set

AL = {z:z=A~L

C1C2...Cm, c1c2...cmam+1dm—42...0

dn+i S N}
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Cylinders have the following properties.
[e.e]
1. AL =U . U ACl emiria..iy 7k € N.

C1C2...Cm,
11=1 =1

2. Cylinder AL is a half-interval with endpoints

C1C2...Cm,

1 1 J
£ AL — N e~y
inf A .. c1+1+b1(02+1)+ +bm_1(cm—|-1)

= Qm;

1
mafo1 o —am—i—b—, where b, = c1(c1 + 1) ... cm(em + 1).
m

3. The length of cylinder is equal to

1 m
(a1 emlen 1) —i:f[lci<ci+1).

‘A

C1..-Cm

4. For any sequence of positive integers (¢, ), the intersection

ﬂ A0102 Cm,.. =L Aécg...cm... € (Oa 1]

5. 1f dj(a) = d;(b) for j < m and dy,(a) > dp(b), then a < b.
6. Rearrangement of L-symbols in the base does not change the length
of cylinder.

7. Basic metric relation: }ACI e | =1+ 1) ‘ACI Cmi
3 L
cl .c ]‘_Q‘Acl Cm ‘Aq emal — Z ‘Acl...cmj"
j=a(a+1)

10. ‘Acl cm(z+1)‘ Z+2‘ C1...cmil|*
11. If a < b and d;(a) = d;(b) for j < m, but d,,(a) # dy,(b), then

1) (0] CAG @ ds(@) D) D (@)1 (@) (0 (e (b)+1) © (@]
12. If dy,(a) > din(b), but dj(a) = d;(b) for j < m, then

L
Ady (@)dyn 1 (@)dom (B) (1 ()+1) C (@5 D).

Definition 3. Let (¢,) be a fixed sequence of positive integers and (ky,)
be a fixed increasing sequence of positive integers. Semicylinder with the

base < ron2 "] is a set
ci C2 ... Cp
Kikookn — f . . AL T
Acllc; Cn {x X = Adldg...dk...7 dkz(x) =Gl = 1vn}'
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Lemma 1. Semicylinders have the following properties.
1. A12 n —AL

Cc1C2...Cn, c1Cc...Cp °
m kn
2. Ak — AbL A AR (0 Al = AREmoq AR b

3. Semicylinder is a union of cylinders of rank k..
4. Semicylinders AF and AT are metrically independent iff k # m.

5. The Lebesque measure of ANk2-Fn js calculated by formula

)\ Akl ka.. kn H

Cc1C2.. Cn

cl—l—l

Proof. Properties 1-3 follows immediately from the definition of semi-
cylinder.

It is evident that for k = 1 the set A¥ is an L-cylinder of 1st rank AL,
and according to Property 3

1

MAD) = |A¢] = et 1)

If £ = 2, then by definition of the set A’é and properties of cylinders
A2 = J;en AL. So, the Lebesgue measure is equal to

- 1

o0
2 L
= A .

For k = 3, we have

- U U ok

1= 112 1

1 1

Z Z ’Azlzgc

11=11i2=1 11 1ip=1

11 21+1 ZQ(ZQ—i-l) (C—|—1>.

For any k the Lebesgue measure of the set A¥+1 is defined by equality

ki1
NECUES SR SRV
’Ll 1 Zk 1= =1
Using Property 7 (basic metric relation) we have

Ak—H Z Z |Az1 zkc =

i1=1 =1 1=1 zkl
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o0 o0
The last equality follows from that fact: > ... > ]AZLI%\ =1.
=1 ip=1
For n =2
kik k k L
Adie, = Al ﬂAci = U Ail~~-ik17161ik1+1--~ik27102’
ijEN
j€{172»7k271}\{k1}
1 1
kikoy _ L A , =
)\(Aclcg) - 1 (Cl + 1) 02(02 + 1) ZZG;V |All---zkl—lzkl-&-l---lkz—l
J
]6{17277k2_1}\{k1}
1 1 & s

61(61 + 1) CQ(CQ + 1)

The last equality provide metric independence of semicylinders A’(fll and
A’cf, i.e., semicylinders A¥ and AT for k# m. If k = m, then Ak N AT
is an empty set for ¢ # d and A¥ = A™ for ¢ = d. Thus \(AF N AT) #
MAFA(A™). So, semicylinders are not metrically independent.

One can prove Property 5 by induction. OJ

Lemma 2. The family of supercylindrical sets (finite or countable unions
of cylinders in Wp) is an algebra, i.e., closed with respect to finite union
and complement class of sets.

Proof. 1t is evident that union of two supercylindrical sets A and A’ is a

such set. Let us show that intersection of two supercylindrical sets A and

A’ is a supercylindrical set. Let A =J A;, A" = [J A}, where A; and A
i J

are cylindrical sets. Then A A" = UU[A; N A}]. However, A4; N A is a
(]

cylindrical set. Thus A A’ is a supercylindrical set by definition.

Now we prove that complement B of supercylindrical set B is a such
set. Complement of AL . is a union of sets in the form AZ | where
m-tuple (s1 .. sm) takes all possible combinations of L-symbols except for
(c1...cm), i.e.; complement of cylinder is a countable union of cylinders
of the same rank. It is evident that B; U By = B; N Bsy. So, if we take
into account that intersection of two supercylindrical sets is a such set,

then we have that complement of supercylindrical set is a such set. [

3. Set of numbers with given sequence of fixed digits

Let (c,) be a fixed sequence of positive integers, (k,) be a fixed
increasing sequence of positive integers. We consider the set

Akikaekn. — {x:z= Adleg...dk...a di,(x) = ¢, 1 € N}

C1C2...Cp...
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Theorem 3. Let g, := kpi1—kn. 1. If g, =1 for allm and ky = 1, then
set A’g;f;;;;fnd;y consists from one point Aécz...cn...' If inequality g, > 1 is
fulfilled for finitely many n, then this set is countable. If inequality g, > 1
1s fulfilled for infinitely many n, then it is a continuum set.

2. Lebesgue measure of the set A’gllfjfn” is equal to 0.

Proof. 1. If g, = 1 starting from some ng, then the set A¥1k2.Fn- jg
countable because only for finite set of the first ng — 1 positions there
exists an alternative for L-symbols from at most countable set. If g, > 1
for infinitely many n, then A’gllé“;fn" ~+ is a continuum set, because one can
establish one-to-one correspondence f between this set and half-interval
(0,1] by formula f(AcI?ldz...dn...) =127 a2+ L a2+
where a,, =0 if g, = 1, and o, = 1 if g, > 1.

2. If set A’g;f;fnn is countable, then its Lebesgue measure is equal
to 0 by the properties of the Lebesgue measure. So, it is enough to prove
statement 2 if it is a continuum set.

Let Fj be a closure of a union of all cylinders of rank & whose interior

contains point from the set A¥k2--Fn-- Since Fy, O Fy, 11 and

C1C2...Cpy...

[
Ak1k2~~-kn~~- — ﬂ ka
n=1

we have A(ARikz-kn-.) — Jim A(Fk, ) by the continuity from above of the

Lebesgue measure.
From the basic metric relation it follows that

R AL VN AN
C1C2...Cy1 1 — Ck;-|—1(ck;+1+1) c1C2...Cp 1"
Thus
L
)\(Fkn+l) = Z |Ailig.,.cl.,.02...cn...ikn+1,1ckn+1 =
ilEN,...,ikn+l_1EN
1
= c (C _"_1) Z |Ai[iig...cl...CQ...Cn...ikn+1_1 =
Fna\Cknt1 ilEN,...,ikn+1,1EN
1
= )\(Fkn+171)

Ckn+1 (Ckn+1 + ]‘)

From the definition of A'gllf;fn” it follows Fy, = Fg,4+1 = ... =
Fk, ., -1 Thus,

)\(Fkn) A 1 n— 00

= >‘(F/ﬂ) H

Chpy1 (Ckn+1 +1) i=2 Ck'i(cki +1)

A(Fy

n+1) =
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4. Shift operator for L-representation

In the set Z(LO 1] of all L-representations of numbers belonging to (0, 1]
we introduce a binary relation of equivalence “to have the same tail” (we
denote it by ~).

Definition 4. Two L-representations Agla}_anm and AélﬁQ---ﬁn--- have

the same tail or they are in relation ~ if there exist positive integers
m and k such that a;,4; = Bry; for any j € N. 1t is evident that ~ is
an equivalence relation (i.e., it is reflexive, symmetric, and transitive)
and partitions set where it is defined on the equivalence classes. Any
equivalence class is a tail set. Any tail set is determinated uniquely by
arbitrary its element (representative). Two numbers z and y have the
same tail (or they are in relation ~), if their L-representations are in
relation ~. We denote it by = ~ y.

Lemma 3. Any tail set is a countable dense in (0, 1] set.

Proof. Let H be any equivalence class, and x¢ = Afl cp... D€ its representa-
tive. Then for any positive integer m there exists set H,, of numbers x such

that onqj(x) = agqj(zo) forany j€e N, k=1,2,....Set H = |J H,,
meN
is a countable union of countable set. So, it is countable.

Since number x belongs to set H independently of any finite number
of the first L-symbols, we have that there exits point from H in any
cylinder of any rank m. Thus, H is an everywhere dense in (0, 1] set. [

Corollary. Factor set G= (0,1]/ ~ is a continuum set.

In the set Z(LO 1 e consider shift operator ¢ for L-symbols defined
by equality p(AL ) = AL . This operator is a function

a1Q2...0p ... ao03...0y ...
@: (0,1] = (0,1).
It is clear that function ¢ has a countable set of invariant points

{A(Lc ),where c € N}. It is surjective but not injective, because preimages

of AL . .. arepoints AL . where c€ N (countable set).

Lemma 4. Function ¢ is: 1) decreasing on any cylinder of 1st rank; 2)
continuous at any point of cylinder of 1st rank and left-continuous at right
endpoint of this interval.

Proof. 1. Let us consider two points z; = AL and xo =

ajaz(zy)...oan(x1)...
§1az(a:2)...an(a:2)... belonging to interval Agl such that z; < x9. Since
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an(p(r)) = anyi1(x) and their L-symbols satisfy conditions (1), we have
©(x1) > @(x2), and this proves first statement.

2. Since function ¢ is monotonic and bounded on any cylinder of
1st rank, it has finite right and left limits at any point of this interval.
Moreover, it has finite left limit at the right endpoint and finite right limit
at the left endpoint.

Let z = A§1a2($)---an(l’)- be any irrational point of int AZ
be any sequence of points xj such that hm TR = T.

and (xg)

a1

It is easy to prove that hm T = m 15 equ1valent to hm mg = 00,
k—o0

where my, is minimal positive integer such that oy, (@) 7é amk( ). In
fact, hm x = x is equivalent to the following fact: for any M > 0 there

ex1sts mk > M and cylinder AX (@) of rank my, containing all
m

a102(x)...am
x) starting from some k.

So, from equalities hm zp = x and ap(e(x)) = anyi(x) it follows
that khm o(zg) = ¢(x), and this proves continuity of the function ¢ at
— 00

the point x.
Now let = AL

ajaz(z)...an(x)

: /I _ AL
consider sequence zj, = Ay (@)m

is evident that klim o(z),) = ¢(x), i.e., function ¢ is left continuous at
— 00

be any rational point of int Aél. Let us

(x)k Converging to z and x <. It

point x.
Now let us consider sequence zj = Aglw(x)._(an(z)_l)lk converging
to x and zj > x. It is evident that klim o(z}) = p(x), i.e., function ¢ is
—00

right continuous at point z. O

Remark. All points z, ¢"(x), n.€ N, belong to the same tail set, and
x ~ y iff there exists positive integers k& and m such that o*(x) = ™ (y).

5. Sets with restrictions on use of L-symbols

Definition 5. A number x is called L-rational if its L-representation
has a period (1), ie., x = AcLl@ em(1y- A number is called L-irrational if
it is not L-rational.

Any L-rational number is a right endpoint of cylinder, moreover number
creanom(1) 18 @ right endpoint of ACICQ ¢, Vice versa, right endpoint
of any cylinder is L-rational number. It is easy to prove that any L-
rational number is rational, but not all rational numbers are L-rational.
For example, number A(jg) is rational, but is not L-rational.
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Theorem 4. The set C =C[L, V] ={z: 2 =AL, , . dy(z) eV C
N} ois

1. a half-interval (0,1] if V = N;

2. a nowhere dense non-closed set of zero Lebesgue measure coinciding
with its closure with respect to countable set if V # N;

3. self-similar if V' is a finite set and N -self-similar-if V' is an infinite
set; moreover, its self-similar (N -self-similar) dimension as is a solution
of equation

(o) =1 # W< 2
1%‘:/ v(v+1) ! ’

and is a number

aszs%p{x: 5 ((1“)):1} § Vi=w @

v:Vov<n

Proof. Statement 1 is evident. 2. Let: V' £ N. It is easy to see that

cclar.cc U Mg =FnCFi, C= ﬂFk_khm .
keV k;eV k=1
iEN
Let (a,b) be any subinterval of (0,1]. It is evident that cylinder
Adl(b) Ao (D)o i1 (0) 41 (a,b), where dp,(b) # dm(a). Let o and 8 be
the endpoints of the cylinder A 1 (B) oo (B) (1 (B)+ 1) where v € N\V.
Then the interval (o, 8) does not contain points of the set C'. So, the set
C' is a nowhere dense set by definition.
For Lebesgue measure A of the set C' the following relation holds:

DI SHINTINED SRS 3 | v

ki€eV. kn,€V ki1€V  kpeVi= 1

1
where 0 < b" = Y ———
reven k(k+1)
3. Since 0= | [ALNC] and
veV

< 1. S0, \(C) =

b
v(v+1)’
the set C is self-similar if V' is finite, and N-self-similar if V' is infinite.

According to the definition, a self-similar (N-self-similar) dimension
is a solution of (2) (or determined by (3) respectively). O

1) ¢ % AL N O, where k = 2) (AL no)n(alno) =2



YU. ZHYKHARYEVA, M. PRATSIOVYTYI 155

6. Random variable with independent L-symbols

Theorem 5. Random variable & = AT1T2 ... with the following distribu-
tions of L-symbols 7,: P{1; =i} = pi, i € N has a pure Lebesgue type,
moreover, 1. discrete iff

M = H max {pir} > 0;
k=1
2. absolutely continuous iff

= ,ﬁ(m Tt 1)) =0 )

1

3. singular in other cases, i.e., if M =0 = 5.

Proof. Let {(Q, B, )} and {(Q, Bk, vi) } be two sequences of prob-
ability spaces such that €, = N, By is a o-algebra of all subsets of
Qk’

1
i(i+1)
where p;i; is an element of the matrix ||p;z|| determining the distribution
of the random variable £. It is evident that measure pi is absolutely
continuous with respect to measure vy (ur < vg) for all k € N. Let us
consider the infinite products of probability spaces

L (i) = pik, vi(i) = ke N,

(o]
(e, By ire) (Q,B,v) H Qk, B, Vi)
1 —

—18

(Qvaﬂ) -

k

From Kakutani’s theorem [6] it follows that u < v iff

/d
Mk dyk > 0, where integral is the Hellinger integral.
k: 1Qk

In this case the last inequality is equivalent to condition (4). Therefore,
from the condition (4) it follows that the measure u is absolutely continu-

ous with respect to the measure v. Let us consider the mapping €2 i> [0;1]
defined by equality

Vw = (wi,...,wg,...) €Q: f(w) =AL

W1 Wi
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For any Borel set F, we define the measures p* and v* as the image
measures of y and v under mapping f: p*(E) = u(f~1(E)), v*(E) =
v(f~1(E)). The measure p* coincides with the probabilistic measure P
and the measure v* coincides with the probabilistic measure P, which
equivalent to Lebesgue measure X. From the absolutely continuity of the
measure i with respect to the measure v it follows that the measure p*
is absolutely continuous with respect to the measure v*. Since v* ~ A,
from condition (4) it follows that the random variable £ is of absolutely
continuous distribution. O

7. L-representation and fractal analysis of subsets of [0, 1]

Definition 6. Hausdorff-Besicovitch dimension of bounded set E C R!
is a number ag(F) = sup{a : H*(F) # 0} = inf{a : H*(E) = 0}, where
H*(E) is a a-dimensional Hausdorff measure of E defined by equality

H (E)_;L)néd}in)fq{Zd : ECUE}

d(FE;) is a diameter of the set E;.

Let W be a class of sets such that they are unions of L-cylinders of
the following form:

(1) U Acl .Cm 1) (2) U Acl .Cm 1)

where k,n are arbitrary positive integers. It is clear that any cylinder
belongs to class W, because for k = 1 set (2) is a cylinder as well as set (1)
is a cylinder for k = n.

Lemma 5. For anyu = (a,b) C (0,1] there exists at most 4 sets belonging
to class W eovering u and having length not exceeding |u|.

Proof. The following cases are possible: 1. Numbers a and b belong to
different L-cylinders of rank 1; 2. a and b belong to the same L-cylinder
of rank 1.

Consider every case separately.

1.1. Let a and b belong to neighbouring L-cylinders of 1st rank AdLl (B)+1

and AcLll(b) respectively, and ¢ = sup AdLl(b) 4
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a) If a = ¢ (it is equivalent to d;(a) = 1 for j > 1), then for covering
u it is enough two sets from W:

U 24w Ahowe (5)
j=dz2(b)+1

having the length not exceeding b — a (first one belongs to (a, b], second
satisfies Property 6 of cylinders).

b) If a # ¢, then there exists di(a) # 1. Let us consider the least such
k. Then Agl(a)...dk_l(a)l C (a,c] and sets

di(a)—1 ; .
U A%@.awi ad A a0 (6)
j=1

cover (a, ¢] and have length not exceeding c—a, and therefore, not exceeding
b — a. Half-interval (c,b] is covered by two sets (6).
So, for covering (a, b] it is enough 4 sets belonging to .
1.2. If there exists cylinder AL C (a,b], then (a,b] is covered by the
sets - -
U a7, U AGwr Ao
Jj=m Jj=d2(b)+1
belonging to W and having length lesser than b — a.
2. Let a and b belong to the same cylinder of 1st rank ACLll(b). Then
there exists positive integer m such that a and b belong to the same
cylinder of rank m, but to different cylinders of rank m + 1:

L L
Ad b).dp®dmsr(a) D DGy by (b)-

Repeating the same arguments as in the case 1, we obtain the same result:
for covering (a, b] it is enough at most four sets belonging to W and having
length not exceeding b — a. O

Theorem 6. For determination of Hausdorff-Besicovitch dimension of
any Borel subset of (0,1] it is enough to use covering by sets belonging to

class W.

Proof. In fact, if u is an arbitrary half-interval belonging to covering FE,
then there exists at most 4 sets wq, ws, w3, wq belonging to W such that
|w;|* < |u?| for any o > 0. If
[2(B) = inf Y |og|
k

|vg|<e
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where £ C v, and vy, € W, then m2(E) < [2(F) < 4m(E) for any
k
e > 0. Therefore H*(E) < H{(E) = le I2(F) < 4HY(E), that is
E—00
H¢(E) and HY(E) simultaneously (with respect to «) take the values 0
and oco. Consequently, ag(E) = inf{a: Hf(E)}. O

<
<

Theorem 7. Continuous strictly increasing probability distribution func-
tion F of the random variable with independent identically distributed
L-symbols preserve the Hausdorff-Besicovitch dimension iff

= , VieN. 7
it " 9
Proof. 1f Equality (7) holds, then distribution is uniform on [0, 1], and it
is evident that probability distribution function preserve the Hausdorff-
Besicovitch dimension.
Suppose that there exists p,, # m Let pp, < m
1

there exists p. > eFT) i.e., there exist p,, and p. such that

(e~ ) (- ) <

Then for any a € N, m # a # ¢, there exists g € {m, ¢} such that

Let us consider set C' = C[L, {a, g}] and its image C' = F(C) under
transformation F'. These sets are self-similar and their self-similar dimen-
sions coincides with Hausdorff-Besicovitch dimensions and are solutions
of the following equations

. Then

a"la+1)"+g "(g+1)"" =1 and p, +p, =1

respectively. However, from (8) and p, # g1 (g+1)7! it follows that their
solutions does not coincide. Thus, ag(C) # ap(C’). This contradiction
proves the theorem. ]
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