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ABSTRACT. We find necessary and sufficient conditions on
an (inverse) semigroup X under which its semigroups of maximal
linked systems A\(X), filters ¢(X), linked upfamilies No(X), and
upfamilies v(X) are inverse.

1. Introduction

In this paper we investigate the algebraic structure of various exten-
sions of an inverse semigroup X and detect semigroups whose extensions
AMX), No(X), ¢o(X), v(X) are inverse semigroups.

The thorough study of extensions of semigroups was started in [9] and
continued in [1]-[5]. The largest among these extensions is the semigroup
v(X) of all upfamilies on X.

A family F of subsets of a set X is called an upfamily if each set F' € F
is not empty and for each set F' € F any subset £ D F of X belongs to
F. The space of all upfamilies on X is denoted by v(X). It is a closed
subspace of the double power-set P(P(X)) endowed with the compact
Hausdorff topology of the Tychonoff product {0, 1}7(X). Identifying each
point € X with the upfamily (z) = {A C X : z € A}, we can identify
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X with a subspace of v(X). Because of that we call v(X) an extension
of X.

The compact Hausdorff space v(X) contains many other important
extensions of X as closed subspaces. In particular, it contains the spaces
Ny(X) of linked upfamilies, A(X) of maximal linked upfamilies, p(X)
of filters, and S(X) of ultrafilters on X; see [8]. Let us recall that an
upfamily F € v(X) is called

e linked if AN B # () for any sets A, B € F;

e mazimal linked if F = F' for any linked upfamily 7’ € v(X) that
contains F;

e a filterif AN B € F for any A, B € F;

e an ultrafilter if F = F' for any filter 7' € v(X) that contains F.

The family 5(X) of all ultrafilters on X is called the Stone-Cech extension
and the family A\(X) of all maximal linked upfamilies is called the su-
perextension of X, see [12] and [15]. The arrows in the following diagram
denote the identity inclusions between various extensions of a set X.

X —B(X) —=A(X)

.

p(X) — Nao(X) —v(X).
Any map f: X — Y induces a continuous map
vf tu(X) = oY), vf:Fe{ACY:f YA ecF},

such that v f(5(X)) C B(Y), vf(A(X)) CAY), vf(p(X)) C p(Y), and
vf(N2(X)) C No(Y'). If the map f is injective, then v f is a topological
embedding, which allows us to identify the extensions 3(X), A(X), ¢(X),
No(X), v(X) with corresponding closed subspaces in 3(Y), A(Y), ¢(Y),
Ny(Y), and v(Y'), respectively.

In [9] it was observed that any (associative) binary operation * :

X x X — X can be extended to an (associative) binary operation * :
v(X) x v(X) = v(X) defined by the formula:

AxB = Ua*Ba:AEA, {By}aca C B)

acA
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for upfamilies A, B € v(X). Here for a family C of non-empty subsets of
X by
C)={AC X :3C eCwithC C A}

we denote the upfamily generated by the family C.

According to [8], for each semigroup X, v(X) is a compact Hausdorff
right-topological semigroup containing the subspaces £(X), A(X), ¢(X),
Ny (X) as closed subsemigroups. Algebraic and topological properties of
these semigroups have been studied in [9], [1]-[5]. In particular, in [3]
we studied properties of extensions of groups while [4] was devoted to
extensions of semilattices. There are two important classes of semigroups
that include all groups and all semilattices. Those are the classes of inverse
and Clifford semigroups.

Let us recall that a semigroup S is inverse if for any element x € S
there is a unique element 2! (called the inverse of r) such that xz 'z =
and 7 'zz~! = 271 A semigroup S is regular if each element z € S
is regular in the sense that x € xSz. It is known [13, II.1.2] that a
semigroup S is inverse if and only if S is regular and idempotents of S
commute. For a semigroup S by F = {z € S : za = x} we denote the
set of idempotents of S. It follows that for an inverse semigroup, F is a
commutative subsemigroup of S and hence E is a mazimal semilattice in
S. Let us recall that a semilattice is a set endowed with an associative
commutative idempotent operation. A semigroup S is called linear if
xy € {x,y} for any points x,y € X. Each linear commutative semigroup
is a semilattice.

A semigroup S is Clifford if it is a union of groups. An inverse semi-
group S is Clifford if and only if z2~! = 27!z for all z € X. A semigroup
S is called sub-Clifford if it is a union of cancellative semigroups. A semi-
group S is sub-Clifford if and only if for any positive integer numbers
n < m and any z € S the equality 2"t = 2 *! implies 2" = 2™. Each
subsemigroup of a Clifford semigroup is sub-Clifford and each finite sub-
Clifford semigroup is Clifford. A commutative semigroup is Clifford if and
only if it is inverse if and only if it is regular. A semigroup X is called
Boolean if 2* = z for all x € X. Each Boolean semigroup is Clifford.

It is well-known that the class of inverse (Clifford) semigroups includes
all groups and all semilattices. Moreover, each inverse Clifford semigroup
S decomposes into the union S = |J.cp He of maximal subgroups H, =
{xr €S 227! =e=a"12} indexed by the idempotents, which commute
with all elements of S; see [13, I1.2].

The algebraic structure of extensions of groups was studied in details
in [3]. Extensions of semilattices were investigated in [4]. In particular,
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in [4] it was shown that for a semigroup X the superextension A\(X) is a
semilattice if and only if the semigroup v(X) is a semilattice if and only
if X is a finite linear semilattice.

In Theorems 1.1-1.4 below we shall list all semigroups X whose
extensions are (commutative) inverse semigroups.

For a natural number n by C,, = {z € C: 2" = 1} we denote the
cyclic group of order n and by L,, the linear semilattice {0,...,n — 1} of
order n, endowed with the operation of minimum. In particular, Ly is an
empty semigroup.

For two semigroups (X, %) and (Y, ) by X LY we denote the disjoint
union of these semigroups endowed with the semigroup operation

zxy ifzyelX,
T ifreXandyeY,
Y ifreY and y e X,
zxy ifx,yey.

TOoYy =

The semigroup X LY will be called the disjoint ordered union of the
semigroups X and Y. Observe that the operation of disjoint ordered
union is associative in the sense that (X UY)U Z = X U (Y U Z) for any
semigroups X, Y, Z.

We say that a subsemigroup X of a semigroup Y is reqular in Y if
each element x € X is regular in Y.

Theorem 1.1. For a semigroup X and its superextension \(X) the
following conditions are equivalent:

(1) MX) is a commutative Clifford semigroup;

(2) AM(X) is an inverse semigroup;

(3) the idempotents of the semigroup A\(X) commute and \(X) is sub-
Clifford or regular in No(X);

(4) X is a finite commutative Clifford semigroup, isomorphic to one of
the following semigroups: Co, Cs, Cy, Co x Co, Lo x Co, Ly L1 Cs,
Ly, or Co U Ly for some n € w.

Theorem 1.2. For a semigroup X and its semigroup of filters p(X) the
following conditions are equivalent:

(1) ¢(X) is a commutative Clifford semigroup;

(2) @(X) is an inverse semigroup;
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(3) the idempotents of the semigroup ¢(X) commute and o(X) is sub-
Clifford or regular in No(X);

(4) X is isomorphic to one of the semigroups: Ca, L,, or L, 1 Cy for
some n € w.

Theorem 1.3. For a semigroup X and its semigroup of linked upfamilies
Ny (X) the following conditions are equivalent:

(1) Nao(X) is a commutative Clifford semigroup;
(2)
(3)

Ny (X) is an inverse semigroup;

the idempotents of the semigroup No(X) commute and No(X) is
sub-Clifford or reqular;

(4) X is isomorphic to Cy or L, for some n € w.
Theorem 1.4. For a semigroup X and its semigroup of upfamilies v(X)
the following conditions are equivalent:

(1) v(X) is a finite semilattice;

(2) v(X) is an inverse semigroup;

(3) the idempotents of the semigroup v(X) commute and v(X) is sub-
Clifford or reqular;

(4) X is a finite linear semilattice, isomorphic to Ly, for some n € w.
Surprisingly, the following problem remains open.

Problem 1.5. Characterize semigroups X whose Stone-Cech extension
B(X) is an inverse semigroup. (Such semigroups have finite linear and
finite cyclic subsemigroups; see Proposition 2.1.)

Theorems 1.1, 1.2, 1.3, and 1.4 will be proved in Sections 5, 6, 7, and
8, respectively.

2. Commutativity in the Stone-Cech extension

In this section we establish some properties of semigroups whose
Stone-Cech extension has commuting idempotents. Let us recall that a
semigroup S is cyclic if S = {z™ : n € N} for some element = € S, called
the generator of S.

Proposition 2.1. If for a semigroup X all idempotents of the Stone-Cech
extension B(X) commute, then all cyclic subsemigroups and all linear
subsemigroups of X are finite.
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Proof. First we show that each element z € X generates a finite cyclic
subsemigroup {z"},en. If {2"} e is infinite, then it is isomorphic to
the semigroup (N, +). Then the Stone-Cech extension §(X) contains
a subsemigroup isomorphic to the Stone-Cech extension 3(N) of the
semigroup (N, +). By Theorem 6.9 of [11], the semigroup 5(N) contains
2¢ non-commuting idempotents and so does the semigroup 3(X) which
is forbidden by our assumption. So, the cyclic subsemigroup {z"},en is
finite.

Next, assume that X contains an infinite linear subsemigroup L. Then
xy € {x,y} for any elements x,y € L. Choose any injective sequence
{Zn}new in L and define a 2-coloring x : [w]? — {0, 1} of the set [w]? =
{(n,m) € w? : n. < m} letting

0 if zpxm = 2
X (nv m) = { .

1 if xpxm = 2.
By Ramsey’s Theorem [14] (see also [10, Theorem 5]), there is an infinite
subset 2 C w and a color k € {0,1} such that x(n,m) = k for any pair
(n,m) € [w]?MNQ2. Consider the infinite linear subsemigroup Z = {x, }neq
of X. By Theorem 1.1 of [4], each element of the semigroup (%) is an
idempotent. We claim that any two distinct free ultrafilters U,V € §(Z2)
do not commute (which is forbidden by our assumption). If the color
k =0, then z,x,, = x, for any numbers n < m in €2, which implies that
UxV=UH#*YV =V=xU.If k=1, then z,z,, = x,, for any numbers
n<min Qand then Y *x V=V #U=VxU. O]

3. The regularity of extensions of semigroups

In this section we shall prove some results related to the regularity of
semigroups. Let us recall that an element x € S is reqular in a semigroup
Sifxz e xSx.

Proposition 3.1. Let X be a semigroup. An element x € X is reqular
in X if and only if the ultrafilter (x) is regular in the semigroup v(X).

Proof. The “if” part is trivial. To prove the “only if” part, assume that
(x) is regular in v(X) and find an upfamily F € v(X) such that (x) =
(x) * F * (x). Then for some set F' € F we get x € xFx C xSz, which
means that x is regular in X. O

Corollary 3.2. A semigroup X is inverse if and only if X lies in some
inverse semigroup S C v(X).
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Proof. The “only if” part is trivial (just take S = X). To prove the
“if” part, assume that a semigroup X lies in some inverse subsemigroup
S C v(X). The inverse semigroup S is regular and has commuting
idempotents. Then the idempotents of the subsemigroup X C S also
commute. Each element x € X C S is regular in S and hence is regular in
X by Proposition 3.1. Then the semigroup X is inverse, being a regular
semigroup with commuting idempotents; see [13, 11.1.2]. O]

Let us recall that a non-empty subset I of a semigroup X is called an
ideal in X if XITUIX C I.

Lemma 3.3. Let X be a semigroup and Z C X be a subsemigroup whose
complement X\ Z is an ideal in X . If for two upfamilies A € v(Z) C v(X)
and B € v(X) we get A= AxBx A, then A= AxBzx* A for the upfamily
B;={BeB:BCZ}ecv(Z).

Proof. 1t is clear that A*x Bz * A C A% Bx A= A. To prove the reverse
inclusion, take any set A € A. It follows from A € v(Z) C v(X) that
ANZ e AcC (AxB)x A. So, we can find a set C' € A* B and a family
{Ac}eec C Asuch that J,co cxA. C ANZ. For every ¢ € C the inclusion
cx A, C ANZ C Z implies ¢ € Z (because X \ Z is an ideal in X). So,
C C Z. Since C € Ax B, there is a set A € A and a family {B,}qca C B
such that J,cqa * B, C C. Since X \ Z is an ideal in X, for every
a € A the inclusion a x B, C C' C Z implies B, C Z which means that
{Ba}aca C Bz and hence A C A x Bz * A. O

Corollary 3.4. Let X be a semigroup and S € {B(X),AN(X),o(X),
No(X),v(X)} be one of its extensions. If the semigroup S is reqular, then
for any subsemigroup Z C X whose complement X \ Z is an ideal in X
the semigroup S Nv(Z) is reqular.

Proof. Fix any upfamily A € S Nov(Z) and by the regularity of the
semigroup S, find an upfamily B € S such that A = A % B x A. By
Lemma 3.3, A = A« Bz % A for the upfamily By ={Be€B:BC Z} €
v(Z). It S € {p(X),No(X),v(X)}, then Bz € SNv(Z) and hence A is
regular in S Nv(Z).

If S = B(X), then Bz is a filter on Z and we can enlarge it to an
ultrafilter Bz € 3(Z). Then A= A% Bz« A C Ax By x A implies that
A = Ax Bz * A by the maximality of the ultrafilter A. So, A in regular in
the semigroup f(Z). By analogy we can consider the case S = A(X). O
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4. The extensions of the exceptional semigroups from
Theorem 1.1

In this section we describe the structure of the extensions of the
exceptional semigroups from Theorem 1.1(4).

We start with studying the superextensions of these semigroups. First
note that for each set X of cardinality 1 < |X| < 2 the superextension
A(X) coincides with 5(X) = X. If a set X has cardinality | X| = 3, then
AMX) = XU{A} where A = {A C X : |A| > 2}. For aset X of cardinality
| X| = 4 the superextension A\(X) = {z,A,,0, : z € X} consists of 12
elements, where

Ny={AC X :|A\{z}| >2} and
O, =X \{z}h)U{AC X:zx € A, |A] >2} forxe X.

Given two semigroups X, Y we shall write X = Y if these semigroups are
isomorphic.

Proposition 4.1. For finite exceptional semigroups we have the following
isomorphisms:

03) =Luds.

C4) = (CQ LJLl) x Cy.

Cy x CQ) = (02 |_|L1) x Cy x Co.

L1|_|CQ) = L1 ULyUCs.

Loy X 02) = (Ll LJ (L2 X LQ) L Ll) x (.

Proof. 1-4. The first four statements were proved in [5, §6].

5. For the semigroup X = L; U Cy = {0,1,—1} the superextension
AMX) ={0,A,1,—1} has the structure of the ordered union {0} U {A} LI
{1, —1}, which is isomorphic to the semigroup L U L LI Cs.

6. The semigroup La x Co = {0,1} x {—1,1} has two idempotents

e=(0,1) and f = (1,1) and two elements a = (0, —1) and b = (1,—1) of
order 2 such that a®? = e and b> = f. The superextension

/\(L2 X CQ) = {l‘, Ax,Dx x € Loy X CQ}

has the 6-element set of idempotents E = {e, O¢, Aq, Ay, Oy, f}, isomor-
phic to the semilattice Lj U (Lg X Lo) U L1. The semigroup \(Lg x C3) is
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isomorphic to the product £ x Cy under the isomorphism h : E x Co —
A(Lg x C3) defined by

x ifg=1,

h:(z,g)+—
(z,9) {xb fg—

The following proposition was proved in [4, 3.1].

Proposition 4.2. For every n € N the semigroup v(Ly) is a finite
semilattice. Consequently, the semigroups A\(Ly,), ¢(Ly), No(Ly,) also are
finite semilattices.

We recall that a semigroup X is called Boolean if x = 23 for all z € X.
It is clear that each Boolean semigroup is Clifford and each commutative
Boolean semigroup is inverse.

Proposition 4.3. For every n € N and the semigroup X = Co LI L,, the
superextension A(X) is a finite commutative Boolean semigroup whose
mazimal semilattice E(A(X)) coincides with the set \(X)\{a} where a is
the unique element generating the subgroup Co of X = CyU Ly,. Moreover,
ea = a for any idempotent e of \(X).

Proof. Observe that X \ {a} is a linear semilattice such that xa = a for
all z € X \ {a}. We identify the point a with the principal ultrafilter (a)
generated by a. For the convenience of the reader we divide the proof of
Proposition 4.3 into a series of claims.

Claim 4.4. For each F € A\(X) \ {a} we get ax F = F xa = (a).

Proof. Since F # (a), there is a set F' € F with a ¢ F. Then a x F =
F xa = {a}, which implies a * F = a x F = (a). O

Claim 4.5. Each element F € \(X) \ {a} is an idempotent.

Proof. Since the upfamilies F and F % F are maximal linked, it suffices
to check that F C F x F. Fix any set F' € F and consider two cases. If
a¢ F,then F'=F«x F € F*F. So, assume that a € F. Since F # (a),
there is a non-empty set I, € F that does not contain the point a. Then
ax F, = {a} C F. For each z € F\ {a}, let F,, = F and observe that
zxF C {e}UF C F. Then Jyepz * F, C {a} UF = F and hence
FeFxF. O
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Claim 4.6. U «V =V «U for any mazimal linked systems U,V € \(X).

Proof. The equality U «V =V « U is trivial if U or V belongs to f(X) =
X. So, we assume that the maximal linked systems U,V ¢ X are not
ultrafilters.

First we prove that U «V C V xU. Fix any set W € U * V. Without
loss of generality, it is of the basic form W = ¢y u * V,, for some set
U € U and a family {V,,}yerr C V. Since X \ {a} is a linear semilattice,
(the proof of Theorem 2.5) [4] guarantees that:

(U\{a}) * (Vy,\{a}) W for some point u € U \ {a}.

We consider three cases.

1)a¢V,anda ¢ U. Then VU >V, «xU =U =V, = (U \ {a}) *
(Vu\{a}) C W and hence W € V xU.

2) a ¢ V, and a € U. Then a *xV, = {a}. Since V # (a), the
set V, \ {a} is not empty and hence contains some idempotent. Then
aVy ={a} CaxV, C W and

VsUsVyxU=UxV,=(axV,)UU\{a})*xV, =

{a} UU\{a}) * (Vu\{a}) C{a}uW CW
and again W € V xU.

3) a € Vy. In this case a € ux V,, C W. It follows from U # (a) that
a ¢ U, for some set U, € U. Let U, = U for all v € V,, \ {a} and observe
that
VeUs | JoxUy=axUgU((Vu\{a})«U) =
veEV,,
{at U ((Vu\{a}) * U\ {a})) U((Vu\{a}) xa) C {a} UuW U{a} C W
and hence W € V xU. Therefore, U xV C V xU.
The inclusion V «U C U *V can be proved by analogy. O

O]

Next, we study the structure of the space of filters ¢(X) of the finite
exceptional groups from Theorem 1.2.

Proposition 4.7. (1) ¢(C2) = No(C2) = L1 U Cy;
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(2) p(L1UCq) is a commutative Boolean semigroup isomorphic to the
subsemigroup

{(6,37) € (Ll (] (LQ X LQ)) xCy:e€ Ly u{(0,0), (0, 1)} = (JZ = 1)}
of the commutative Boolean semigroup (Ly U (Lg X Lg)) x Cs.

Proof. 1. The semigroup ¢(C2) contains two ultrafilters and one filter
Z = (Cy) generated by the set Cy. The filter Z is the zero of the semigroup
©(C3) and hence ¢(Cs) is isomorphic to {Z} U Co.

2. For the semigroup X = L; LI Cy = {0,1, —1} the semigroup ¢(X)
contains 7 filters generated by all non-empty subsets of X. So, we can
identify filters with their generating sets. Among these 7 filters there
are b idempotents: {0}, {0,1,—1}, {0,1}, {1, -1}, and {1} which form a
semilattice F

{1}
/ \
{0,1} {-1,1}
\ /
{0,1,-1}
T
{0}

isomorphic to Ly U (Ly x Lg). Two filters {—1} and {0,—1} generate
2-element subgroups with idempotents {1} and {0, 1}, respectively. Since
{=1} %{0,1} = {0, —1}, the semigroup A(X) is isomorphic to the sub-
semigroup {(e,z) € E x Cy: e € {{0},{0,1,—-1},{1,-1}} = (x =1)} of
the commutative Boolean semigroup E x Cs. O

Now we consider the the semigroups (L) and ¢(L, LI C2). We shall
show that the latter semigroup has the structure of the reduced product
of a semilattice and a group.

Let X,Y be two semigroups and I be an ideal in X. The reduced
product X x;Y is the set I U ((X \ I) x Y') endowed with the semigroup
operation

axb= {px(a) +px(b) if px(a) + px (b) € 1,
(px(a) *px(b),py(a) * py (b)) if px(a)=*px(b) & I.
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Here by px : X x; Y — X and py : (X \I) xY — Y we denote the
natural projections. Let us recall that by Proposition 4.7(1), the semigroup
©(C3) is isomorphic to the commutative Boolean semigroup L; LI Cs.

Proposition 4.8. For every n € N the semigroup

(1) ¢(Ly) is a finite semilattice, and

(2) p(Ly UC2) is a commutative Boolean semigroup isomorphic to the
reduced product ¢(Lpi1) Xp(L,) P(C2).

Proof. By Proposition 4.2, the semigroup ¢(Ly,) is a finite semilattice.

Now consider the semigroup X = L, LI Cs. Since X is finite we can
identify the semigroup ¢(X) with the commutative semigroup of all non-
empty subsets of X. Let a be the generator of the cyclic group Cs and
e = a® be its idempotent. The idempotent semilattice E = L, LI {e} of X
is isomorphic to the linear semilattice L,41. So, we shall identify £ with
Ly+1. Observe that ¢(X)\ ¢(L,) ={F C X : FNC5 # (0} and the map
bt o(Lpt1) Xp(L,) $(C2) — ©(X) defined by

h,(A):{A if AC o(Ly)
(ANC2)UB if (A, B) € (p(Lnt1) \ ¢(Ln)) x (C2)

is a required isomorphism between the semigroups ¢(X) and
O(Ln+1) Xp(Ln) P(C2). O

5. Proof of Theorem 1.1

Given a semigroup X, we need to prove the equivalence of the following
statements:

(1) A(X) is a commutative Clifford semigroup;

(2) A(X) is an inverse semigroup;

(3) the idempotents of A(X) commute and A(X) is sub-Clifford or
regular in Na(X);

(4) X is a finite commutative inverse semigroup, isomorphic to one of
the following semigroups: Cs, C5, Cy, Cy x Co, Lo x Co, L1 LI Cy,
L,, or Cy LI L, for some n € w.

We shall prove the implications (4) = (1) = (2) = (3) = (4).
The implication (4) = (1) follows from Propositions 4.1-—4.3 while
(1) = (2) = (3) are trivial or well-known; see [13, II.1.2].
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To prove that (3) = (4), assume that the idempotents of the semigroup
A(X) commute and A(X) is sub-Clifford or regular in Ny(X). Then
the idempotents of the semigroup X also commute and hence the set
E = {e € X : ee = e} of idempotents of X is a semilattice. For the
convenience of the reader we divide the further proof into a series of
claims.

Claim 5.1. The semigroup \(X) is sub-Clifford or regular.

Proof. If A(X) is not sub-Clifford, then it is regular in the semigroup
Ny(X) according to our assumption. We claim that A(X) is regular. Given
any maximal linked system A € A(X), use the regularity of A(X) in Na(X)
to find a linked upfamily B € Na(X) such that A = Ax B« A. Enlarge B
to a maximal linked upfamily B € A(X). Then A= AxBx A C AxBx A
implies that A = A % B % A by the maximality of the linked family A.
Therefore A is regular in A\(X). O

Claim 5.2. The semigroup X is inverse.

Proof. Since the idempotents of the semigroup X commute, it suffices to
check that X is regular. By our assumption, the semigroup X is regular or
sub-Clifford. If \(X) is regular, then X is regular by Proposition 3.1. Now
assume that A(X) is sub-Clifford. Then so is the semigroup X. Since the
idempotents of the semigroup 5(X) C A(X) commute, by Proposition 2.1,
each cyclic subsemigroup {z"},cn of S is finite and hence is a group by
the sub-Clifford property of X. Then the semigroup X is Clifford and
hence regular. O

Claim 5.3. The semilattice E C X is linear and finite.

Proof. Assuming that E is not linear, we can find two idempotents x,y €
E such that zy ¢ {z,y}. Now consider the maximal linked system £ =
({x,y},{z,zy}, {y,zy}). It can be shown that £ # L * L = ({zy}) =
L * L x L, which is not possible if the semigroup A(X) is sub-Clifford.
Next, we show that the element £ is not regular in the semigroup
v(X), which is not possible if the semigroup A(X) is regular. Assuming
that £ is regular, find an upfamily A € v(X) such that Lx Ax L= L. It
follows from {z,y} € L = Lx Ax L that {z,y} D U,er, u* B, for some set
L € £ and some family {B,}yer C A x L. The linked property of family
L implies that the intersection L N {z,zy} contains some point u. Now
for the set B, € Ax L find a set A € A and a family {Lg}qsca C £ such
that By, D Ugea @ * Lo. Fix any point a € A and a point v € L, N{y, zy}.
Then uav € ualL, C uB, C {x,y}. Since u € {z,zy} and v € {y,zy},
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the element uav is equal to zby for some element b € {a,ya,ax,yax}.
So, xby € {z,y}. If by = z, then xy = zbyy = zby = = € {z,y}. If
xby =y, then zy = zxby = xby = y € {x,y}. In both cases we obtain a
contradiction with the choice of the idempotents x and y.

Since the idempotents of the semigroup S(X) C A(X) commute, the
linear semilattice F is finite according to Proposition 2.1. O

Since X is an inverse semigroup with finite linear semilattice E, we
can apply Theorem 7.5 of [6] to derive our next claim.

Claim 5.4. The semigroup X is inverse and Clifford.

Since the semigroup X is inverse and Clifford, the idempotents of X
commute with all elements of X; see Theorem I1.2.6 in [13].

Claim 5.5. Each subgroup H in X has cardinality |H| < 4.

Proof. We lose no generality assuming that H coincides with the maximal
group H. containing the idempotent e of the group H. An upfamily
A € v(H) is called left invariant if xA = A for any point z € H. By

N 2(H) denote the family of all left invariant linked systems on H and
by <X(H) = max ﬁQ(H) the family of all maximal elements of ﬁQ (H).
Elements of <X(H ) are called mazimal invariant linked systems. Zorn’s
Lemma guarantees that the set <;\)(H ) is not empty.

We claim that <K(H ) is a singleton. Assuming (_t)he opposite, fix two

distinct maximal invariant linked systems Ay, A2 € A(H). By Proposition
1 of [2], for every ¢ € {1,2} the set

T4, ={LeXNH): LD A}

is a left ideal in the compact right-topological semigroup A\(H). By Ellis’
Theorem [7] (see also [11, 2.5]), this left ideal contains an idempotent
& O A;. The idempotents &1, do not commute because the products
E1xE5 and E9%&1 belong to the disjoint left ideals 1.42 and 141, respectively
(the left ideals T.4; and .45 are disjoint by the maximality of the invariant
linked systems A; and Ag).

A d

Since |A(H)| = 1, we can apply Theorems 2.2 and 2.6 of [5] and
conclude that the group H either has cardinality |H| < 5 or else H is
isomorphic to the dihedral group Dg or to the group (Cs)3.

To finish the proof of Claim 5.5 it remains to show that H is not
isomorphic to the groups Cs, Dg or Cs.
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Cs: If H is isomorphic to the 5-element cyclic group C5, then the
superextension A(X) contains an isomorphic copy of the semigroup A(Cs).
By [5, §6.4], the semigroup A(H) = A\(C5) contains two distinct elements
Z,0 such that £ © = Z for any maximal linked system £ € A\(H). This
implies that the element © is not regular in A(H). We claim that this
element is not regular in A(X). Assuming the converse, find a maximal
linked system £ € A\(X) such that © = O * L x ©.

Let e be the idempotent of the maximal subgroup H = H, of X.
Since X is inverse and Clifford, the idempotent e lies in the center of
the semigroup X, so the shift s, : X — eX, s, : ¢ — ze = ex, is a
well-defined homomorphism from the semigroup X onto its principal ideal
eX = Xe. Since e® = O, for the maximal linked system eL € A\(eX) we
get © = O x el * ©, which means that © is regular in the semigroup
AeX). Since eX \ H, is an ideal in eX, Corollary 3.4 implies that the
element © is regular in the semigroup A(H,), which contradicts the choice
of ©. So, © is not regular in \(X) and the semigroup A(X) is not regular.

On the other hand, the property of © guarantees that © # Z = Q%0 =
© % O x ©, which means that the semigroup A(X) is not sub-Clifford. In
both cases we obtain a contradiction with Claim 5.1.

Dg: Next, assume that H is isomorphic to the dihedral group Ds.
In this case H contains an element a of order 3 and element b of or-
der 2 such that ba = a?b. Consider the maximal linked systems A =
{{e,a},{e,a?},{a,a®}) and A = ({e,b},{e, ab},{e, a,a®},{a,b,ab},
{a? b,ab}). It is easy to check that A and A are two non-commuting idem-
potents in A(X) (because {e,a,ab} € Ax A and {e,a,ab} ¢ A A). So,
the semigroups A(X) D A(H) contains two non-commuting idempotents,
which is a contradiction.

C3: In the case H = C3 fix three elements a,b,c € C3 generating
the group C3. Consider two maximal linked systems O, = ({e,a}, {e, b},
{e,ab},{a,b,ab}) and O, = ({e,a}, {e,c},{e,ac},{a,c,ac}) and observe
that they are non-commuting idempotents of A\(H) (because {e, ¢, b, ab} €
Op % O and {e, ¢, b,ab} ¢ O« Op). O

Claim 5.6. The semigroup \(X) is inverse.

Proof. By Claim 5.1, the semigroup A(X) is regular or sub-Clifford. We
claim that A\(X) is regular. If not, then A\(X) is sub-Clifford. Claims 5.3—
5.5 imply that the semigroup X is finite and so is its superextension \(X).
Being finite and sub-Clifford, the semigroup A(X) is Clifford and hence
regular. Taking into account that the idempotents of A(X) commute, we
conclude that the semigroup A(X) is inverse. O
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Since the semilattice E is linear, we can write it as F' = {e1,... ey}
where eje; = ¢; # ej for all 1 < i < j < n. For every i <n by H; = H,
denote the maximal subgroup of X that contains the idempotent e;.
By Claim 5.5, each subgroup H; has cardinality |H;| < 4 and hence
is commutative. We claim that the semigroup X also is commutative.
Indeed, given any points x,y € X we can find numbers i, 7 < n such that
x € H; and y € H;. We lose no generality assuming that ¢ < j. Then
xy = (ve;)y = x(e;y) = (ye;)x = yxr € H;, so X is commutative.

Claim 5.7. For any 1 < i < n the mazimal subgroup H; is trivial.

Proof. Assume conversely that the subgroup H; is not trivial and take
any element a € H; \ F. Next, consider the maximal linked system
A = ({ej—1,a},{a,eit1}, {ei—1,ei11}). We claim that A is not regular in
A(X). Assume conversely that A is regular in A(X). Using Corollary 3.4,
we can show that A is regular in the semigroup A(H;—1 U H; U H;41).
Then we can find a maximal linked system F € A(H;—1 U H; U H; 1)
such that A = A« F « A. For the set {a,e;11} € A, find a set A €
Ax F with A C H;—1 UH; UH;;; and a family {Dg}aca C A such that
{a,ei11} D Uzea @ * Dy. Observe that such an inclusion is possible only
if Dg ={a,e;41} for all a € A. But then A *{a,e;+1} C {a,e;+1} implies
A ={ej+1} and A * F = (e;+1) which is not possible. O

Claim 5.8. Ifn > 2, then |H,| < 2.

Proof. Assume conversely that |H,| > 2. Then two cases are possible.

1. The group H, is cyclic. Fix a generator a of the cyclic group
H,, and consider the maximal linked system A = ({a,e,—1},{a,en},
{en—1,€n}). We claim that the element A is not regular in the semigroup
A(X). Assuming the opposite, we can find a maximal linked system
F € MX) with A « Fx A = A. Then for the set {e,,a} € A we can
find a set A € AxF and a family {D, }4c4 of minimal subsets of A such
that {e,,a} D U,ea @* Dq. This inclusion is possible only if {a, e, } = D,
for all a € A. The inclusion A * {a,e,} C {a,e,} implies that A = {e, }.
Now for the set A € A % F, find a minimal set D € A and a family
{F4}aep C F such that Ugepd* Fy C A = {e,}. This inclusion is
possible only if {a,e,} C D C H, and Aq = {d~'} C H,, for each d € D.
Then the family A contains two disjoint sets {e, } and {a~'} which is not
possible as A is linked.

2. The group H,, is isomorphic to the group Cs x Cs. Then we can
take two distinct elements a, b generating the group H,,, and consider the
maximal linked system O = ({e,_1,a},{en—1,b}, {€n—1,ab},{a,b,ab}).



T. BANAKH, V. GAVRYLKIV 163

We claim that the element [J is not regular in the semigroup A(X).
Assuming the opposite, find a maximal linked system F € A(X) with
O« F [ = [O. Then for the set {a, b, ab} € [0 we can find a set A € O« F
and a family {D,},ca of minimal subsets of OJ such that {a,b,ab} C
Ugea @ * Dy. This inclusion is possible only if D, = {a,b,ab} for all
x € A. The inclusion A*{a,b,ab} = U,cq 2% D, C {a,b,ab} implies that
A = {en}. Now for the set A € O« F, find a minimal set S € O and a
family {Fs}ses C F such that ,cg s * Fs C A = {e,}. This inclusion is
possible only if S = {a,b,ab} and Fs = {s} C H,, for each d € D. Then
the family F contains disjoint sets {s}, s € S, which is not possible as F
is linked. O

Claim 5.9. Ifn > 3, then the group H, is trivial.

Proof. Assume that H,, is not trivial. By Claim 5.8, |H,| = 2. Fix a
generator a of the cyclic group H,, and observe that the maximal linked
systems O = ({e,—9,a},{en—2,en-1},{en—2,en},{a,en—1,e,}) and A =
({en—1,a},{en—1,€n},{a,e,}) are non-commuting idempotents of the se-
migroup A(X) because

0 A - <{€n_1, 671,—2}7 {en—17 CL}7 {en—h en}u {en—27 a, en}> 7é U= A * L.

U
Claim 5.10. Ifn > 2, then |Hy| < 2.

Proof. Assume that |H;| > 2 and chose two distinct elements a,b € Hi\ E.
We claim that the maximal linked system

A = ({a,b},{a,e2}, {b,e2})

is not regular element of A(X). Assuming the opposite, find a maximal
linked system F € A(X) such that A « F « A = A. Replacing F by
e9 x F, if necessary, we can assume that F € \(H; U Hj). For the set
{a,ea} € A, find a set A € AxF and a family {D,},ca C A such that
Ugea  * Dy C {a,e2}. This inclusion implies that A = {ea} € A x F,
which is not possible. O

Now we are able to finish the proof of Theorem 1.1. If n = |E| > 3,
then the semigroup X is isomorphic to L,, or to ColU L, _1 by Claims 5.7—
5.10. If n = |E| = 1, then X is a group of cardinality |X| < 4, isomorphic
to one of groups: L1, Cy, C3, Cy, Co x Ch.
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It remains to consider the case |E| = 2. By Claims 5.8, 5.10,
max{|H1\, |H2‘} <2 If ‘Hll = ‘HQ‘ =1, then X = Lo. If ‘Hl‘ =1 and
|H2| =2, then X = Ly UCy. If ’H1| =2 and |H2| =1, then X = CyU L.

Finally assume that |H;| = |Hz|. For i € {1,2} let a; be the unique
generator of the 2-element cyclic group H;.

Claim 5.11. a9 *xe1 = a;.

Proof. Assuming that as*xe; # aq, we get as xe; = e1. Then the maximal
linked systems

e = <{617 al}’ {61,@2}, {617 62}7 {ala az, 62}> and

o = ({a1,e1}, {ar, e2}, {a1, az}, {e1, e2,a2})

are not commuting idempotents of A(X) (because O, x O, = [0, while
O * O = Oe). O

Claim 5.11 implies that the semigroup X = Hj U Hs is isomorphic to
L2 X 02.

6. Proof of Theorem 1.2

Given a semigroup X, we need to check the equivalence of the following
statements:

(1) ¢(X) is a commutative Clifford semigroup;
(2) ¢(X) is an inverse semigroup;

(3) the idempotents of ¢(X) commute and p(X) is sub-Clifford or
regular in Ny (X);

(4) X is isomorphic to Co, Ly, or L, LI Cy for some n € w.

We shall prove the implications (4) = (1) = (2) = (3) = (4).

The implication (4) = (1) follows from Propositions 4.7, 4.8 while
(1) = (2) = (3) are trivial or well-known; see [13, I1.1.2].

To prove that (3) = (4), assume that idempotents of the semigroup
©(X) commute and ¢(X) is sub-Clifford or regular in Ny(X). Then the
idempotents of the semigroup X commute and thus the set £ = {e € X :
ee = e} is a commutative subsemigroup of X. By analogy with Claim 5.2
we can prove:

Claim 6.1. The semigroup X is inverse.
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Claim 6.2. The semilattice E is linear and finite.

Proof. Assuming that the semilattice F is not linear, we can find two
non-commuting idempotents z,y € E. By (the proof of) Theorem 1.1
of [4], the filter F = ({z,y}) is not a regular element in v(X) and
F # ({z,y,xy}) = F+xF = F x F = F, which is not possible if the
semigroup ¢(X) is sub-Clifford or regular in No(X). So, the semilattice
E is linear. Since 5(X) C ¢(X), Proposition 2.1 implies that the linear
semilattice F is finite. O]

Since X is an inverse semigroup with finite linear semilattice E, we
can apply Theorem 7.5 of [6] to derive our next claim.

Claim 6.3. The semigroup X is inverse and Clifford.

Since the semigroup X is inverse and Clifford, the idempotents of X
commute with all elements of X; see [13, I1.2.6].

Claim 6.4. Fach subgroup H in X has cardinality |H| < 2.

Proof. Assume X contains a subgroup H of cardinality |H| > 2. We
lose no generality assuming that the subgroup H coincides with the
maximal subgroup H. containing the idempotent e of H. Take any subset
F C H with |H \ F| =1 and consider the filter 7 = (F). It follows that
F # (H) =F*«F =F = F = F, which is forbidden if the semigroup A(X)
is sub-Clifford. Next, we show that F is not regular in the semigroup
No(X) D ¢(X). Assuming the opposite, find an upfamily A € No(X)
such that 7 = F x A x F. Replacing A by the linked upfamily e A, we can
assume that A € Na(eX). Since eX \ H, is an ideal in eX, Corollary 3.4
implies that the F is a regular element of the semigroup Ny (H) and hence
we can assume that A € No(H). Then F * A € No(H) C No(X). The
inclusion F' € F = F x A % F implies the existence of a set B € F % A,
B C H, and a family {F}}pep C F such that Jyecp b* F;, C F. Replacing
Fp, by the smallest possible set F' generating the filter F, we can assume
that F, = F for all b € B. Then we get B+ F' = (Jycp b* Fy, C F and hence
B = {e}. Since B € F x A, for the smallest set F' € F and each point
x € F we can find a set A, C A, A, C H, such that U,cpx * Ay C {e}.
It follows that A, = {27!} and hence the family A D {A, : z € F'} is not
linked, which is a desired contradiction. So, F is not regular in No(X)
and F # F « F = F x F = F, which is not possible if the semigroup \(X)
is sub-Clifford or regular in Ny(X). O

By analogy with Claim 5.6 we can prove:
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Claim 6.5. The semigroup p(X) is reqular in No(X).

Since the semilattice E is linear, we can write it as F' = {e1,... ey}
where eje; = ¢; # ej for all 1 <1i < j < n. For every i <n by H; = H,
denote the maximal subgroup of X that contains the idempotent e;.
By Claim 6.4, each subgroup H; has cardinality |H;| < 2 and hence is
commutative. Then the inverse Clifford semigroup X also is commutative.

Claim 6.6. For any 1 <1 < n the mazximal subgroup H; is trivial.

Proof. Assume conversely that for some i < n the subgroup H; is not
trivial and take any element a € H; \ E. Next, consider the filter F = (F)
generated by the doubleton F' = {a,e;+1}. We claim that F is a non-
regular element in the semigroup No(X ), which will contradict Claim 6.5.

Assuming that F is regular in No(X), we can find a linked upfamily
A € Ny(X) such that F = FxAxF. Replacing A by e; 1.4, we can assume
that A € Nao(e;+1X). For the set F = {a,e;11} € F, find aset B € Fx.A
such that B x I C F. The latter inclusion implies that B C H; U H;41.
The inclusion B € F * A implies that the intersection B N H; is not
empty and the inclusion B % F' C F implies that BN H; = {e;} and then
{a,eiv1} = F D B+ F D {e;} * {a,e;11} = {a,e;}, which is a desired
contradiction. ]

Now we are able to finish the proof of Theorem 1.2. By Claim 6.6, all
maximal subgroups H;, ¢ < n, are trivial. If the group H,, is trivial, then
X = F is isomorphic to the linear semilattice L,,. If H,, is not trivial, then
H,, = (5 by Claim 6.4 and X is isomorphic to the semigroup L,—1 U Cs.
For n =1 we get Lo = () and Lo LI Cy = C5.

7. Proof of Theorem 1.3

Given a semigroup X we need to prove the equivalence of the following
statements:
(1) Na(X) is a finite commutative Clifford semigroup;
(2) Na(X) is an inverse semigroup;

(3) idempotents of No(X) commute and No(X) is sub-Clifford or regu-
lar;

(4) X is isomorphic to Cy or L,, for some n € w.
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We shall prove the implications (4) = (1) = (2) = (3) = (4).

The implication (4) = (1) follows from Propositions 4.7(1) and 4.2
while (1) = (2) = (3) are trivial or well-known; see [13, 11.1.2].

To prove that (3) = (4), assume that idempotents of the semigroup
Ny(X) commute and No(X) is sub-Clifford or regular. Then the idempo-
tents of the subsemigroups A\(X) and ¢(X) of No(X) also commute and
these semigroups are regular in the semigroup No(X). By Theorems 1.1
and 1.2, the semigroup X is isomorphic to one of the semigroups Co,
L1 UCy or L, for some n € w. It remains to prove that X cannot be
isomorphic to Ly U Cy = {0, 1, —1}.

This follows from the fact that the semigroup No({0,1,—1}) contains
two idempotents A = {A C {0,1,—1} : |A| > 2} and F = ({{0,1, —1}),
which do not commute because A x F = F # ({0,1},{0,—1}) = F x A.

8. Proof of Theorem 1.4

Given a semigroup X we need to prove the equivalence of the following
statements:

(1) v(X) is a finite commutative Clifford semigroup;

(2) v(X) is an inverse semigroup;

(3) idempotents of v(X) commute and v(X) is sub-Clifford or regular;
(4

) X is a finite linear semilattice, isomorphic to L,, for some n € w.

We shall prove the implications (4) = (1) = (2) = (3) = (4).

The implication (4) = (1) follows from Proposition 4.2 while (1) =
(2) = (3) are trivial.

To prove that (3) = (4), assume that the idempotents of the semigroup
v(X) commute and v(X) is sub-Clifford or regular. Then the idempotents
of the semigroup X commute and thus the set F ={e € X : ee =€} is a
commutative subsemigroup of X. By analogy with Claims 5.2—5.4 we
can prove that the semigroup X is inverse and Clifford and the semilattice
F is finite and linear.

Next, we show that each subgroup H of X is trivial. Assume conversely
that X contains a non-trivial subgroup H. Then the filter 7 = (H) and
the upfamily «/ = {A C H : A # (0} are two non-commuting idempotents
in the semigroup v(H) C v(X) (because F «xU =U # F =U % F).

Now we see that the inverse Clifford semigroup X contains no non-
trivial subgroups and hence coincides with its maximal semilattice F,
which is finite and linear.
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