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ABSTRACT. In this survey paper several subgroup embedding
properties related to permutability are introduced and studied.

All groups in this paper are finite.

The purpose of this survey paper is to show how the embedding of
certain types of subgroups in a group G help determine some of the
structural properties of G.

Among the types of subgroup embedding properties we consider
include: S-permutability, S-semipermutability, semipermutability, semi-
normality, 7-semipermutability and 7-seminormality.

A subgroup H of a group G is said to permute with a subgroup
K of G if HK is a subgroup of G. H is said to be permutable (resp.
S-permutable) in G if H permutes with all the subgroups (resp. Sylow
subgroups) of G. Kegel ([4, 1.2.14(3)]) showed that any S-permutable
subgroup is subnormal. A group G is called a PST-group if S-permutability
is a transitive relation in G, that is, if A and B are subgroups of G such
that A is S-permutable in B and B is S-permutable in G, then A is
S-permutable in G. By Kegel’s result G is a PST-group if and only if
every subnormal subgroup is S-permutable in G. Agrawal (see [4, 2.1.8])
characterised soluble PST-groups. He proved that a soluble group G is a

2010 MSC: 20D05, 20D10, 20F16.
Key words and phrases: finite groups, permutability, S-permutability, seminor-
mality, semipermutability.



140 S-EMBEDDED SUBGROUPS IN FINITE GROUPS

PST-group if and only if the nilpotent residual of G is an abelian Hall
subgroup of G on which G acts by conjugation as power automorphisms.
A number of research papers have been written on these groups. The
reader is referred to [4, Chap. 2| for basic results about this class of groups.

A subgroup H of a group G is said to be semipermutable (resp. S-
semipermutable) provided that it permutes with every subgroup (resp.
Sylow subgroup) K of G such that (|H|,|K|) = 1. An S-semipermutable
subgroup of a group need not be subnormal. For example, a Sylow 2-
subgroup of the nonabelian group of order 6 is semipermutable and
S-semipermutable but not subnormal. A group G is called a BT-group
if semipermutability is a transitive relation in G. L. Wang, Y. Li, and
Y. Wang [12] introduced soluble BT-groups and proved the following
theorem which showed that they are a subclass of PST-groups.

Theorem 1. Let G be a group with nilpotent residual L. The following
statements are equivalent:

1
2

G is a soluble BT-group.

FEvery subgroup of G of prime power order is S-semipermutable.

4
)

(1)
(2)
(3) Ewvery subgroup of G of prime power order is semipermutable.
(4) Every subgroup of G is semipermutable.

(5)

G is a soluble PST-group and if p and q are distinct primes not
dividing the order of L with G, € Syl,(G) and G, € Syl (G), then
[Gpv Gq] =1

Research papers on BT-groups include [1, 3, 12].
We next present an example of a soluble PST-group which is not a
BT-group.

Example 2. Let L be a cyclic group of order 7 and A = C5 x Cs be
the automorphism group of L. Here C3 (resp. C3) is the cyclic group of
order 3 (resp. 2). Let G = L x A be the semidirect product of L by A.
Let L = (z), C3 = (y) and C2 = (z) and note that [(y)*, (z)] # 1. Now
G is a PST-group by Agrawal’s theorem, but G is not a BT-group by
Theorem 1.

Now we consider some different types of embedding subgroups of a
group.

A subgroup X of a group G is said to be seminormal (resp. S-
seminormal) if it is normalized by every subgroup (resp. Sylow subgroup)



A. BALLESTER-BOLINCHES, J. C. BEIDLEMAN,. .. 141

H of G such that (|X|,|H|) = 1. By Theorem 1.2 of [6] a subgroup of a
group is seminormal if and only if it is S-seminormal.

A group G is called an SN-group provided that every subnormal
subgroup of G is seminormal in G.

In [6] the following theorem is established.

Theorem 3 ([6]). Let G be a soluble group. Then the following are
equivalent:

(1
(2
(3
(

G is an SN-group.
All subnormal subgroups are semipermutable.
All subnormal subgroups are S-semipermutable.

4) G is a PST-group.

)
)
)
)
Lukyanenko and Skiba [9, 10] introduced a somewhat different sub-
group embedding property which is also used to characterise soluble
PST-groups. A subgroup H of a group G is called T-semipermutable or
T-quasinormal in G if it permutes with all Sylow subgroups @ of G such
that (|Q|,|H|) = 1 and (|H|,|Q%|) # 1, where Q© denotes the normal
closure of @ in GG. In this paper we will use the term 7-semipermutable
for such subgroups. It is clear that every S-semipermutable subgroup of
a group G is T-semipermutable. However, the converse does not hold in
general as the following example illustrates.

Example 4 ([10]). Let p < r < ¢ be primes, R a cyclic r-group, @ a
faithful irreducible R-module over F, and @ x R the semidirect product
of @ by R. Let P be a faithful irreducible () x R-module over I, and
let G =P x (Q x R). Then M = QR is a maximal subgroup of G such
that Mg = 1 where Mg is the core of M in . Assume that R is S-
semipermutable in G. Then RQ* = Q"R for any = € G. By [7, Chapter
IV, Satz 2.8] R < Ng(Q") for all z € G. Then M = QR < Ng(Q) < G.
Since M is maximal in G, M = Ng(Q) so that M* = Ng(Q)* = Ng(Q7)
and R < M?* for all x € G. This means R < Mg = 1, a contradiction.
Thus R is not S-semipermutable in G. Note that Q¢ < PQ so that R is
T-semipermutable in G.

In [10] the authors establish the following remarkable result.
Theorem 5 ([10]). Let G be a group. The following are equivalent:

(1) Every subgroup of F*(G) is T-semipermutable in G.
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(2) G is a supersoluble group and every subgroup of F(G) is T-semi-
permutable in G.
(3) G = L x M, the semidirect product of L by M, where M is a

nilpotent subgroup of G and L is a normal abelian Hall subgroup of
G of odd order such that every subgroup of L is normal in G.

(4) G is a soluble group and every subnormal subgroup of G is S-
permutable in G.

We note that (3) and (4) are just Agrawal’s characterisation of soluble
PST-groups.

In Theorem 5, F*(G) denotes the generalized Fitting subgroup of G;
that is, the set of all elements x of G which induce an inner automorphism
on each chief factor of G. For a number of properties of F*(G), see [8,
Chapter X]. For example, if G is a soluble group, then F*(G) = F(G),
the Fitting subgroup of G.

A subgroup H of a group G is said to be 7-seminormal in G if H
is normalized by every Sylow subgroup P of G such that (|H|,|P|) =
1 and (|H|,|P%|) # 1. We note that every seminormal subgroup of
G is T-seminormal. We also note that a 7-seminormal subgroup is 7-
semipermutable but the converse is false as the following example shows.

Example 6 ([2]). Let G be the semidirect product of a cyclic group of
order 7 and its automorphism group, which is cyclic of order 6. Let H be
a subgroup of GG of order 14. Then if P is a Sylow subgroup of G whose
order is relatively prime to |H|, the order of P will be 3, and its normal
closure will be of order 21, which is not relatively prime to 14. P will
permute with H but not normalize H. Hence H will be 7-semipermutable
but not 7-seminormal in G.

Theorem 7 ([2]). Let G be a group. The following statements are equiv-
alent:

(1) Ewvery subgroup of F*(G) is T-seminormal in G.

(2) G is supersoluble and every subgroup of F(G) is T-seminormal in

G.
(3) G is a soluble PST-group.
(4) G is soluble and every subgroup of F(G) is seminormal in G.
Note that because of part (4) of Theorem 7, only subgroups of F(G)

need to be seminormal for the soluble group to be a PST-group. This is
an improvement of part (1) of Theorem 3.
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We now consider the case when seminormality is a transitive relation,
that is, if H and K are subgroups of a group G and H is a seminormal
subgroup of K and K is seminormal in GG, then H is seminormal in G. A
group G is called an SNT-group (see [3]) if seminormality is a transitive
relation in G.

Theorem 8 ([3]). A soluble SNT-group is an SN-group. In particular, a
soluble SNT-group is a PST-group.

A soluble PST-group need not to be an SN'T-group as the next example
shows.

Example 9 ([3]). Let L = () be a cyclic group of order 49 and A = (y)
be a cyclic group of order 6. Then we may assume A is a subgroup of the
automorphism group of L. Put G = L x A, the semidirect product of L
by A. Then G is a soluble PST-group. Let K = (z”,%) and note that K
is seminormal in G since 7(K) = m(G). Let H = (2", 5?) and note that
H is normal in K. Let z = 3z and note that z has order 2 and does
not normalize H. Thus H is seminormal in K but not seminormal in G.
Therefore, G is a PST-group but not an SN'T-group.

We now provide several properties of soluble SN'T-groups.

Theorem 10 ([3]). If H is a subgroup of a soluble SNT-group G, then
H is an SNT-group.

Let G be the soluble group in Example 2. Then G is an SNT-group
which is not a BT-group. However, the following is true.

Theorem 11 ([3]). If G is a soluble BT-group, then G is an SNT-group.

Let L be the nilpotent residual of a PST-group G and let D be a
system normalizer of G. By [4, 2.1.8], L is a normal abelian Hall subgroup
of G and hence by [11, 9.2.7, p. 264], G = L x D is a semidirect product
of L by D and D is also a Hall subgroup of G.

Using the notation above, we now give a characterisation of soluble
SNT-groups.

Theorem 12 ([3]). Let G be a soluble group with nilpotent residual L
and a system normalizer D. Let m = (L) and p = w(D). Then G is an
SNT-group if and only if G satisfies:

(1) G is a PST-group so that G = L x D.
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(2) Let H be a seminormal subgroup of K and K a seminormal subgroup
of G. For all primes p € p with (|H|,p) = 1 and a Sylow p-subgroup
P, there is a Hall p-subgroup M of H such that [M, P] = 1.

The theory of certain classes of groups has benefited greatly from
local techniques. For a given group property © which determines a class
of groups, we wish to find a somewhat weaker property ©, depending on
a prime p such that a group G satisfies © if and only if it satisfies ©,, for
all primes p.

Let p be a prime. The first author and Esteban-Romero called a group
G a Yp-group if whenever K is a p-subgroup of G, then every subgroup of
K is S-permutable in Ng(K) (see [4, 2.2.1]). They proved that a group
G is a soluble PST-group if and only if G is a ),-group for all primes p
([4, 2.2.9]). The first author, Esteban-Romero and the fifth author also
proved in [5, Theorem B] the following result.

Theorem 13. A group G is a soluble PST-group if and only if G is a
Yp-group for all primes p dividing the order of F*(G).

The following classes related to ), were introduced in [1, 2, 6].
Definition 14. Let p be a prime and G a group. G is called a

(1) f”,,—group if for every p-subgroup K of G every subgroup of K is
semipermutable in Ng(K).

(2) Yp-group if for every p-subgroup K of G every subgroup of K is
S-semipermutable in Ng(K).

(3) Y p-group if for every p-subgroup K of G every subgroup of K is
seminormal in Ng(K).

(4) Y,-group if whenever K is a p-subgroup of G every subgroup of K
is 7-semipermutable in Ng(K).

(5) Y;f’ -group if whenever K is a p-subgroup of G every subgroup of K
is 7-seminormal in Ng(K).

Note that the classes (1)-(5) presented above relate a number of
subgroup embeddings discussed in this paper. The next two theorems
were established in [2].

Theorem 15.3@,:%:%:?]0:3@’:%’.

Theorem 16. Let G be a group. The following are equivalent:
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(1) G is a soluble PST-group.

(2) G is a Yy-group for all primes p € w(F*(Q))
(3) G is a Yy-group for all primes p € n(F*(G)).
(4) Gisa }7p-g7"0up for all primes p € ©(F*(Q))
(5) G isa }:fp—gmup for all primes p € 7(F*(Q)).
(6) G is a Y,-group for all primes p € n(F*(G)).
(7) G is a Y, -group for all primes p € w(F*(G)).
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