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ABSTRACT. In this paper the metacyclic Miller-Moreno p-
groups which appear as the additive groups of finite local nearrings
are classified.

Introduction

Nearrings are a generalization of associative rings in the sense that
with respect to addition they need not be commutative and only one
distributive law is assumed. In this paper the concept "nearring" means
a left distributive nearring with a multiplicative identity. The reader is
referred to the books by J. Meldrum [9] or G. Pilz [11] for terminology,
definitions and basic facts concerning nearrings.

A nearring R is called local if the set of all non-invertible elements of
R forms a subgroup of the additive group of R. A study of local nearrings
was initiated by Maxson |5 who defined a number of their basic properties
and proved in particular that the additive group of a finite zero-symmetric
local nearring is a p-group. It follows from [3| that local nearrings with
cyclic additive group are commutative local rings. In [6] Maxson described
all non-isomorphic zero-symmetric local nearrings with non-cyclic additive
group of order p? which are not nearfields. He also shown in [7] that
every non-cyclic abelian p-group of order p™ > 4 is the additive group
of a zero-symmetric local nearring which is not a ring. This result was

2000 Mathematics Subject Classification: 16Y30.
Key words and phrases: Nearring with identity, local nearring, additive group,
Miller-Moreno group.



112 LOCAL NEARRINGS

extended in [4] to infinite abelian p-groups of finite exponent. However
in the case of finite non-abelian p-groups the situation is different. For
instance, neither a generalized quaternion group nor a non-abelian group
of order 8 can be the additive group of a local nearring, as it was noted in
[8] (see also [2]). Some other examples of finite p-groups with this property
can be found in [4]. On the other hand, it was proved by Maxson in [§|
that each metacyclic Miller-Moreno group of order p™ and exponent p™ !
withn > 3if p > 2 and n > 4 if p = 2 can be the additive group of a local
nearring. The purpose of our paper is to give a full classification of the
metacyclic Miller-Moreno p-groups which appear as the additive groups
of finite local nearrings. Moreover, if G is such an additive group, then
we describe all possible multiplications ” -” on G for which the system
(G,+,) is a local nearring.

1. Preliminaries

Recall first some concepts concerned nearrings.

Definition 1. A set R with two binary operations + and - is called a
(left) nearring if the following statements hold:

1. (R,+) = R is a (not necessarily abelian) group with neutral
element 0;

2. (R,-) is a semigroup;
3. x(y+2) =xy+xz for all x,y,z € R.

If R is a nearring, then the group R™ is called the additive group of
R. As it follows from statement 3, for each subgroup M of RT and each
element x € R the set «tM = {z - yly € M} is a subgroup of R" and,
in particular, x - 0 = 0. If in addition 0 -z = 0, then the nearring R is
called zero-symmetric, and if the semigroup (R,-) is a monoid, i.e. it has
an identity element ¢, then R is a nearring with identity i. In the latter
case the group R* of all invertible elements of the monoid (R, -) is called
the multiplicative group of R. A subgroup M of RT is called R*-invariant
if rM < M for each r € R*, and M is an (R, R)-subgroup, if tMy C M
for arbitrary z,y € R.

Definition 2. A nearring R with identity is said to be local if the set
L = R\ R* of all non-invertible elements of R is a subgroup of R™.

Some basic properties of local nearrings are described in the following
lemma (see [1|, Lemmas 3.2, 3.4 and 3.9).
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Lemma 1. Let R be a local nearring with tdentity i and L its subgroup
of all non-invertible elements of R*. Then the following statements hold:

1) L is an (R, R)-subgroup of R*;
2) each proper R*-invariant subgroup of R is contained in L;

3) if R is finite, then R™ is a p-group for some prime p, the subgroup L
is normal in R™ and the factor group R™ /L is elementary abelian.

Definition 3. A finite non-abelian group whose proper subgroups are
abelian is called a Miller-Moreno group.

Henceforth for each prime number p and positive integers m,n with
m > 2 let G(p™,p") denote the semidirect product <a> x <b> of two
cyclic groups <a> and <b> of orders p'™ and p", respectively, in which
b~lab = o™ ' Tt is well-known that each metacyclic Miller-Moreno
p-group is isomorphic either to a quaternion group (Jg or to a group
G(p™,p") (see [12]).

Recall that the exponent of a finite p-group is the maximal order of
its elements. The following assertion is easily verified.

Lemma 2. The ezponent of G(p™,p") is equal to p™ for m > n and to
p" for m < n. Moreover, if x is an element of mazimal order in G(p™,p™),
then there exist generators a,b of this group such that either a = x or
b=z and the relations a?" = b"" =1 and b~'ab = a'™P""" hold.

Lemma 3. Let the group G(p™,p"™) be additively written. Then for any
natural numbers r,s,t the equalities bs + ar = ar(1 — sp™ 1) + bs and
(ar + bs)t = ar(t — s(5)p™ 1) + bst hold.

Proof. Let ¢ =1 —p™~ ! Since —b+a+b=a(l +p™ ') and m > 2,
then b+ a = aqg + b, so bs + ar = arqg® 4+ bs for arbitrary integers r > 0
and s > 0. Taking into consideration, that

qs _ (1 _pm—l)s =1— Spm—l ( mod pm)

by binomial’s formula, giving bs + ar = ar(1 — sp™~ 1) + bs. Next, (ar +
bs)t = ar(l + ¢° + --- + ¢*V) + bst by induction on t. Therefore,
Ltg 4 =14 (L—sp™ ) (1= st = 1p™ ) =
t—s(5)p™ ! (mod p™), thus (ar + bs)t = ar(t — s(5)p™ 1) +bst. O

Lemma 4. Put G = G(p™,p") where m < n. If A= Aut G is the group
of all automorphisms of G and <z > is a cyclic subgroup of G, then the
following statements hold:
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1) if m =n and <x > is a normal subgroup of order p™ in G, then
24| < p*" 2 (p — 1);

2) if p> 2 and < x > is a non-normal subgroup of order p", then
el ¢ a4,

Proof. If < x > is a normal subgroup of order p™ in G , then either
< > is a central subgroup of G or a?" ' € < x >. Since the center
Z(G) =<aP> x < b > and the derived subgroup G/ =<a?™ ' > are
characteristic subgroups of G, it follows that in the first case 24 C Z(Q)
and so |z4] < p*™~2(p — 1) and in the second case G =<z > x <b> and
a?" ! € <x®> for each a € A. The latter implies

][]

| <z><z>|=
| <zx>N<z>2

< P
so that the subgroup <z ><z®> is abelian and thus 2% € Cg(x). Since
Ca(z) =<z > x <bP >, for m = n the number of all elements of order
p™ in Cg(x) is equal to p?™~2(p — 1) and hence |z4| < p?*™~2(p — 1), as
desired.

Now let < z > be a non-normal subgroup of order p"™ in G. Then
<a>N<z>=1and so x = a®b’ for some natural numbers s,¢ such
that (t,p) = 1. In particular, G =<a > x <z > and [a,z] = |[a, b]t =
at?™ "' Assume that ¢ = 2! for some automorphism a € A. Since
< a?" T so=< " >, it follows that a® = a"2" for some natural
numbers 7, u such that (r,p) = 1 and p is a divisor of u. Therefore
artpm’1 — (atpmfl)a _ [aozvxa] _ [armu,x—l] — [CL, :E_l]T — a—rtpm’1 and
hence a2™ "' = 1. But then p™ divides 2rtp™~! what is impossible if
p> 2. Therefore 27! ¢ 24, as claimed. O

Lemma 5. The exponent of the additive group of a finite nearring R with
identity i is equal to the additive order of i which coincides with additive
order of every invertible element of R.

Proof. Indeed, if i-k = 0 for some natural number k, then x-k = (x-i)-k =
x-(i-k)=x-0=0 for each x € R. On the other hand, if -1 = 0 for
r € R* and for a natural number [, then i - = r~1(r-[) = 0, so that the
additive orders of r and % coincide. O]

The following assertion is a direct consequence of Lemmas 2 and 5.

Corollary 1. Let R be a nearring with identity ¢ whose additive group
R™ is isomorphic to a group G(p™,p"™). Then there exist generators a,b
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of RT satisfying relations ap™ = bp™ = 0 and a +b = b+ a(1 +p™ 1)
such that either a or b coincides with .

Lemma 6. Let R be a local nearring whose additive group R™ is isomor-
phic to a group G(p™,p") and let L be the subgroup of all non-invertible
elements of R. Then L is a subgroup in R* of index |RT : L| = p.

Proof. Assume that |RT : L| = p* with & > 2. Since R = R* U L and
R*N L = @, we have |R*| = pmtn — pmtn=Fk — pmin=Fk(pk 1) In
particular, the order of R* is divisible by p* — 1.

On the other hand, for each element r € R* the mapping = — rx
with # € R is an automorphism of RT because r(x + y) = rz + ry for
every x,y € R. Therefore R* can be viewed as a subgroup of the group of
automorphisms Aut R*. As it follows from [10], Corollary of Theorem 2,
the order of the group Aut G(p™,p") and so Aut R" is a number of the
form p'(p — 1) for some [ > m + n, and therefore it is divisible by p* — 1
only if k¥ = 1. This contradiction shows that |R™ : L| = p. O

2. Nearrings with identity on metacyclic Miller-Moreno
p-groups

As it was mentioned in the Introduction, the quaternion group Qg
cannot be isomorphic to the additive group of a nearring R with identity.
Therefore in what follows the additive group of R is isomorphic to a group
G(p™, p™). Thus it follows from Corollary 1 that RT =<a> + <b> with
elements a, b one of which coincides with identity element of R and the
relations ap™ = bp" = 0 and a + b = b+ a(1 + p™~!) are valid. Moreover,
each element x € R is uniquely written in the form z = ax; 4 bxy with
coefficients 0 < z1 < p™ and 0 < x5 < p™.

Consider first the case when a coincides with identity element of R, so
that za = ax = x for each x € R. Then R™ is of exponent p™ by Lemma
5 and so m > n. Furthermore, for each x € R there exist integers a(z)
and f(x) such that b = aa(x) + bS(z). It is clear that modulo p™ and
p", respectively, these integers are uniquely determined by x and so some
mappings o : R — Zym and B : R — Z,n are determined.

Lemma 7. Let x = axq + bxy and y = ayi + bys be elements of R. If a
coincides with identity element of R, then

zy = al(x1y1 + a(z)y2) — (2122(%) + a(x)z291y2
+ () B(x) (%)™ ] + b(xayr + B(2)y2)-
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Moreover, for the mappings o : R — Zym and 3 : R — Zpn the following
statements hold :

(0) a(0) = B(0) = 0 if and only if the nearring R is zero-symmetric;
(1) a(a) =0 and B(a) = 1;

(2) a(z) =0 ( mod p™ ™), except the case p=2=m andn = 1;
(3) z1(B(x) — 1) = w2e(x) (mod p );

(4) a(zy) = z10(y) + (2)B(y)

— [1122(*Y) + al@)w20(y)B(y) + a(@)B) (Y)Y
(5) Blzy) = xaaly) + B(x)B(y).

Proof. By the left distributive law, we have

zy = (za)y1 + (zb)y2 = (ax1 + bx2)y1 + (aa(z) + bB(z))y2.

Furthermore, Lemma 3 implies that

(az1 + bxo)yr = ax1(y1 — x2 <y21>pM1) + bxoy1,

(aafa) + b3z = aa(e) oz — ) (2 )~ + 030

and

bray1 + ac(x)(y2 — B(x) (%)p™ 1)
= aa(x)(y2 — B(x) (%)™ (A — zay1p™ ") + baayr.

Thus

(+) zy = al(z1y1 + a(x)y2) — (z122(%) + (@) T2y192
+ a(z)B(z) (%))p™ ] + b(zayr + B(x)y2),

as desired.

As0-a =a-0 =0, the nearring R is zero-symmetric if and only if
0=0-b=ax(0)+b5(0) whence a(0) = B(0) = 0. Similarly, from the
equality b = ab = aa(a) + bB(a) it follows that a(a) = 0 and S(a) =
1. Since (zb)p" = x(bp™) = 0 and xzb = aa(x) + bB(z), we have 0 =
(aa(x) 4+ bB(x))p" = ac(z)(p™ — B(x) (p;)pm_l) by Lemma 3 and hence
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a(zr) =0 ( mod p™™ ™), except the case p =2 = m and n = 1 in which
the group R* is dihedral of order 8. Next, if y = a(1 — p™~!) + b, then

zy = ala(z) + 21 — (21 + a(@)z2)p™ 1] + b(zz + B(2))
by formula (*). On the other hand , y = b+ a and so
zy = zb+x = a(a(z) + 21 — 218(x)p™ 1) + b(zs + B(z))
by Lemma 3. Comparing both results for zy, we obtain
(21 + a(z)z2)p™ ! = 21 f(2)p™ ' ( mod p™).

Thus z1(8(z) — 1) = z9a(z) ( mod p ) and so statement (3) holds.
Finally, the associativity of multiplication in R implies that

z(yb) = (zy)b = aa(zy) + bB(zy).

Furthermore, substituting yb = aa(y) + bB(y) instead of y in formula (*),
we also have

x(yb) = a[(m( )+ a(@)B(y) — (@122(°F) + al@)r20(y) ()
T a@)B(@) (*P))p™ 1] + bazaly) + B(2)8())-

Comparing the coefficients under a and b in two expressions obtained for

x(yb), we derive statements (4) and (5) of the lemma. O

Consider now the case when b coincides with identity element of R
and so b = bx = x for each z € R. Then R™ is of exponent p™ by Lemma
5 and thus m < n. As above, there exist integers a(x) and S(z) which
are uniquely determined by x modulo p” and p”, respectively, such that
za = aa(x) 4+ bB(x).

Lemma 8. If b coincides with identity element in R, then

ry = ala(z)yr + T1y2 — 1172 <y22>l)m_1] +b[B(x)y1 + z2y2].

Also for the mappings o : R — Zpm and B : R — Zp» the following
statements hold:

(0) a(0) = B(0) =0 if and only if the nearring R is zero-symmetric;
(1) a(b) =1 and 5(b) =0
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(2) B(x) =0 (mod p"™*);

(3) a(z)(1 —z2) =0 (mod p);

(4) a(zy) = a(z)a(y) + 218(y) — z1z("Y)pm
(5) Blzy) = B(x)aly) + z2B(y).

Proof. Clearly R is zero-symmetric if and only if 0 = 0-a = aa(0) +b5(0),
whence «(0) = 3(0) = 0. From the equality a = ba = aa(b) + b3(b) it
follows that «(b) = 1 and §(b) = 0. Using the left distributive law, we
have also

zy = (za)yr + (xb)ys = (ac(z) + bB(x))y1 + (az1 + bxo)ys.

Next, Lemma 3 implies that

(@a(a) + 532 = aale)n — 5 (g )0 + 3o,

(az1 4+ bx2)y2 = ax1(y2 — 2 <y22>pm_l) + bxays
and

bB(x)y1 + axy(y2 — z2(%3)p™ 1)
= az1(y2 — 22(%2)p™ 1) (1 = B(z)y1p™ 1) + bB(z)ys-

Therefore

(20) zy = al(a(z)yr + x1y2) — (@) B(x) (%) + z122(%)+
+ 218(2)y1y2)p™ 1 + b(B(x)y1 + 22y2).

Substituting y = a(1 — p™~!) + b in formula (**), we derive

ry = afa(x)(1 —p™ ) + 21 — (a(z)B(2) (1_7,2m—1) + 2122 (é)
+ 21 B(2) (1 —p" )™+ b(B(x) (1 — p™ ) + z2).

In the case p > 2 or p = 2 and m > 3 this implies
(i) =y = alz1 +a(z) — (a(@) + 21 8(x))p™ ] +b(B(a) (1 —p™ 1) +a2).
If p=2 and m = 2, then

(i) zy = alzy — a(z) + 2(a(z)B(z) + 218(x))] + b(z2 — B(2)).
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On the other hand, y = b+ a and thus
(7i1) ry =z + za = a[ry + o) — zaa(z)p™ Y + b(ze + B(z)).

Comparing formulas (¢) and (i7) with formula (i77), we obtain in the first
case the congruences

() + 21 8(2))p™ " = zaa(2)p™ ' ( mod p™)
and
Bx)p™ " = 0( mod p")

and in the second case the congruences
—a(z) 4 2a(z)B(z) + 2216(x) = a(z) — 2za(z)( mod 22)

and
B(x) = —pF(x)( mod 2™).

In both cases this gives the congruences
a(z)(1—x3)=0( modp) and B(z)=0( mod p" ™),

i.e. statements (3) and (2), respectively. But then

(al0)3t) () +erplemm)™ =0 mod )

and so formula (**) becomes the equality

Y2

) 3o +

vy = a[(a(@)y1 + 2132) — $19€2<
as desired. Finally, replacing in this equality the element y by ya =
aa(y) + bB(y) and using that z(ya) = (zy)a, we have got the expressions
for a(zy) and S(zy) contained in statements (4) and (5) of the lemma. [

3. Local nearrings on metacyclic Miller-Moreno p-groups

Let R be a local nearring whose additive group R" is isomorphic
to a group G(p™,p") and let L denote the subgroup in RT of all non-
invertible elements from R. As it was mentioned above, R = R* U L
and RT =< a > + < b > with elements a,b satisfying the relations
ap™ = bp" = 0 and a+b = b+ a(l + p™!). Furthermore, < a > is a
normal subgroup of R™ and each element z € R is uniquely written in
the form = = ax1 + bxe with coefficients 0 < z1 < p™ and 0 < z9 < p".
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Lemma 9. 1) Ifa € R*, then p™™™ > 8 and m> n.
2) If b€ R*, then p=2 and m < n.

Proof. If a € R*, then R™ is a group of exponent p™ by Lemma 5 and so
m > n. It was shown in [8] that the dihedral group of order 8 is not the
additive group of a local nearring, so that p™*" > 8. Assume that m = n.
As it was shown in the proof of Lemma 6, the multiplicative group R* can
be viewed as a subgroup of Aut RT such that R*z C A" R foreachz € R
and, in particular, R* = R*a C a®" 8" Since [a®t 7| < p2m=2(p — 1)
by Lemma 4, it follows that |R*| < p?™~2(p — 1). On the other hand, the
subgroup L is of index p in R, so that |R*| = |R| — |L| = |R| — %]R| =
p?m —p?m=l = p?m=1(p 1) contrary to the latter inequality. Thus m > n,
proving statement 1).

Now let b € R*. Then RT is a group of exponent p™ and so m < n.
Since the subgroup <b> is non-normal in R*, it follows that —b ¢ pAut R
by Lemma 4. As R* = R*b C bA R+, this means that —b ¢ R*. But then
—b e L and if p > 2, then b € L, contrary to the assumption. Thus p = 2
and m < n, proving statement 2). O

Theorem 1. Let R be a local nearring whose additive group R is isomor-
phic to a group G(p™,p"). Then Rt = <a> + <b>, one of the elements
a, b coincides with identity element of R and the following statements hold:

1) ap™ =bp" =0 anda+b=>b+a(l+pm1);

2) if a coincides with identity element of R, then p™t™ > 8, m > n,
L=<ap>+ <b> and R* = {axy + bxa | 1 0 (mod p)};

3) if b coincides with identity element of R, thenp =2, m <n, L =
<a>+ <b2> and R* = {ax1 + bra | xz2 =1 ( mod 2 )}.

Proof. By Corollary 1, there exists the decomposition Rt =<a> + <b>
in which one of the elements a or b coincides with identity element of R
and statement 1) holds.

If a coincides with identity element, then m > n and b € L by Lemma
9, so that L = <ap> + <b>. Since «L C L for each z € R by Lemma
1, we have zb = aa(x) 4+ bf(x) € L whence a(x) =0 ( mod p ) for each
x € R. Furthermore, R = R*U L and so an element x = ax1 + bxy belongs
to R* if and only if z1 # 0 ( mod p ).

Similarly, if b coincides with identity element of R, then p =2, m <
and @ € L by Lemma 9. Therefore L = <a> + <b2> and S(z)

I s
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0 ( mod 2) for each z € R. Thus an element = = ax; + bz belongs to
R* if and only if 9 =1 ( mod 2 ). O

Applying statements 2) and 3) of Theorem 1 to Lemmas 7 and 8,
respectively, we obtain the following formulas for multiplying elements
x = azx1+bxy and y = ay; +bys in the local nearring R whose the additive
group is isomorphic to a group G(p™, p").

Corollary 2. If a coincides with identity element of R and xb = ac(x) +
bB(x), then

oy = alirn + (i~ arza (') )" + b + Boh)

where the mappings o : R — Zym and 3 : R — Zyn satisfy the conditions:

0) «(0) = B(0) =0 if and only if the nearring R is zero-symmetric;
1) a(a) =0 and f(a) =
2 )

(0)
(1)
(2)
(3) z1(B(x) —1) =0 (mod p);
(4)
()

Q

() =0 ( mod p™");

2

4) alzy) = m1aly) + o(2)B(y) — z1z2(“Y)pm
Blry) = waaly) + B(x)B(y)-

Corollary 3. If b coincides with identity element of R and xa = ac(x) +
bB(x), then

5

oy = alate)n -+ o~ arza (' )27 4 6B + )

where mappings « : R — Zom and B : R — Zon satisfy the conditions:

)
) =0 (mod 2) if and only if o =0 ( mod 2 );
zy) = a(x)aly) + 218(y) - mrz2 (7Y 2"
zy) = B(x)aly) + z25(y).
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4. Groups G(p™,p") as the additive groups of local near-
rings

The following theorem gives sufficient conditions for existing a finite
local nearring whose additive group is isomorphic to a group G(p™, p™).
Together with Theorem 1 and remarks mentioned in the Introduction
this completes our classification of all metacyclic Miller-Moreno p-groups
which are the additive groups of local nearrings.

Theorem 2. For an arbitrary prime p and natural numbers m,n such
that either p™™™ > 8 and m >n orp =2 and 1 < m < n there exists
a local nearring R whose additive group RT is isomorphic to a group

G(p™,p").

Proof. Let R be an additively written group G(p™, p™) with generators
a, b satisfying the relations ap™ = bp" = 0 and a +b = b+ a(1 + p™ ).
Then R = <a> + <b> and each element x € R is uniquely written in
the form & = axq + bxo with coefficients 0 < 1 < p™ and 0 < x5 < p™. In
order to define a multiplication ” -” on R in such a manner that (R, +,-)
is a local nearring, we separately consider two cases.

1. The case p™™" > 8 and m > n.
For arbitrary elements © = axy + bxre and y = ay; + by of R we define
the multiplication ” -7 by the rule

Y1

5 )pm_l) + b(z2y1 + B(w)y2),

z-y = a(ziyr +alr)ys — 931:62(
where a: R — Zym and B : R — Z,» are mappings satisfying conditions
(1) - (5) of Corollary 2. As an example, we can for instance take

1 if 21#0( modp),

a(z)=0 forall z€ R and 5(55):{0 if 21 =0( modp).

It is easy to see that the element a is a multiplicative identity for (R, )

and x-b = aa(x)+0bp(z) for each x € R. We show that with respect to the

operations 7 +” and ” -7 the system (R, +,-) is a nearring with identity

element a. Clearly it suffices to check that if z = az; + bzy is an arbitrary

element of R, then - (y+z2) =z -y+x-zand (z-y)-b=z-(y-b).
Indeed, we have

Zl)pmh + (a1 + B(x)2)

x-z=a(xr1z1 + a(x)z0 — 122 ( 5
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and

21

blzayr + B(x)y2] + alziz1 + a(x)z0 — z122(3)p
= al(1 — (z2y1 + B(a)y2)p™ ") (w121 + ) 20—
—z122(5)p™ )] 4 blaays + B(x)ys]

by Lemma 3. Since a(x) = 0 ( mod p ) by condition (2) of Corollary 2
and so a(a(x)p™~1) = 0, this implies

m—l] —

zoy+a-z=alri(y +21) + () (y2 + 22) — (w122(%) + w122(5)+
+ o121 + 1 8(x)y2z1)p™ ] + blaa(yr + 21) + B(x) (g2 + 22)].-
On the other hand, y + z = (ay1 + by2) + (az1 + bz2) = a(y1 + 21 —

Y221p™ 1) + b(y2 + 22) because bys + az = a(l — yap™ )21 + by by
Lemma 3 and b(y221p™ 1) = 0 because m > n. Therefore

- (y+2)=alxi(y1 + 21214— a(x)(y2 + 22) — (x1y221+
+ @y (MR TRAPT N 4 baa(y1 + 21) + B(2) (Y2 + 22)]
and hence
royta-z—a-(y+2) =a[—(r122(%) +2102(3) + v122m120+
+ 21 8(x)y221 )p™ ! + (21y2z1 + ayme (VMTATRAPT ) )pmTl] =
=ax1(1 — B(x))yez1p™ L.
Since z1(B(x) —1) = 0( mod p ) by condition (3) of Corollary 2, it follows
that az1(1 — B(x))y2z1p™ ' =0 and thus z- (y +2) =2 -y + - 2, as

desired.

Next, y - b = aa(y) + bB(y) and so z - (y - b) = za(y) + (z - b)B(y).
Applying Lemma 3, we also have

a(y)

Y )mt) + baaato)

zaly) = (axy + brz)aly) = azi(aly) — $2<

(z-b)B(y) = (aa(z) + bB(2))B(y) = aa(z)(Bly) — Bla) (PP)p™1)+
+bB(x)B(y)

and

braa(y) + aa(z)(B(y) — Bx) ("Y)pmt) =
= aa(x)(B(y) — B(x) (’B(Qy))pm_l)(l — za(y)p™ ) + braal(y).

As a(x) =0 ( mod p ), it follows that

a(x)B(x) ("P)pm 1) = maa(z)a(y) Bly)p™t =
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whence

v-(yb) = alrra(y)+a(x)By) 12> (a;y))pm1]+b[ma<y>+5<x>ﬁ<y>l.
However z1a(y) + a(x) — x1%9 (Q(Qy )"t = a(z - y) and 2a(y) +
B(x)B(y) = Bz - y) by Condltlons (4) and ( ) of Corollary 2, so that
(x-y)-b=aa(x-y)+bB(x-y) =z (y-b). Thus, the system (R, +,-) is
a nearring with identity element a.

We show finally that R = (R, +, ) is a local nearring in which the
subgroup L =<ap> + <b> consists of all non-invertible elements of R.
Obviously, it is enough to prove that the element x = ax; + bxs is right
invertible if and only if 1 # 0 ( mod p ) because in this case the set R\ L
coincides with the multiplicative group R* by Lemma 1.

Indeed, if x is right invertible, then there exists an element y = ay; +bys
such as -y = a. From our definition of x -y it follows that z1y; +a(x)ys —
T1T9 (3’21)pm*1 = 1 ( mod p™). But then z1y; = 1 ( mod p ) because
a(xr) = 0 (mod p ) by condition (2) of Corollary 2, so that x; # 0 (
mod p ).

Conversely, if the latter holds, then 5(z) =1 ( mod p ) by condition (3)
of Corollary 2 and so there exist natural numbers y, yo such that z1y; =
1 ( mod p™) and z2y; + B(x)y2 = 0 ( mod p"). Taking y = ay; + by2 and
z1 =1+ a(z)ys — xlxg(yzl)pmfl, we have x -y = az1. Since a(x) = 0 (
mod p ), there exists such a natural number s that z;s = 1 ( mod p™),
whence z - (ys) = (z - y)s = (az1)s = a. Thus the element x is right
invertible and so the nearring R is local.

2. The case p=2 and m < n.
Define now the multiplication ” - ” by the rule

z-y = ala(x)y + 1y2 — T122 <y22> 271 + b(B(z)y1 + z2y0),

where the mappings o : R — Zom and 3 : R — Zgn satisfy conditions (1)
- (5) of Corollary 3. In particular, we can put

[ 1 if x2#0( mod?2), B
a(:c)—{o 2y =0 ( mod?2) and B(xz)=0 forall z € R.

Clearly the element b is a multiplicative identity of R and = - a = ac(x) +
bB(x) for each x € R. As in the above case, in order to show that the



I. Yu. RAIEVSKA, YA. P. SYSAK 125

system (R, 4+, -) is a nearring with identity element b, it is enough to verify
that - (y+2)=z-y+z-zand (x-y)-a=z-(y-a).
Indeed,

<2

9 > 2m—1) + b(,B(LB)Zl + $222)

x-z=ala(x)z + 2122 — m1x2<

by the definition and

b[B(x)y1 + wayo] + ala(x)z + x120 — w122 (F)2™ ] =
= a[(1 = (B(x)y1 + 22y2)2" ) (a(@)21 + w120 — 2122(7) 27 )]+
+b[B()y1 + z2y2]

by Lemma 3. Since B(z) = 0 ( mod 2"~™*1) by condition (2) of Corollary
3, this implies that

z-y+a-z=ala(@)(y1 + 21) + 21(y2 + 22) — (@122 (%) + 2122 (F)+
+ zaypa(x)z1 + T122y222)2" ] + D[B(x) (Y1 + 21) + x2(y2 + 22)].

On the other hand, y+ z = a(y; + 21 — y22’12m_1) + b(y2 + 22) and so

z-(y+2) = ala(@)(y1 + 21 — 12212 1) + 21 (y2 + 22)—
— a1z (M572) 27+ 0[B(2) (1 + 21 — y221 277 + w2y + 22))-

Thus

—z-(y+2)+a-y+tz-z=-bB(x)(y1 + 21 —y222™ )+
+x2(y2 + 22)] + al(a(@)yezr + zixa (P72) — wixa (%) — w2 () -
— a(z) Y221 — T122Y222)2" ] 4+ B[B(2) (Y1 + 21) + w2y + 22)].

However
al(a(@)y221 + 2122 (757) — 2122(5) — 2122(3) -
— a(z)T2yez1 — T172Y222)2" ] = ac(x)(1 — 22)y2222™ 1 =0

by condition (3) of Corollary 3 and therefore
—z-(y+2)+x-y+x-2=-bB(x)(y1 + 21 — Y2212 1)+
+22(y2 + 22)] + 0[B(2) (11 + 21) + w2(y2 + 22)] =
= bB(x)y2212™ 1 =0,

as required.
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Next, y - a = aa(y) + bB(y) and so z - (y - a) = (z - a)a(y) + zB(y) =
(aa(x) + bB(z))a(y) + (azxy + bxr2)B(y). Applying Lemma 3, we have

(aaa) + b3(a))ats) = aala)(ay) ~ 5) (T )21+ b3()aty).
By)

(@ + b)) = a1 505) — 2

)2’“) T baaB(y)
and

b(x)aly) + azi (Bly) — x2 (PP)2m 1) =
= az1(B(y) — z2(*P) 271 - B(x)a(y)2™ ") + bB(x)a(y).

From this and the congruence 5(z) = 0 ( mod 2"~™*+1) it follows that

(ra) = dla()ay)+ar50) ~orza( " )2 LBl +aa5 ()

In view of conditions (4) and (5) of Corollary 3, the coefficients in brackets
under a and b in the right part of the last equality coincide with a(z-y) and
B(x -y), respectively. Therefore z- (y-a) = aa(x-y)+bp(x-y) = (x-y)-a
and hence (R, +, ) is a nearring with identity element b.

To complete the proof it remains to show that the set of all non-
invertible elements of (R, +, ) coincides with L =<a> + <b2>. As in
the previous case, it suffices to prove that an element x = ax1 + bxy is
right invertible if and only if 9 =1 ( mod 2 ).

Really, if there exists an element y = ay; + by such that z -y = b,
then B(z)y1 + zoy2 = 1 ( mod 2™) by our definition of z - y. But then
roy2 = 1 ( mod 2™~ 1) because B(x) = 0 ( mod 2"~™*!) by condition (2)
of Corollary 3, whence o =1 ( mod 2 ).

Conversely, if the last congruence holds, then a(z) =1 ( mod 2 ) by
condition (3) of Corollary 3 and so there exist natural numbers y1, y2 such
that zoy2 = 1 ( mod 2") and a(x)y; + z1y2 = 0 ( mod 2™). Therefore
for y = ay1 + by2 and 2o = 1 + f(z)y; we have x - y = bzp. Since
B(z) = 0 ( mod 2"~™F1 ) there is a natural number s such that zos =
1 ( mod 2™). But then x - (ys) = (x - y)s = (bz2)s = b and so the element
x is right invertible. Thus the nearring R is local and this completes the
proof. O
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