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Partitions of groups into sparse subsets

Igor Protasov

ABSTRACT. A subset A of a group G is called sparse if, for
every infinite subset X of GG, there exists a finite subset F' C X, such
that (), . xA is finite. We denote by 1(G) the minimal cardinal such
that G can be partitioned in 7(G) sparse subsets. If |G| > (k7)Y
then n(G) > &, if |G| < k1 then n(G) < k. We show also that
cov(A) > cf|G| for each sparse subset A of an infinite group G,
where cov(A) = min{|X|: G = X A}.

A subset A of a group G with the identity e is called

large if there exists a finite subset F' such that G = F A;

small if L'\ A is large for each large subset L of G;

thin if gA N A is finite for every g € G\ {e};

sparse if, for every infinite subset X of GG, there exists a finite subset
F C X such that (), zA is finite.

We note that large, small, and thin subsets can be considered as
asymptotic counterparts of dense, nowhere dense and discrete subsets of
a topological space |7, Chapter 9]. The sparse subsets were introduced
in [2] to characterize the strongly prime ultrafilters in the Stone-Clech
compactification SG of G. If G is infinite then each thin subset is sparse,
and each sparse subset is small [3].
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By [4], every infinite group G can be partitioned in Ry large subsets,
and if G is amenable then G can not be partitioned in > Ny large subsets.
By [5], every infinite group G can be partitioned in Ny small subsets.

For a group G, we denote by u(G) and n(G) respectively the minimal
cardinals such that G can be partitioned in p(G) thin subsets and in n(G)
sparse subsets. By (6], u(G) = |G| if |G| is a limit cardinal, and pu(G) = &
if G is infinite and |G| = k™, where kT is the cardinal-successor of k. In
Theorem 1, we evaluate the cardinal n(G).

A covering number of a subset A of G is the cardinal cov(A4) =
min{|X| : G = XA}. In Theorem 2, we show that cov(A) > cf|G| for
every sparse subset A of an infinite group G, where ¢f|G| is the cofinality
of |G|.

Lemma 1. A subset S of a group G is not sparse if and only if there
exists an infinite subset X of G such that, for each infinite subset F' of X,
the set {x € G : F~1x C A} is infinite.

Proof. Tt suffices to note that x € ﬂgeF ¢S if and only if F~12 C A. O

We say that a subset S of a group G is rectangle free if XY ¢ S for
any infinite subsets X, Y of G.

Lemma 2. Every sparse subset S of a group G is rectangle free.
Proof. Apply Lemma 1. O

Lemma 3. Let X and Y be infinite sets of cardinality | X| = ™ and
Y| > (k1) for some non-zero cardinal A\ < k%. For any k-coloring
X : X XY — K, there are subsets A C X and Z CY such that |A| = A,
|Z| > (k7)* and the set A x Z is monochrome.

Proof. |1, Lemma 1]. O

Theorem 1. Let G be an infinite group, k be an infinite cardinal. If
|G| > (k)R then n(G) > k. If |G| < kT then n(G) < k.

Proof. Suppose that |G| > (k1)®0, take an arbitrary partition of G into
k subsets and denote by X’ corresponding k-coloring. Then we choose
a subset X of G with |X| = T, put Y = G and define a coloring
X : X XY — k by the rule x((z,y)) = X'((z,y)). Applying Lemma 3 with
A =1Rg, we get AC X and Z C Y such that |A| = Vg, |Z] > (x1)X0 and
A x Z is monochrome. By Lemma 2, A X Z is not sparse, so at least one
cell of the partition is not sparse and n(G) > k.
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If |G| < kT, by [6, Lemma 2|, G can be partitioned in < x thin subsets.
Since every thin subset is sparse, n(G) < k. O

Corollary 1. If |G| > 2" then n(G) > k.

Proof. Tt suffices to note that, for any infinite cardinal x, (k+)®0 < (2%)%0 =
2", O

Corollary 2. If n(G) = Rg then Ry < |G| < 2%,
Question 1. Does |G| = 280 imply n(G) = Rg ?

Under CH, Theorem 1 gives an affirmative answer to this question.
To answer this question negatively under —CH, it suffices to show that,
for any Ng-coloring of Ny x Ny, there is a monochrome subset A x B,
AC No, B C Ny, ’A| = ‘B| = Np.

Theorem 2. For every sparse subset A of an infinite group G, cov(A) >
cf|G|.

Proof. We suppose the contrary and choose X C G such that G = X A and
| X| < cf|G|. Clearly, |A| = |G/|. Since | X| < c¢f|A] and A = |, x (ANzA),
there is zp € X such that |[A N zoA| = |G|. We put Ag = AN xpAd so
roAg C A. Suppose that we have chosen distinct elements xg, x1,..., T,
of X and the subsets Ag D A; O ... D A, of A such that |Ag| = |A1] =
...=|A,| = |G| and xoAg C Ay, 2141 C Ag,..., x4, C Apyi. We take
an arbitrary element g € G such that ¢g='X N {zo,...,7,} = @. Since
19An| = |G, gAn € Uyex A and | X| < cf|G], there is 2 € X such that
lgA, NzA| = |G|. We put 2,01 = g 'X, Ay = A, N g ' XA Then
Tn+1 ¢ {an Llyew- 7xn}a xn+1An+1 CA,.

After w steps we get a countable set X' = {z,, : n € w} and an
increasing chain {A4,, : n € w} of subsets of cardinality |G| such that
Apt1 € {9 € G:{xo,z1,...,2,}9g C A}. By Lemma 1, A is not sparse.

O]

Question 2. Is cov(A) = |G| for every sparse subset A of an arbitrary
infinite group G¢ By Theorem 2, this is so if |G| is regular.
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