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ABSTRACT. Let G be a finite group. A subgroup A is called:
1) S-quasinormal in G if A is permutable with all Sylow subgroups
in G 2) S-quasinormally embedded in G if every Sylow subgroup of
A is a Sylow subgroup of some S-quasinormal subgroup of G. Let
Bseq be the subgroup generated by all the subgroups of B which
are S-quasinormally embedded in G. A subgroup B is called SE-
supplemented in G if there exists a subgroup 7T such that G = BT
and BNT < Bgeg. The main result of the paper is the following.

Theorem. Let H be a normal subgroup in G, and p a prime
divisor of |H| such that (p—1,|H|) = 1. Let P be a Sylow p-subgroup
in H. Assume that all maximal subgroups in P are S E-supplemented
in G. Then H is p-nilpotent and all its G-chief p-factors are cyclic.

1. Introduction

All groups considered in this paper will be finite. A subgroup A of a
group G is said to be S-quasinormal in G if it permutes with every Sylow
subgroup of G. This concept was introduced by Kegel in [1] and has been
studied in [2]-[15]. In 1998, Ballester-Bolinches and Pedraza-Aguilera [3]
introduced the following definition: A subgroup B of a group G is said
to be S-quasinormally embedded in G if for each prime p dividing the
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order of B, a Sylow p-subgroup of B is also a Sylow p-subgroup of some
S-quasinormal subgroup of G. In 2007, Al-Sharo and Shemetkova proved
the following.

Theorem 1. Let H be a normal subgroup of a group G, and let p be the
smallest prime dividing |H|. Let P be a Sylow p-subgroup of H. Assume
that every mazximal subgroup of P is S-quasinormally embedded in G. Then
H is p-nilpotent and its non-Frattini G-chief p-factors are cyclic (see |10,
Theorem 1.2]).

In 2007, Skiba introduced [11]| the concept of S-core as follows.

Definition 1. Let B be a subgroup of a group G. Let Bsg be the subgroup
generated by all the subgroups of B which are S-quasinormal in G. The
subgroup Bsg is called the S-core of H in G.

A subgroup B of G is called S-supplemented in G if there exists a
subgroup T such that G = BT and BNT < Byg.

By using the concept of S-supplemented subgroup, Skiba proved the
following important result.

Theorem 2. Let E be a normal subgroup of a group G. Suppose that for
every non-cyclic Sylow subgroup P of E, all maximal subgroups of P are
S-supplemented in G. Then each G-chief factor of E is cyclic (see |13,
Theorem Al).

Recently, based on the concept of S-quasinormally embedded subgroup,
Skiba introduced [14] the following.

Definition 2. Let B be a subgroup of a group G. Let Bg. be the
subgroup generated by all the subgroups of B which are S-quasinormally
embedded in G. The subgroup B¢ is called the SFE-core of B in G.

A subgroup B of G is called SFE-supplemented in G if there exists a
subgroup T such that G = BT and BNT < Bgeq-

In the present paper, by using the concept of S E-supplemented sub-
group, we will prove the following improvement of Theorem 1.

Theorem 3. Let H be a normal subgroup in G, and p a prime divisor of
|H| such that (p—1,|H|) = 1. Let P be a Sylow p-subgroup in H. Assume
that all mazimal subgroups in P are SE-supplemented in G. Then H is
p-nilpotent and all its G-chief p-factors are cyclic.
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Corollary 1. Let H be a normal subgroup in G, and p a prime divisor of
|H| such that (p—1,|H|) = 1. Let P be a Sylow p-subgroup in H. Assume
that all mazimal subgroups in P are S-supplemented in G. Then H 1is
p-nilpotent and all its G-chief p-factors are cyclic.

Theorem 2 can be easily deduced from Corollary 1 though we should
notice that Theorem 2 is used in the proof of Theorem 3. The next corollary
is a strengthened version of Theorem 1.

Corollary 2. Let H be a normal subgroup in G, and p a prime divisor
of |H| such that (p — 1,|H|) = 1. Let P be a Sylow p-subgroup in H.
Assume that all mazximal subgroups in P are S-quasinormally embedded
i G. Then H is p-nilpotent and all its G-chief p-factors are cyclic.

2. Preliminaries

We use standard notations (see [16]). A subgroup T is called a sup-
plement to a subgroup B in a group G if G = BT. We denote by Hg
the core of H in G, the largest normal subgroup of G contained in H. A
group (a subgroup) S is called a Schmidt group (a Schmidt subgroup) if
every proper subgroup of S is nilpotent. We denote by 7(G) the set of
all prime divisors of |G|. A group G is called p-supersoluble if every chief
p-factor of G is cyclic.

Lemma 1. Let G be a group and H < K < G.

(1) If H is S-quasinormal in G, then H is S-quasinormal in K.

(2) If H <G, then K/H is S-quasinormal in G/H if and only if K
is S-quasinormal in G.

(8) If H is S-quasinormal in G, then H is subnormal in G.

(4) If A and B are S-quasinormal in G, then AN B and (A, B) are
S-quasinormal in G (see [1]).

Lemma 2. Let A, B be some subgroups in G.
(1) If A is S-quasinormal in G, then AN B is S-quasinormal in B.
(2) If If A is S-quasinormal in G, then A/Aq is nilpotent (see [2]).

Lemma 3. Suppose that a subgroup U is S-quasinormally embedded in a
group G. Let H < G, and K be a normal subgroup of G. Then:

(a) If U < H, then U is S-quasinormally embedded in H.

(b) UK is S-quasinormally embedded in G, and UK/K is S -quasi-
normally embedded in G/K (see [3]).
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Lemma 4. Let H be an SE-supplemented subgroup of G, and N a normal
subgroup in G.

(1) If H < K <@, then H is SE-supplemented in K.

(2) If N < H, then H/N is SE-supplemented in G/N .

(3) If (IN|,|H|) = 1, then HN/N is SE-supplemented in G/N (see
[14, Lemma 2.8]).

The following result is well known.

Lemma 5. Let p be a prime divisor of G such that (p — 1,|G]) = 1.
(1) If M < G and |G : M| = p, then M is normal in G.
(2) If a Sylow p-subgroup of G is cyclic, then G is p-nilpotent.
(3) If G is p-supersoluble, then G is p-nilpotent.

Lemma 6. If a p-subgroup H is S-quasinormal in G, then H < O,(G)
and OP(G) < Ng(H) (see [15]).

Lemma 7. If G is a Schmidt group, then:

(1) G is a p-closed {p,q}-group for some primes p,q;

(2) if P is a Sylow p-subgroup of G, then P/®(P) is a chief factor of
G and |P/®(P)| = p" =1 (mod q) where n is the order of p modulo q
(see [17, Theorem 26.1]) and [16, Theorem VII.6.18]).

Lemma 8. Let R < G. Assume that R/O,(G) is not contained in the
hypercentre of G/Oy (G). Then G has a p-closed Schmidt subgroup S such
that a Sylow p-subgroup Sy, # 1 of S is contained in R (see |18, Lemma 3|).

Lemma 9. Let p be a prime divisor of G such that (p — 1,|G|) = 1. Let
G)p be a Sylow p-subgroup of G, K <G, P = G,NK. If G/K s a p-group
and every mazimal subgroup of Gy, either contains P or has a p-nilpotent
supplement in G, then K is p-nilpotent.

Proof. Assume that K is not p-nilpotent. Then by |20, Theorem IV.4.7] we
have P £ ®(G)). Let M; be a maximal subgroup in G, not containing P.
It follows that there exists a p-nilpotent subgroup 73 such that G = M1T}.
Clearly, G, = M(G, NT1), and we can assume that 77 = Ng(H;) where
H; is a Hall p’-subgroup of K. We see that by [19] every two Hall p'-
subgroup of K are conjugate in K (by assumption, either p = 2 or |G|
is odd). By Frattini argument, G = KT} = PT}, hence G, = P(G, N1T1)
and G, NT7 £ P. Let M3 be a maximal subgroup in G, containing
G, NTi. Then G = M7 where T3 is the normalizer in G of some Hall
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p/-subgroup Hs of K. Since Hf = Ha, T = T for some x € G, it follows
that G = MyT5 = MQTiT = MiTy = M5T;. Therefore

Gp = Ml(Gp N Tl) = Mg(Gp N Tl) = Mo,

a contradiction. ]

3. Proof of Theorem 3

Suppose that the theorem is not true and choose a counterexample
(G, H) for which |G|+ |H| is minimal. We will prove several propositions
and will get a contradiction. It follows from Lemma 5 that P is non-cyclic.

(1) Oy(H) = 1.

Assume that O (H) # 1. Applying Lemma 4 we see that the theo-
rem is true for (G/Oy(H),H/O,y(H)), and then it is true for (G, H), a
contradiction.

(2) H=aG.

Assume that H # G. By Lemma 4 the theorem is true for the pair
(H,H). Hence H is p-nilpotent. It follows by (1) that H is a p-group. By
Theorem 2 every G-chief factor of H is cyclic, a contradiction.

From (1) and (2) we get the following.

(3) Op(G) = 1.

(4) |P| > p2.

Assume that |P| = p?. Applying Lemma 5 and Lemma 8 we see that
P is contained in a p-closed Schmidt subgroup S of order p?¢® where ¢ is
a prime and p? = 1 (mod q). Clearly, a Sylow g-subgroup of S is maximal
in S. By Lemma 4 all subgroups of order p in P are SFE-supplemented
in S. Applying Lemmas 1 and 3 we see that all subgroups of order p in
P are S-quasinormal in S. Therefore S has a subgroup of order pg®, a
contradiction.

(5) P is non-normal in G.

Assume that P is normal in G. Since the theorem is true for (G, P),
G is p-supersoluble and so p-nilpotent by Lemma 5, a contradiction.

The following two propositions follow from Lemma 4 and the minimal-
ity of the counterexample G.

(6) If N is minimal normal subgroup in G contained in P, then G/N
is p-supersoluble.

(7) If P < M < G, then M is p-nilpotent.

(8) G is p-soluble.



Ku. A. AL-SHARO, O. SHEMETKOVA, XIAOLAN YI 23

Assume that G is not p-soluble. By Lemma 6 the unit subgroup 1 is
the only S-quasinormal subgroup contained in P. In particular, Pg = 1.
Since (p — 1,|G|) = 1, we have p = 2. By (7) there is a unique minimal
normal subgroup K in G, and PK = G.

Let M be a maximal subgroup in P such that M »? P N K. Since
M is S E-supplemented in G, there is a subgroup 1" such that G = MT
and M NT < M. If Mg = 1, we have |T|s = 2, and therefore T
is 2-nilpotent. Assume that M. # 1. Then there exists a non-identity
subgroup L in M such that L is S-quasinormally embedded in G. Therefore
L is a Sylow p-subgroup of some S-qusinormal subgroup D. If Dg =1,
it follows that D is nilpotent by Lemma 2. Then by Lemma 6 we have
F(G) # 1, which contradicts (3) and Pg = 1. Therefore K < Dg # 1
and L. > PN K. So we proved that every maximal subgroup in P not
containing P N K has a 2-nilpotent supplement. By Lemma 9 we have
that K is 2-nilpotent, and (8) is proved.

The final contradiction.

From (1-8) it follows that G has a unique minimal normal subgroup
K, and the following properties are valid: 1) K is a p-group and K # P;
2) G/K is p-nilpotent; 3) K = Cq(K) = F(G).

Let M be a maximal subgroup in P such that M *? K. Since M
is SE-supplemented in G, there is a subgroup T such that G = MT
and M NT < M. If Mg = 1, we have |T|, = p, and therefore T
is p-nilpotent. Assume that M. # 1. Then there exists a non-identity
subgroup L in M such that L is S-quasinormally embedded in G. Therefore
L is a Sylow p-subgroup of some S-qusinormal subgroup D. If Dg # 1,
then K < Dg and K < L < M, a contradiction. Let Dg = 1. Then by
Lemma 2 we have that D is nilpotent, and so L. = D is an S-qusinormal p-
subgroup. By Lemma 6 we have that OP(G) < Ng(L). So, from L < M <P
and G = POP(Q) it follows that

K<(L*|z€G) =(L"|z€P)< M,

a contradiction. We proved that every maximal subgroup in P not con-
taining K has a p-nilpotent supplement in G. But then by Lemma 9 we
have that K@ is p-nilpotent.

The proof of Theorem 3 is completed.
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