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ABSTRACT. We study some (Hopf) algebraic properties of
circulant matrices, inspired by the fact that the algebra of circulant
n X n matrices is isomorphic to the group algebra of the cyclic
group with n elements. We introduce also a class of matrices that
generalize both circulant and skew circulant matrices, and for which
the eigenvalues and eigenvectors can be read directly from their
entries.

Introduction

The starting point of this paper was a result in [1], that arose during
the study of certain multiplicatively closed lattices and so called Brandt
algebras in (twisted) group rings of cyclic groups: it asserts that for a
twisted group ring RpZs (where F' is an arbitrary map, not necessarily
a two-cocycle) there exist three forms ¢, g2, g3, concretely determined,
such that any element € RpZs satisfies the polynomial equation 23 —
q1(2)2? + q2()x — q3(x) = 0. Moreover, g3(z) is given by the determinant
of a 3 x 3 matrix (which, if F is trivial, is a circulant matrix) and, if F is
a two-cocycle, then ¢; and ¢y are related in a certain (specific) way.

IThe first author was partially supported by the Centre for Mathematics of the
University of Coimbra (CMUC)
2The second author was partially supported by the CNCSIS project “Hopf algebras,
cyclic homology and monoidal categories”, contract nr. 560/2009, CNCSIS code I D_69.
2000 Mathematics Subject Classification: 15B05; 16 W30.
Key words and phrases: Hopf algebras; (generalized) circulant matrices; Brandt
algebras.



2 SOME ALGEBRAIC PROPERTIES OF CIRCULANT MATRICES

We wanted to see to what extent this kind of results may be gener-
alized from n = 3 to arbitrary n. It turns out that, even if analogous
forms ¢, ..., g, may exist, not much could be said about them. Thus,
we restricted our study to the case when the map F' is trivial (that is,
to ordinary group rings) and, slightly more general, to the case when
F' is a two-cocycle that is trivial in the second cohomology group. We
were thus led to consider circulant matrices as well as a certain class of
generalized circulants. By using circulants, we were able to prove that
forms q1, ..., g, exist on the group ring CZ, and have some properties
that generalize the case n = 3. This is done by using the well known
algebra isomorphism between the algebra of n x n circulants and the
group algebra of the cyclic group Z,. We found useful to give this result
a Hopf algebraic interpretation, obtaining along the way a result stating
that the algebra of n x n matrices "factorizes" (in a certain sense) as the
"product" between the algebra of n x n circulants and the algebra of n x n
diagonal matrices. Since the group ring is a Hopf algebra, the algebra of
n X n circulants becomes also a Hopf algebra. We have written down its
Hopf structure and we found that the antipode looks particularly nice: the
antipode applied to a circulant matrix is simply the transpose of it. The
comultiplication A does not look too good, but we could prove however
that if C' is a circulant n x n matrix then A(C), regarded as an n? x n?
matrix, is block circulant with circulant blocks. We present also a certain
result (and a concrete example) concerning some lattices in the algebra of
circulant matrices.

In the last section of the paper we introduce a class of generalized
circulants, as follows. Denote the elements of Z,, by e; = 1,e9,...,¢€y;
for a given map p : Z, — C*, with p(e1) = 1, denote u(e;) = p; for all
i €{2,...,n}. For ¢1,...,¢c, € C, denote by circ(cy,...,cn; o, ..., fn)
the n xn matrix with ¢y, ca, . . ., ¢, in the first row, ¢; on the main diagonal

and entry c¢;j_;+1"=" in any other position (i,7) (we put g1 = 1).
Certainly, circ(cy,...,cn) = circ(ci, ..., cn;1, ..., 1), so the matrices of
the type circe(ci, ..., cnyp, ..., 1y) generalize circulant matrices. They

form an algebra, denoted by C(x), which is isomorphic to the twisted
group algebra with two-cocycle induced by p (this is actually how we
arrived at these matrices). From general results we know that this twisted
group ring is isomorphic to the ordinary group ring, so C¢ () is isomorphic
to the algebra of n x n circulants. But these matrices generalize not only
circulants, but also skew circulant matrices: indeed, a skew circulant matrix

scirc(cy, ..., c,) turns out to be circ(cy,...,cn;0,0%,...,0" 1), where
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o = cos(%) +isin(T). Moreover, for a matrix circ(cy, ..., cn; 2, .- -, fin)
we are able to give an explicit formula for its eigenvalues (and eigenvectors)
that can be read directly from its entries; this formula is a common
generalization for the formulae (cf. [3]) giving the eigenvalues for circulant
and skew circulant matrices.

1. Preliminaries

We work over a base field K of characteristic zero (so all matrices have
entries in K and all algebras and Hopf algebras are over K). Sometimes
we will need to choose K to be the field C of complex numbers, and we
will specify this every time we do it.

When we work with n x n circulant matrices or with elements in the
cyclic group of order n, all subscripts will be considered mod n. For a
matrix A we denote by A7 its transpose.

A circulant matrix of order n is an n X n matrix with the property
that each row is obtained from the previous row by rotating once to the
right. Obviously such a matrix is completely determined by its first row.
If the first row is (c1,co, ..., ¢,) we will denote the associated circulant
matrix by circ(eq, ca, ..., c,). Note that the (4, 7) entry of this matrix is
¢j—i+1. For instance, for n = 3, the matrix circ(cy, ¢z, ¢3) is

Cl1 Cp C3
3 C1 C2
C2 C3 C1

If we denote by Cg the set of circulant n x n matrices, then Cf is an
n dimensional subalgebra of the algebra M, (K) of n x n matrices over K.

If K = C, the field of complex numbers, and C' = circ(ey, ca, ..., cp)
is a complex circulant matrix, then the eigenvalues and eigenvectors of
C may be written down explicitely (cf. [3]): if we denote by po(X) =
e X +...+c, X" and w = cos(2E) +isin(2), then the eigenvalues
of C are the scalars \j = pc(w’™1), for 1 < j < n, the eigenvector of \;
being the vector z; = (1,w/ 1, w20~ (=DG=1)T,

For more properties of circulant matrices we refer to [3], while for
terminology, notation etc. concerning Hopf algebras we refer to [4].

2. Forms associated to circulant matrices

We consider the group Z,, (cyclic group of order n) and we denote its

—

elements by e; =7 — 1, for i € {1,2,...,n}, so we have e;e; = €;4;—1 and
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ei_l = ep_ito, for all 4,5 € {1,2,...,n} (subscripts mod n, according to
our convention).
We consider the group algebra KZ,, over the base field K. The following

result is well known:

Theorem 2.1. The group algebra KZ,, and the algebra Cg of circulant
n X n matrices over K are isomorphic, an explicit isomorphism being
defined by g : KZ, — Cg, g(cre1r + ...+ cpen) = cire(ci, ca, ... cn), for
all c1,...,cp, € K.

Corollary 2.2. Every element x = cie1 + ...+ cpe, € KZ,, is a solution
to a certain polynomial X" — q(z)X" 1 + ... + (=1)"q,(z). Here @
is a linear form called the trace of x and q, is an n-form called the
norm of x. Moreover, qi(x) = trlcirc(ci,...,c,)] = ner and gu(x) =
det[circ(cy, ..., en)].

Proof. The polynomial is exactly the characteristic polynomial of the
circulant matrix corresponding to z via the isomorphism ¢ : KZ, =~

cn. m

Remark 2.3. Via the isomorphism KZ, ~ Cf, we can also consider the
forms q1, ..., g, as being defined on Cy.

Definition 2.4. For © € KZ,, we define the conjugate of x by the formula
T=(—1)""2" ! (— D) (@) 2" P 4 A g (@) €KZ,. (2.1)

As a consequence of Theorem 2.1 and Corollary 2.2, we immediately
obtain:

Corollary 2.5. An element x € KZy, is invertible if and only if gn(z) # 0,

and in this case its inverse is defined by the formula x=' = qngfx).

Corollary 2.6. An element x = cie1 + ...+ cpen € CZ, is noninvertible
if and only if there exists y a root of unity of order n such that ¢ + coy +
eyt =0,

Proof. We know that ¢, (x) = det|circ(cy, ..., c,)], and since we are over C
here we know that g, (x) is the product of the eigenvalues of circ(cy, . . ., ¢,),
which are given, as we mentioned before, by {pc(w/~1)}, forall 1 < j <mn,
where po(X) = c1 + X + ...+ ¢, X" ! and w = cos(2T) + isin(2), so
the result follows. O
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We will present explicit formulae for the forms ¢; for n = 3 and n = 4.
The case n = 3 was studied in detail in [1], where the formulae for ¢, g2, g3
have been found. Namely, for z = cieq 4+ cses + c3e3 € KZg, we have:

@1(z) = 3c1, q2(w) = 3c] — Beacs, q3(x) = ¢} + & + ¢ — 3eyeacs.
Moreover, the following properties have been found in [1]:

Proposition 2.7. If 2,y € KZs, then ¢1(T) = q2(x) and g2(z + y) =
22(z) + 2(y) + a1 (@)1 (y) — aa(zy).

Similarly, by performing explicit computations, one can show that for
T = ci1eq + caes + czes + cygeq € KZy, we have:

qi\r) = 4017

q3(r) = 401 — 8cicocy — 40103 + 40203 + 40304,

(z) =
@2(x) = 6¢3 — degey — 263,
(z)
q4()

= C2 + 03 — — 20103 — 4610264+

+ 4010203 + 4010304 +2¢3c3 — deaciey,
and also by explicit computations using these formulae one can prove:

Proposition 2.8. If z,y € KZy4, then ¢1(T) = q3(z) and @2(x + y) =
@ () + a2(y) + a(x)ay) — aley).

Actually, the above results admit generalizations to arbitrary n, at
least over C:

Proposition 2.9. If z € CZ,, then ¢1(T) = gn—1(x).

Proof. We denote by sg, s1, s2, . . ., S, the elementary symmetric polyno-

mials in n variables X1, Xs,..., X, defined by so =1, s1 = X1 +...+ X,

S9 = ZXin,...,sn = X1X5...X,. Also, for any 1 < k < n, we con-
1<j

sider the polynomial pg defined by pp = Xf + Xé‘/’ + ...+ Xﬁ. These

polynomials are related by Newton’s identities:

k

ks = Z(—l)i_lsk,lpi, V1<k<n.
i=1

In particular, for k =n — 1, we have

n—1

(n—1D)sn-1=3 (1) sp1_ipi. (2.2)

=1
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Let now © = c1e1 + ... + cpe, € CZ,, and consider the circulant matrix
cire(ey, .. ., ¢p), whose eigenvalues will be denoted by A1, ..., Ay,. It is clear
that, for any 1 <14 < n, we have g;(z) = s;(A1,...,Ay). On the other hand,
for any 1 < k < n, the eigenvalues of the circulant matrix associated to
xF are ¥ ... A and so we have g1 (%) = N+ ...+ XE = pr(A, .., ).
Now we compute, directly from the formula (2.1):

(@) = ()" @) + (1) "q () (=" )+
oo — Gn—2(x)q1(x) + ngp_1(x)
= (=1)"Mpu1 (M, M) + (D)™ s1(A 1y NP2 (M, -, An)+
R Sn_g()\l, .. ,)\n)pQ()\l, ey An) — Sn_Q()\l, ey An)pl(Aly ceey /\n)+
+ nsn_l()\l, R )\n)
2.2
(22 Sp—1(A1, .., An) = qn-1(2),
finishing the proof. O

Proposition 2.10. If z,y € CZ,, then ¢(x + y) = q(z) + ¢(y) +
o (@)qi(y) — quzy).

Proof. We denote by A1,..., A, (respectively p1, ..., uy,) the eigenvalues
of the circulant matrix corresponding to = (respectively y). Then the
eigenvalues of the circulant matrix corresponding to x + y (respectively
xy) are A\p + {1, ..., Ap + fy (respectively Ajpq, ..., Aniiyn). So, we have:

@ty = Y N+ )+ )
1<J
= D NN i Y Xipg + > ik
i<j i<j 1<j 1<j

G2(2) + a2(y) + D Nipj + ) mikjs

1<j 1<j

a@ay) —aley) = QO AOQm) =D M
=1 j=1 k=1
= > g+ > i,

1<J 1<J

hence indeed we have ¢2(z+vy) = ¢2(z) + ¢2(y) + 1 (z) 1 (y) — 1 (zy). O
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3. Hopf-algebraic properties of circulant matrices

Let H be a finite dimensional Hopf algebra. We denote as usual by
— the left regular action of H on H* defined by (h — ¢)(h') = p(h'h),
for all h,h' € H and ¢ € H*. It is well known that with this action H*
becomes a left H-module algebra, so we can consider the smash product
H*#H (which is sometimes called in the literature the Heisenberg double
of H*). It is also well known (see [4], p. 162) that H*#H is isomorphic
as an algebra to the endomorphism algebra End(H*), an explicit algebra
isomorphism being defined by

A H'#H ~ End(H"), Aep#th) () = ¢ x (h = 1),

for all ¢, € H* and h € H, where % is the convolution product in H*
defined by (¢ * ) (h) = @(h1)1(h2), where we used the Sweedler-type
notation A(h) = h; ® hy for the comultiplication of H. In particular,
the restrictions of A to H* and H define embeddings of H* and H into
End(H*) (as algebras), defined respectively by

A o H* — End(H*), i+ (9)(®) = @ % 1),
At H = End(H*), Ag(h)(®) =h — .

If we identify End(H*) with M, (K), where n = dim(H), we obtain
algebra embeddings of H and H* into M,,(K). Our aim is to see how these
embeddings look like if we take H = KZ,, with its usual Hopf algebra
structure.

Proposition 3.1. The image of (KZ,)* in M, (K) via the above embed-
ding 1is the algebra Dy of diagonal n x n matrices. The image of KZj, in
M, (K) via the above embedding is the algebra C of circulant matrices and

the embedding \kz,, coincides with the algebra isomorphism g : KZ, ~ Cg
defined in Theorem 2.1.

Proof. We consider the basis {ey,...,e,} in KZ, as before and its dual
basis {p1,...,pn} in (KZ,)*, defined by p;(e;) = &;; forall4, j € {1,...,n}.
Thus, the algebra structure of (KZjy,)* is defined on this basis by p;p; =
dijp;j and p1 + ...+ p, = 1. Moreover, we identify End((KZy,)*) = M, (K)
via this basis, that is, if f € End((KZy)*) and f(p;) = >.1, aijpi, we
identify f with the matrix Mf = (aij)lgﬁjgn.

By using the formula for Ag- given above, we can easily see that
A(KZn)*(pk)(pj> = PkPj = 0jkDPk, for all 1 < ],]{7 < n, that is A(KZn)*(pk)
coincides via the identification End((KZ,)*) = M, (K) with the matrix
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having 1 in the (k, k) position and 0 elsewhere. Thus, for an arbitrary
element x = dip; + ... + dupy, € (KZy)*, with dy,...,d, € K, we have
M/\<Kzn>*($) = diag(dy,...,d,), the diagonal matrix with entries dy, ..., d,,

On the other hand, by using the formula for Ay given above, we
can see that Az, (er)(pj) = er — pj, for all 1 < j,k < n, and since
we have (e, — pj)(ei) = pj(eier) = pj(erti—1) = djpti—1, for all 1 <
i,j,k < m, we obtain ey — pj = Pj_k11(mod n), that is Axz, (ex)(p;) =
Dj—k41(mod n), for all 1 < j, k < n, and this means exactly that My (er) =

circ(0,0,...,1,...,0), where 1 is in the k** position. Thus, for an arbitrary
element y = cie1 + ... + cpe, € KZ,, with c1,...,¢, € K, we have
M., () = circ(er, ..., cn), q.e.d. O

Let us recall some facts from [2]. If X is an (associative unital) algebra
(with multiplication denoted by z ® y — zy for all x,y € X) and A, B
are subalgebras of X, we say that X factorizes as X = AB if the map
AR®B — X, a®b— ab, for all a € A, b € B, is a linear isomorphism.
This is equivalent to saying that there exists a so called twisting map
R:B®A — A® B such that X is isomorphic as an algebra to the so
called twisted tensor product A ®pr B.

It is well known that any smash product (such as (KZ, )*#KZ,,) is
a particular case of a twisted tensor product. Since (KZ,)* ~ D¢ and
KZy, ~ Cg as algebras, we can conclude:

Proposition 3.2. The algebra of n x n matrices factorizes as M, (K) =
DgCg.

Remark 3.3. Assume that K = C. In this case, it is known that the
Hopf algebra CZ,, is selfdual, that is CZ,, is isomorphic as a Hopf algebra
to (CZy)*. If we consider w = cos(2X) + isin(2X), an explicit isomor-
phism ¢ : CZy, ~ (CZy,)* is defined by ¢(e;) = >°7_; w=DU=Dp. for
all i € {1,...,n}, where {e1,...,e,} is the standard basis in CZ,, and
{p1,...,pn} is its dual basis in (CZj)*. We consider the algebra isomor-
phisms CZ, ~ C¢ and (CZ,)* ~ D¢ and thus we obtain an algebra
isomorphism ¢ : C¢ ~ Dg¢. If C = circ(cy,...,cp) is a circulant ma-
trix, an easy computation shows that ¢¥(C) = diag(A1,...,\,), where
{Ai,..., A} are the eigenvalues of C' defined by \; = ¢ + cowd ™1 +
e300 4 4 e, DU forall j € {1,...,n}. In particular, this
shows immediately the known fact that if X, Y are circulant matrices
with eigenvalues A1, ..., A, and respectively Sy, ..., By, then the circulant
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matrix X 4+ Y has eigenvalues \; + f51,...,An + B, and the circulant
matrix XY has eigenvalues \151, ..., A\, 0On.

We denote by P, the fundamental circulant n x n matrix, defined
by P, = circ(0,1,0,...,0). It has the property that P = I, and, if
C = circ(e, ..., cp), then C = 11, + coPy + c3P2 + ... + ¢, PP~ L If we
denote as before by {eq,...,e,} the standard basis of KZ,, we obviously
have e% = ez, e% =e4, ..., €5 L' — ¢,. Thus, since g is an algebra map
and g(ez) = Py, we have, for all 2 <i < n, g(e;) = g(eh ') = Pi~1. Recall
also that, for any 1 < i < n, the inverse of e¢; in KZ,, is e,_;1o.

We look again at the algebra isomorphism g : KZ, ~ Cg. Since KZ,
is a Hopf algebra, we can transfer its structure to Cg via g, and thus Cg
becomes a Hopf algebra. We will write down its counit, comultiplication
and antipode.

Let C = circ(ey,...,c,) be a circulant matrix. It is easy to see that
the transferred counit is defined by ¢ : Cg = K, e(C) =c1+ca+ ... +cp.

We compute now the comultiplication A : Cx — Cg ® Cg:

AlC) = (g®g)olAkz, 09 1(0)
= (9®g)oAxz,(crer + ...+ chen)
= (g®g)(cie1®er+ ...+ cpep ®ey)
= cagle)) ®@gler) +...+ cng(en) ® g(€n)
= al,®I,+ cQPn ® Pn + 3PP+ ...+, PP @ PR

Note that the counit property (¢ ® id) o A = id applied to C' becomes, by
using the above formulae and the fact that e(P,) =1,

C = (e®id)oA(C)
(e®@id)(cily @ Iy + caPp @ P+ 3P @ P2 + ... +c, PP @ P
cil, + P, + 03Pg +...+ cnPg_l7

that is, the counit property is equivalent to the basic property of the fun-
damental circulant matrix. We compute now the formula for the antipode
S:Cg — Cg:

S(C) = goSkz, 09 (0)
go S]KZn (6161 + ...+ cnen)

g(cie + 62651 +... 4+ cnegl)

= g(crer + caen + c3€p_1 + ... + cpe2)



10 SOME ALGEBRAIC PROPERTIES OF CIRCULANT MATRICES

= circ(c1,Cny Craty .- ,C3,C2)
= circ(ey,co, ... ,cn)T.
That is, S(C) is just the transpose of C'.

If we denote by @, = circ(0,0,...,0,1) = PT the transpose of P,,
then the antipode property S(C(1))C(a) = &(C) I, with notation A(C) =
C) ® C(), is equivalent to the following relation involving the matrices
P, and Q,:

cily + CZQnPn + C3Q37,P7% +...+ CnQZ_IP;LZ_l = (Cl +...+ Cn)Ina

which is obviously true because we actually have @Q,,P, = I,,, that is @,
is the inverse of P,.

Remark 3.4. It is well known that the element z = %(61 +...4ey)isa
so called integral in KZ,, that is it satisfies the condition hx = e(h)z for
all h € KZ,,. If we write h = c1e1 + ... + cpen, with ¢1,..., ¢, € K, then
the equality ha = e(h)x may be transferred in Cg via the isomorphism g,
and we obtain g(h)g(xz) = e(h)g(x), that is

circ(er, ... ep)cire(1,1,...,1) = (e1 + ... + ¢ep)cire(1,1,..., 1),

and this is equivalent to the fact that ¢; + ...+ ¢, is an eigenvalue for

circ(cy, ..., cp) with eigenvector (1,1,...,1)7T.

4. Brandt algebras and lattices in circulat matrices

In this section we assume that the base field is C.

Theorem 4.1. Let C' = circ(cy, ..., cn) be a circulant matriz. We de-
note by A the comultiplication of the Hopf algebra C¢ and by P, the
fundamental circulant matriz circ(0,1,0,...,0). Then A(C), regarded
as an n® x n? matriz, is the block circulant with circulant blocks matric
circ(ciln, caPy, ..., ca PP"1). Moreover, the eigenvalues of A(C) are the

eigenvalues of C, each one with multiplicity n.

Proof. The first statement follows easily from the formula A(C) = ¢11, ®
In+caP, @ Py +c3P?®@ P2+ ...+ ¢, PP 1 @ P"!. To prove the second
statement, one verifies first that the block diagonal matrix that diagonalizes

A(C) is

diag(A1+A2+...+An,A1 +wA2+...+w”_1An,...,
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A W T A w0,

where w = cos(2X) + isin(2X), and

AN =cl,, Ay =codiag(l,w,... ,w”_l), e
Ay = cpdiag(1, 0™t ,w(”_l)Q),
and the eigenvalues of A(C) are still pc(1), po(w), ..., pc(w™ 1), each one
with multiplicity n. O

Recalling that the algebra of complex circulant matrices is isomorphic
to CZ,, we can introduce the following analogue of the concept in [1]:

Definition 4.2. A set B of complex circulant matrices is called an integral
(rational) Brandt algebra if g;(a),q;(b),qi(a + b),q;(ab) € Z(Q), for all
a,b € B and 1 <1i <n, where ¢; are the forms defined in Corollary 2.2,
transferred to Cg as in Remark 2.3.

Proposition 4.3. The set of complex circulant matrices that have integral
(rational) eigenvalues is an integral (rational) Brandt algebra.

Proof. Follows immediately from the fact that the eigenvalues of a sum
(product) of circulant matrices are the sums (products) of the eigenvalues
of the given matrices and by using the fact that for a circulant matrix C
all ¢;(C) are symmetric polynomials in the eigenvalues of C. OJ

Proposition 4.4. The set of complex circulant matrices C' = circ(cy, ..., cp)
that have integer (rational) eigenvalues is given by

1
(61,62,. . .,Cn)T = EM()\I’ - .,)\n)T,

where A\1,..., A\, are integer (rational) numbers, and the n x n matric
M has w@DG-1D) as the (i,5) entry, where w = cos(2%) + isin(2r).

n n
Moreover, if the elements \; satisfy the extra condition A\g+1 = Ap—g+t1,
forall1 <k <n—1, then the matriz C' has real entries.

Proof. If we consider the matrix A = (a;;) such that a;; = WEDE-D i
is easy to see that A(cy,...,cn)’ = (pc(1), po(w), ..., pc(w™ 1)), and the
result follows because the inverse of A is %M . For the second statement,
just note that in the matrix M, the column k + 1 is the conjugate of the
column n — k + 1. O



12 SOME ALGEBRAIC PROPERTIES OF CIRCULANT MATRICES

Corollary 4.5. The set of block circulants with circulant blocks A(B),
where B is the set of circulant matrices with integral (rational) eigenval-
ues and A is the comultiplication of the Hopf algebra C¢, is an integral
(rational) Brandt algebra.

Proof. The result follows because, as we have seen in Theorem 4.1, the
eigenvalues of A(b), for any b € B, coincide with the eigenvalues of b. [

Now we can study lattices in the algebra of complex circulant matrices.
This study takes us to some conditions about when a circulant matrix is
obtained as integral linear combinations of some elements of this algebra.
Here we will focus to the subset of circulant matrices that have integral
entries.

Theorem 4.6. We consider the lattice Zvy +Zvy+. . .+ Zvy, in the algebra
of complex circulant n X n matrices, generated by the linearly independent
vectors

v, = ci1dy + 9P+ ...+ Clnpﬁ_l,
vy = co1ly, + oo Py + ...+ CQnPTTLLil,

Up = Cnidn + Cpo Py + ... + cnnP,?*l.

We denote by C' the n X n matriz with entries c;;. If all the entries of the
matriz C~1 are integral, then any circulant matriz with integral entries
belongs to this lattice, that is, may be written as ajvy + agve + ...+ apVy,
with at,...,a, € Z.

Proof. The matrix C is invertible because we assumed that vq,...,v,
are linearly independent. Since we assumed that the entries of C~! are
integral, it follows that each of the matrices I,, Py, P2, ..., P"~! may be
written as an integral linear combination of the elements vy, ..., v,, and
now the result follows because any circulant matrix circ(cy, ..., ¢,) may
be written as circ(cy,...,cn) = c1ly + Py +c3P2 + ...+ ¢, PP O

Moreover, if we consider the lattice ZA(vy) + ZA(ve) + ... + ZA(vy,)
in the set of block circulants with circulant blocks, if C~! has inte-
gral entries then every block circulant with circulant blocks of the form
circ(aIn, agPy, . .., a, PPY), with ay, ..., a, € Z belongs to this lattice,
that is may be written as an integral linear combination of A(vy), ..., A(v,).



H. ALBUQUERQUE, F. PANAITE 13

Example 4.7. Consider the lattice of 3 x 3 circulant matrices Zwvi + Zwvs +
Zws, with

U1:—P3+P32,
1 1 1
=—_I3+-P3+-P?
V2 33+3 3+3 35
1 2 1
= [+ 2P, — —P2.
V3 3 3+3 3~ 313

The matrix of coefficients

0 -1 1
~1/3 1/3 1/3
1/3 2/3 —1/3

has an inverse with integral entries, so every circulant 3 x 3 matrix with
integral entries may be written as avy +bva+cvs, with a, b, ¢ € Z. Moreover,
each matrix circ(aqIs, agPs, a3P32), with a1, a9, as € Z, may be written as
mi1A(v1) + maA(ve) + m3A(vs), with my, mg, ms € Z.

5. A class of generalized circulants

There exist various generalizations of circulant matrices, appeared
around 1980, see for instance [3], [5] and references therein. As proved by
Waterhouse in [5], many of them are related to twisted group rings. In
this section we will introduce a certain class of matrices that generalize
both circulant and skew circulant matrices, also related to twisted group
rings, having the property that their eigenvalues can be read directly from
the entries of the matrices.

Consider again the cyclic group Z, with elements denoted as before
by e1,...,en, and F' : Zy,, X Z, — K* a two-cocycle (here K* is the set of
nonzero elements in K), that is F' satisfies

F(ei,z) = F(z,e1) =1, Vx €Ly,
F(z,y)F(zy,z) = F(y, 2)F(2,y2), V,y,2 € Ly.

We can consider then the twisted group ring KzZ,,, which is an associative
algebra (with unit e;) obtained from the group ring KZ,, by deforming
its product using F', namely z -p y = F(z,y)zy, for all z,y € Z,.

We have seen that KZ, may be embedded as an algebra in M, (K)
(and the image of this embedding is the algebra of circulant matrices Cg).
We can do something similar for a twisted group ring KpZ,. Namely,
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define the map \p : KpZ,, = End(KpZy,)*), Ap(a)(v) = a — 1, where
(@ — ) (b) = ¢(ba), for all a,b € KpZ, and ¢ € (KpZ,)*. If we denote by
{p;} the basis of (KrZy,)* dual to the basis {e;} of KpZ,, one can check
that we have Ap(ex)(pj) = F(€j—k+1,€r)Pj—k+1, for all j,k € {1,...,n}.
If we identify as usual End((KpZy,)*) = M, (K), we obtain an algebra
embedding A\r : KpZ, — M,(K), defined as follows: if z = cje; +
.+ cpen € KpZy,, then A\p(x) is the n x n matrix whose (7, j) entry is
cj—it1F (e, ej—iy1). For instance, for n = 3 and n = 4 the corresponding
matrices are respectively given by

C1 (6] C3
CgF(eg, 63) C1 CQF(EQ, 62)
CQF(eg, 62) 03F(63, 63) C1

C1 C2 C3 C4
cyF(ea, eyq) c1 coF(eg,e2) c3F(ea,e3)
CgF(eg, 63) C4F<63, 64) C1 CQF(€3, 62)
coF (eq,e9) c3F(eq,e3) caF(eq,eyq) c1

We denote by Cg(F') the image of the map Ap; so Cg(F') is an algebra,
isomorphic to KgZ,,.

Assume now that the two-cocycle F' is trivial in the cohomology group
H?(Zy,K*), that is there exists a map u : Z, — K*, with u(e;) =1 (and
with notation p(e;) = p; for all i € {2,...,n}), such that F(e;,e;) =
ple)p(ej)u(eie;)™t, for all 4,5 € {1,...,n}. We will denote the algebra
Cg(F) by Cg(p). Also, for x = cie1 + ... + cpen € KpZy,, we will denote

Ap(x) == Au(x) := circ(cr, ca, .., Cns b2, - - -5 fin),s

which is a matrix having ¢1, co, .. ., ¢, in the first row, ¢; on the main diag-
onal and entry ¢;j_;+1 ==L in any other position (7, j) (with the conven-

tion g1 = 1). Obviously, we have circ(cy, ..., cn) = circ(ei, ... cn;1,. .., 1).
For instance, for n = 3, the matrix circ(cy, 2, c3; a,b) is

C1 C2 C3
csab cl coa?b™!
coab  c3b?a! 1

We aim to find the eigenvalues and eigenvectors for a matrix
circe(c1, €y ...y Cni 42y« -« fn). For this, we will rely on the known fact
that for the two-cocycle F given by F(e;, e;) = u(e;)p(ej)p(eie;) ™" the
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twisted group ring KgZ, is isomorphic to the group ring KZ,, an iso-
morphism being defined by ¢ : KpZ, ~ KZ,, ¢(e;) = u(e;)e; for all
1 <4 < n. Thus, we have also an algebra isomorphism W : Cg(u) ~ Cg
defined by U(circ(ci, ..., cn; 2,y .. pn)) = circe(cr, Cafia, C3U3, -« .y Cplln)
with inverse W1 (circ(cy, . .., c,)) = circe(er, L RRRRRTet] LIRS s o)

Proposition 5.1. Assume that \ is an eigenvalue for the ma-

triz circ(cy, capia, . . ., Cafln), with eigenvector (x1,x2,...,x,)%. Then

A is an eigenvalue for circ(cy,ca, ..., Cp 2, ..., ly) with eigenvector
T

(1'1, L2,y - - ,l’nﬂn) .

Proof. In order to be able to use the algebra isomorphism W, we need to
transform the equality

cire(cer, capiay -« Cpin) (21, - - - ,:L’n)T = A(z1,... ,:Un)T (5.1)

into a relation between circulant matrices. We consider the

circulant  cire(zy, xp, Tn—1,...,23,22), and we remark that the
first column of cire(cr, copa, ..., Copin)cire(x1, Ty, Tn_1,...,T3,T2)
is  exactly circ(er,cap, ..., capin)(z1, ..., 2,)T, and by  (5.1)
this  column is  (Azy,...,Az,)7. On  the other hand,
cire(cr, Caia, .« .« y Cofin ) CITC(T1, Tpy Tp—1, -« ., T3, T2) is a circu-
lant matrix (being the product of two circulants) and since
we know that its first column is (Az1,...,Az,)T we find
out that cire(er, copa, ..., Copin)cire(Ty, T, Tn—1, ..., T3,22) =

circ(Axry, ATp, ATp_1,...,\x3, Az2). To this equality we apply the
algebra map ¥~!; we obtain:

. X . Tn Tp—1 T3 T2
cire(cr, ey .oy Cps 2y« - -y in ) cire(zy, —, e s 2y ey )
M2 p3 Hn—1 Hn
. ATy ATp—1 Ar3  Arg
= circ(Axy, —, e S 2 ey )
H2 M3 Hn—1  Hn

: . x Tn—1 T3 T2 .
The first column of the matrix cire(xy, A Rarrat R S Bt § IR s ln)

1S

T I3 Tn—1 T
($1772F(e236n)7 F(e3aen*1)7-~~a = F(eﬂ*17€3)77nF(€n762))T7
Hn Hn—1 M3 2

that is

Z2 €3 Tn—1 Tn
(X1, —=p2pln, ——U3fn—1,- - -, Pon—1/43, — fin b2
M Hn—1 M3 2

)T

I
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which is (1, xop2, . .« Tn—1fin—1, xn,un) Similarly, we can see that the

Az /\96 _1 A\z3  A\xo
M2n7 ;3 7""/'1’71 17un’u27"',ﬂn)

first column of the matrix circ(Azy,
is  (Azy, ATapo, ..., ATpun)?.  So, the above matrix equality im-
plies  circ(ct, ..., cnifi2, - oy fin)(T1, T2p2, - oy Ty 1 fbn—1, T pln) " =
Ny, Topn, ... Topn)t, e A is an eigenvalue for

. . . . T
circ(ci, €y ...y Cnj 2, - - -, lyn) With eigenvector (z1, zapa, ..., Tppn) . O

Assume now that K = C. Since we know (|3]) the eigenvalues and eigen-

vectors for any circulant matrix, in particular for cire(cy, copa, ..., cppin),
we obtain immediately from this Proposition the eigenvalues and eigen-
vectors for circ(ci, ca, ..., Cni 2, ..y ln):

Proposition 5.2. For the complex  matric  C =

cire(c1, ey ooy Cps iy« -y fin)  define  the  polynomial po(X) =
c1 + copoX + c3uzX? 4+ ...+ cuun X" For j o€ {1,2,...,n}

define \; = po(w!™l), where w = cos(2) + isin(2E). Then
AL, ..., A, are the eigenvalues of C, and the eigenvector of \; is
Lj = (17M2Wj_1>ﬂ3w2(j_1)a i .’an(n—l)(j—l))T’ fO’f’ all 1 < .] <n.
Remark 5.3. Exactly as for ordinary circulant matrices, it follows
that every element z = cie; + ... + cpen € KpgpZ, is a solu-
tion to a certain polynomial X" — qi(z)X" ! + ... + (=1)"q,(2),
with q1(z) = tr[circ(er,...,cnip2,. . in)] = ner and gp(z) =
det[circ(ci, ..., cn; 2y ...y pin)]. Moreover, if K = C, then for any 1 <
i < n we have that ¢;(z) = s;(A1,...,\n), where s; is the " ele-
mentary symmetric polynomial and Aq,..., A\, are the eigenvalues of
care(Cr, ... Cni 2, .y fin)-

We show now that, over the field C, the matrices of the type
cire(c1, ¢y ...y Cps 2, - - -, Jin) generalize not only circulant matrices but
also skew circulant matrices. Recall from [3] that a skew circulant matrix
is a circulant followed by a change in sign to all the elements below the
main diagonal. Such a matrix is denoted by scirc(cy, ..., c,). For example,
scirc(a, b, ¢) is the matrix

a b ¢
—c a b
-b —c a

For a given n, we denote by o = cos(Z) + isin(Z) and w = o2 =

cos( ) + zsm( 7). With this notation, a stralghtforward computation
(usmg the fact that o™ — = —1) shows:
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Proposition 5.4. scirc(cy,...,c,) = circ(c, ..., cp;0,0%, ..., 0" 1),
Consequently, the skew circulant matrices are a subalgebra of M, (C)
(this was noticed also in [3]), which will be denoted by sC¢. By what we
have done before it follows that we have an algebra isomorphism ¥ : sCg ~
~, W(scirc(er, ..., cn)) = circ(er, oce, 0%cs, ..., 0" '¢,). Moreover, the
eigenvalues of a skew circulant matrix, computed in [3], may be reobtained
by applying Proposition 5.2: namely, the eigenvalues of scire(cy, ..., c,) =
circ(ery ... cn;0,0%, ... 0" ) are given by \; = po(w/™1), for 1 < j < n,
where po(X) = ¢ + 00X + 302 X% + ... +cpo” XL
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