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ABSTRACT. We construct a free normal diband, a free (¢n,n)-
diband, a free (n,rn)-diband and a free (¢n,rn)-diband. We also
describe the structure of free normal dibands and characterize some
least congruences on these dibands.

1. Introduction and preliminaries

The notions of a dialgebra and a dimonoid were introduced
by J.-L. Loday [1]. For further details and background see [1], [10].

J.-L. Loday constructed a free dimonoid [1]|. Pirashvili 3] introduced
the notion of a duplex and constructed a free duplex. Dimonoids in the
sense of Loday |1] are examples of duplexes. In [6] a free commutative di-
monoid was constructed. Free rectangular dimonoids (rectangular dibands)
were construcred in [9)].

In this paper the research which was started in [6] and [9] is continued.
Here we construct a free normal diband, a free (¢n,n)-diband, a free
(n,rn)-diband and a free (¢n,rn)-diband. It turns out that the operations
of a dimonoid with left (right) normal bands coincide and it is a left (right)
normal band. We also describe the structure of free normal dibands and,
as a consequence, obtain the description of some least congruences on free
normal dibands.

We refer to [6] and [9] for the terminology and notations.
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Recall that an idempotent semigroup S is called a normal band, if
arya = ayza for all a,z,y € S. It is well-known that a normal band
satisfies any identity of the form

ax1T2...Tnb = aT17rTox... Tnrh, (1)

where 7 is a permutation of {1,2,...,n}.
A dimonoid (D, H,+) will be called a normal diband, if both semigroups
(D, ) and (D,t) are normal bands.

Lemma 1. (/11], Sect. 3.5, Lemma) Let (D,-,F) be an arbitrary di-
monoid, T, a; € D, 1 <i<n,né& N, n>1. Then

(i) (apH..da; 4. Hda)Fe=a, b . Fab . Fa b a;

(i)zd (a1 ..Fabk..Fay)=x-a 4...4a;4... Tay,.

Lemma 2. Let (D,H,F) be an idempotent dimonoid. Then (D,4) is a
normal band if and only if (D,F) is a normal band.

Proof. 1f (D, ) is a normal band, a,z,y € D, then
adrdyda=a-dy-dz-a.

Multiplying both parts of the last equality on the right by a concerning
the operation -, we obtain

(aHdrHdyHda)Fa=atazkytabta=atztyta,

(adydzxHda)Fa=abykztata=atytata

according to Lemma 1 (i) and the idempotent property of the operation
. So, (D,F) is a normal band.

Conversely, let (D,F) be a normal band. Then
aFrFytFa=akFykFzxztka

for all a,z,y € D. Multiplying both parts of the last equality on the left
by a concerning the operation -, we obtain

ad(akFzkyta)=a-dadzdyda=a-dxzdy-a,

ad(aFyFazta)=ada-dydz-da=a-dy-dz-a

according to Lemma 1 (ii) and the idempotent property of the operation
. So, (D, ) is a normal band. O
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For an arbitrary nonempty set X denote the set of all nonempty finite
subsets of X by B[X].

Let (D, ,F) be an arbitrary dimonoid and D be a totally ordered set.
For every A = {1, 9, ...,x,} € B[D] assume

X:xll—xgl—...l—xn,

e
A=x1dxo ... dz,,

where 11 < 19 < ... < z, in the total order.
Using the identity (1), the idempotent property of the operations of a
normal diband and Lemma 1, we can prove the following lemma.

Lemma 3. Let (D,H,F) be a normal diband, D be a totally ordered set
and A,B,C € B[D|,C C B,a€ A, x,y€ D. Then

(1):1:!—&!—2-3:!—2

(ii) A—ia—ix—A—ix

(iii) Zl—al—x—ZI—x—

(1v)$—|a—1A—x—|A—m—|Z
(V)xl—ﬁl—y—xl—Zl—ﬁl—y—xl—AUBl—y,
(V)x—|m—|y—x—|A—|§—|y—x—|m—|y,
vi)zF BrCry=—arFCFBry=atF Bly
(viii) x%%—iC—(y—x%C%%%y—x%%%y.

Note that the class of normal dibands is a subclass of the variety of
all dimonoids which is closed under the taking of homomorphic images,
subdimonoids and Cartesian products. Therefore it is a subvariety of the
variety of all dimonoids. A dimonoid which is free in the variety of normal
dibands will be called a free normal diband.

The necessary information about varieties of dimonoids can be found
in [6].

Now we consider a free rectangular dimonoid [9].

Let I, = {1,2,...,n}, n > 1 and let {X;}icr, be a family of arbitrary
nonempty sets X;, ¢ € I,. Define the operations 4 and F on Hieln X; by
(1, ey ) T (Y1y ooy Yn) = (1,5 ey Tr—1,Yn)s

(x17 ...7xn) l_ (y17 "‘7yn) = (:1717y27 "'7yn)
for all (x1,...,2y), (Y1,.--,Yn) € Hieln X

Lemma 4. (/9], Lemma 4) For any n > 1, ([[;c;, Xi, 7, F) is a rectan-
gqular dimonoid.
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Obviously, for any n > 1, ([[;c;, Xi,,F) is a normal diband. Let X
be an arbitrary nonempty set and X? = X x X x X. We denote the
dimonoid (X3,4,F) by FRct(X).

Theorem 1. (/9/, Theorem 1) FRct(X) is a free rectangular dimonoid.

If f: Dy — Dy is a homomorphism of dimonoids, then the correspond-
ing congruence on D; will be denoted by Ay.

2. Free normal dibands

In this section we construct a free normal diband.
~ Let {D;}ier be a family of arbitrary dimonoids D;, 7 € I and let
[Lic;D: be a set of all functions f : I — (J;c; D; such that if € D; for

any ¢ € I. It easy to check that ﬁz’e ;D; with multiplications defined by

i(f Hg) =if Hig, i(fFg)=if Fig,

wherei €1, f,g € ﬁig 1D;,is a dimonoid. It is called the Cartesian product
of dimonoids D;, ¢ € I. Observe that if [ is finite, then the Cartesian
product and the direct product coincide. The Cartesian product of a finite
number of dimonoids D1, Ds, ..., D,, is denoted by Dy X Dy X ... X D,,.

Let F'Rct(X) be the free rectangular dimonoid (see Sect. 1), B(X) be
the semilattice of all nonempty finite subsets of X with respect to the
operation of the set theoretical union and let

FND(X) = {((z,,2), A) € FRet(X) x B(X) |z,y,2 € A}.
The main result of this section is the following.
Theorem 2. FND(X) is a free normal diband.

Proof. Clearly, FRct(X) x B(X) is a dimonoid (see above). It is not
difficult to see that FND(X) is a subdimonoid of FRct(X) x B(X). It
is clear that the operations - and F of FND(X) are idempotent. For all
(z,y,2),A4),((a,b,c), B),((s,c,t),C) € FND(X) we have

((x,y,z),A) - ((av b, C),B) B ((8767 t),C) B ((x,y,z),A) =
= ((z,9,0),AUB) 4 ((s,¢,1),C) 4 ((z,y,2), A) =

= ((z,y,t),AUBUC) 4 ((x,y,2),4) = ((x,y,2),AUBUC),

((z,9,2),A) 4 ((s,¢,1),C) 4 ((a,b,¢), B) 4 ((z,y,2), A) =
= ((z,y,1),AUC) 4 ((a,b,c), B) 4 ((x,y,2),A) =
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= ((z,y,¢),AUCUB) 4 ((x,y,2),A) = ((z,y,2), AUC U B).

Hence FND(X) is a normal band concerning the operation 4. By Lemma
2 FND(X) is a normal band concerning the operation . So, FND(X)
is a normal diband.

Let us show that FND(X) is free.

Let (T, -, I—/) be an arbitrary normal diband, T be a totally ordered set
and let v : X — T be an arbitrary map. For every A = {z1,z2,...,2,} €
B[X] assume A, = {z;7|1 <14 < n} and define a map

p: FND(X) = (T, . F) : ((#,9,2), A) = (2,9, 2), A)u,
assuming R “
((z,y,2), Ap=ay ' Ay Fyy + Ay + 2y
for all ((x,y,2),A) € FND(X).
We show that p is a homomorphism. We will use the axioms of a
dimonoid, Lemma 3 and the idempotent property of the operations.
For arbitrary elements ((x,y, 2), A), ((a,b,c), B) € FND(X) we have
— <
((z,y,2), Ap = zy H Ay Hyy + Ay A 2,

__)
((a’ b, C): B),U = ay - B»y H b’)/ ~ %; - cy,

(((z,y,2),4) 4 ((a;b,¢), B))u = ((x,y,¢), AU B)p =
— oy (AU B, H yy + (AUB), + e,
((z,9,2), Ap+ ((a,b,¢), B)p =

A

- —
= (zy H A, Hoyy 4 A, ~ zvy) + (ay H B, H by E + ey) =

y

! }—'y'y—VAV—|'z7—|’a*y—|’f—3—;—|'b'y—|'§;—1/0')/:
H
A7—|/z'y—|/a'y—|/§7—|/bfy—|’§7—|/c'y:

=xvk

Ll

=ayH Ay H yy A
oy A gy A A A B A by A B A ey =
:mvl—’xl—’yv—{'jﬁg—{'g%’g%'cy:
=y Ay 4 A A By A oy =

::):’yl—’zyl—’ Yy 4';AUB)W ey =
= (ayH A F (yy 4 (AUB), ¥ o) F (7 + (AUB), + &r) =
= (zy H fT;) Ho(yy (A UB), 4 ey) H (yy 4 (A (A UB), + cy) =
= (a7 A)F (yy H (AUB)s H o) F (g7 (AUB), + e7) =
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—
= vy }—';1:}—' (AUB), F ey H (yy —|/iAUB),y ' cy) =
—
=ayH (AUB)y FH ey H (yy ;AUB),Y ~ cy) =
o T o L / / o
=xzyH (AUB)y F (yy ¥ (AU B), H ¢y) =
=ayH (AUB), l—'yv—i’iAUB 5~ ey
Thus,
(((z,y,2), 4) 4 ((a,b,¢), B))u = (2,9, 2), A)p 4 ((a,b,¢), B)u

for all ((z,y,2),A4), ((a,b,¢),B) € FND(X). Analogously, we can prove
that

(((x7y7 Z)vA) = (<a7b7 c),B)),u - ((xayvz>vA>M H ((av b, C)7B)M

for all ((x,y,2),4), ((a,b,c),B) € FND(X). This completes the proof
of Theorem 2. O

Obviously, the free normal diband FND(X) generated by a finite set
X is finite. Specifically, [FND(X)| = > 4cpx) |AJ3.

3. Dimonoids and (left, right) normal bands

In this section we show that the operations of a dimonoid (D, , )
with a left (respectively, right) normal band (D,F) (respectively, (D, ))
coincide and construct a free (¢n,n)-diband, a free (n,rn)-diband and a
free (¢n,rn)-diband.

Recall that an idempotent semigroup S is called a left normal band, if

ary = ayx (2)
for all a,x,y € S. If instead of (2) the identity
rya = yza (3)

holds, then S is a right normal band. It is well-known that a left normal
band satisfies any identity of the form

AxX129...Tn = AT L2 - Ly (4)

where 7 is a permutation of {1,2,...,n}. Dually, a right normal band
satisfies any identity of the form

T1X9. T = T17xTo - TynC, (5)

where 7 is a permutation of {1,2,...,n}.
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Lemma 5. The operations of a dimonoid (D,,t) coincide, if one of the
following conditions holds:

(i) (D,F) is a left normal band;

(ii) (D, ) is a right normal band.

Proof. (i) For all z,y,z € D we have
b ydz)=zF(yd2)F(ydz2) =

=zkF@Wk2)F(yd2z)=zF(yd2)F(yF2)=
=z (ykFz)F(yk2z)=azkF (yF2) =
=(xkybkz=(@xkFy) dz
according to the idempotent property of the operation -, the axioms of a
dimonoid and the identity (2). Substituting y = 2 in the last equality and

using the idempotent property of the operation -, we obtain x - z = x 4 z.
(i) For all x,y, z € D we have

(zFy)dz=(@ty d@kry) dz=

=(xkyd@dy)dz=(xdy) d(zky)dz=
=@y d@dy)dz=(xdy) 1z =
=zd(ydz)=zF (y-2)

according to the idempotent property of the operation -, the axioms of a
dimonoid and the identity (3). Substituting z = y in the last equality and
using the idempotent property of the operation -, we obtain x 4y = x -
Y. O

From Lemma 5 (i) (respectively, Lemma 5 (ii)) it follows that a di-
monoid (D, -,F) with left (respectively, right) normal bands (D, ) and
(D,F) is a left (respectively, right) normal band.

Consider the semigroups Xy, X;., X,; and the dimonoids Xy, .,
Xybrz, Xezrp which were defined in [9]. It is easy to see that Xy,, X,
X,y are normal bands and Xy, ., X ., X, are normal dibands.

Let
{(@.9), A) € Xy x B(X)| 2,y € A},

X) =
BgZ(X) (2, A) € Xp, x B(X)|z € A},
TZ(X) = {(IL‘ A) € sz X B(X |$ € A}7
Bgzrb(X):{( ) )EXZZ,N,XBX)M,yEA},
) =

)
)

( (
Brprz(X) = {((2,9), A) € Xpprz X B(X) |2,y € A},



A. V. ZHUCHOK 119

sz,rz(X) = {(x7 A) € Xﬁz,v"z X B(X) ‘ x € A}

It is clear that B,,(X), Bp.(X), By.(X) are subsemigroups of X,; X
B(X), Xy x B(X), X,, x B(X) respectively, and By, ,5(X), Bypr2(X),
By - (X) are subdimonoids of Xy, 4 x B(X ), Xyp . x B(X), X¢; . x B(X)
respectively. By [2] B,y(X), By, (X) and B,,(X) are the free normal band,
the free left normal band and the free right normal band respectively.

A dimonoid (D, , ) will be called a (¢n,n)-diband, if (D, ) is a left
normal band and (D,}) is a normal band. A dimonoid (D, ) will be
called a (n,rn)-diband, if (D, ) is a normal band and (D,}) is a right
normal band. A dimonoid (D, ,+) will be called a (¢n,rn)-diband, if
(D, ) is a left normal band and (D, ) is a right normal band.

Note that every left (right) normal band is normal and the class of
(fn,n)-dibands ((n,rn)-dibands, (¢n,rn)-dibands) is a subvariety of the
variety of all normal dibands. A dimonoid which is free in the variety
of (¢n,n)-dibands (respectively, (n,rn)-dibands, (¢n,rn)-dibands) will be
called a free (¢n,n)-diband (respectively, free (n,rn)-diband, free (¢n,rn)-
diband).

For the proofs of the following three lemmas we will use the notations
from Sect. 1 and from the proof of Theorem 2.

Lemma 6. By, ,,(X) is a free ({n,n)-diband.

Proof. Clearly, By, ,5(X) is a (fn,n)-diband. Let us show that By, ,,(X)
is free.

Let (T, ,F') be an arbitrary (¢n,n)-diband, T be a totally ordered
set and let v : X — T be an arbitrary map. Define the map

¢Zn,n : BKz,rb(X) — (T7 _V’ l_/) :

— o
((w,y),A) = ((x>y)7A)¢€n,n =Xy H A“{ H vy o A’Y'

Similarly to the proof of Theorem 2, we can show that ¢y, , is a homo-

morphism. For this, we also use (4). O

Lemma 7. Byp,,(X) is a free (n,rn)-diband.

Proof. Obviously, Byp,.(X) is a (n,rn)-diband. Show that B,y ,.(X) is

free.
Let (T, ,F') be an arbitrary (n,rn)-diband, T be a totally ordered
set and let v : X — T be an arbitrary map. Define the map

¢n,rn : Brb,rz(X) — (T, —|/, I—,) .
5 —
((2,9), A) = ((2,9), Abprn = Ay F 2y + Ay + yy.

Analysis similar to that in the proof of Theorem 2 shows that ¢, ,, is a
homomorphism. Our proof also uses (5). O]
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Lemma 8. By, ,,(X) is a free (¢n,rn)-diband.

Proof. Tt is evident that By, ,.(X) is a (én,rn)-diband. Let (T,4,F) be
an arbitrary (¢n,rn)-diband, T" be a totally ordered set and let v : X — T
be an arbitrary map. Define the map

Qbfn,rn : BZZ,TZ(X) — (T7 _|/7 |_/) :

(.I,A) = (x7A)¢€n,rn = A—; H x7y - ‘TV

Similarly to the proof of Theorem 2, the fact that ¢y, ,, is a homomorphism
can be proved. To do this, also use (4) and (5). O

4. Decompositions of FFND(X)

In this section we describe the structure of free normal dibands and
characterize some least congruences on these dibands.
Let
B(i,j,k)(X) - {A € B(X) ‘ iv.jv ke A}a

B“’(X) = {((z,y), A) € Buy(X)|i € A},
M)(X) = {(x, A) € Beo(X) i, € A},
BW (X) = {(x, 4) € B.(X) i, j € A},
BY) (X) = {((x,9), 4) € Beo(X) | i € A},
B, (X) = {((2,), 4) € Byy,rs(X) | € A},
B (X) = {(2, A) € Beoya(X) |, € A}

foralli, j, k € X. It is evident that By ;5 (X), BY(X), B:7 (X), B (X)
are subsemigroups of B(X), B,y(X), B, (X), By.(X) respectively, and
By (X), By (X), B{27).(X) are subdimonoids of By 5(X), Bry,r(X),

By, (X)) respectively.
For all 4,5,k € X put

M(i,j,k’) = {((w,y,z),A) € FND(X) | (ZL‘,y,Z) = (Z.aj> k)}7

M5y = {((x,y,2), A) € FND(X) | (,y) = (4,7)},
M5 = {((z,y,2), A) € FND(X) | (y, 2) = (i,4) },
ig] = {((#,y,2), A) € FND(X) | (x, 2) = (i, 7)},

Mg ={((z,y,2),A) € FND(X) |z = i},
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={((z,y,2),4) € FND(X) |y = i},
M[Z {((z,y,2),A) € FND(X) |z = i};
for alli,j7 € X, Y € B(X) such that ¢,j € Y put
M 5y = {((2,y,2), A) € FND(X) | ((z,), A) = ((i,1): )},
M(z] - {((l’ y,2), A) € FND(X) ‘ ((ya z), A) = ((Z,j),Y)},
M5 =A{((z,y,2),A) € FND(X) | ((x,2),A) = ((i,5),Y)};
for all i € X, Y € B(X) such that i € Y put
M(i) ={((z,y,2),A) € FND(X) | (2, 4) = (i,Y)},

A
A

)

MY ={((2,y,2),A) € FND(X) | (y, A) = (i,Y)},
MYy = {((z,y,2), A) € FND(X)| (2,4) = (i, Y)};
for all Y € B(X) put
Y —{((x,y,2),A) e FND(X)|A=Y}.

The notion of a diband of subdimonoids was introduced in [4] and
investigated in [5] (see also [9]).

Subsequently, we will deal with diband decompositions and band
decompositions of free normal dibands.

The following structure theorem gives decompositions of free normal
dibands into dibands of subsemigroups.

Theorem 3. Let FND(X) be the free normal diband. Then

(i) FND(X) is a rectangular diband F Ret(X) of subsemigroups M ; 1),
(i,7,k) € FRet(X) such that M ;) = B jr)(X) for every (i,5,k) €
FRet(X);

(ii) FND(X) is a diband Xy, v, of subsemigroups M; 5y, (i,75) € Xez b
such that M; j) = B,Ei’j)(X) for every (i,7) € Xgzpp;

(iii) FND(X) is a diband Xy, of subsemigroups M j1, (i,j) €
Xz such that M Z’j)(X) for every (i,7) € Xpprz;

(iv) FND(X) Zz;] a left and right diband Xy, ,, of subsemigroups
My, @ € Xy o such that My = B( )( X) for everyi e X, ,z;

(v) FND(X) is a diband By, »(X) of subsemigroups M(Yi’j), ((i,7),Y)e
By, yb(X) such that Mé/]) =Y, for every ((i,7),Y) € Bpypp(X);

(vi) FND(X) is a diband Byy, (X)) of subsemigroups M(Z i’ ((1,79),Y)e
By 2 (X) such that M&/ﬂ =Yy, for every ((i,7),Y) € By ,2(X);

(vii) FND(X) is a diband By, ,.(X) of subsemigroups Mé/}, (1,Y)e

By, »»(X) such that M(SZ/] =Y,y for every (i,Y) € By, ».(X).
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Proof. (i) By Theorem 2 the map
prret : FND(X) — FRet(X) :

((w,y,z),A) = ((a:,y, z)aA)MFRct = (wvyaz)

is a homomorphism. It is clear that M ), (i,7,k) € FRct(X) is a
class of A, which is a subdimonoid of FND(X). If ((z,y,2),A),
((a,b,¢),B) € M jry, then z =a =14, y=b=j, z=c=k and

((x7y72)7A) B ((a7 b, C)7B) = ((xayac)7AUB) = ((i7j7 k)7AUB)7

((z,y,2),A) F ((a,b,¢),B) = ((z,b,¢), AU B) = ((1,J, k), AU B).
Hence the operations of M ;1) coincide and so, it is a semigroup. It is
not difficult to show that for every (i, 7, k) € FRct(X) the map

M jry = B (X) : ((4,4,k), A) = A

is an isomorphism.
(ii) By Theorem 2 the map

Hezrb - FND(X) — Xéz,rb : ((xayaz)aA) = ((wayaz)aA)Mﬁz,rb = (l’,y)

is a homomorphism. It is evident that M; ;y, (¢,7) € Xz is a class of
Ay,. ., which is a subdimonoid of FND(X). If ((z,y, 2), A), ((a,b,¢), B) €
Mi; j), then = a =i, y = b = j. Similarly to (i), the operations of M(; ;)
coincide and so, it is a semigroup. It is easy to check that for every
(2,7) € Xz pp the map

M ) — BED(X) : ((i, 4, 2), A) = (2, A)

is an isomorphism.
(iii) By Theorem 2 the map

Hrbrz - FND(X) — Xrb,rz : ((x,y, Z),A) — ((xa% Z)7A)/1er,rz = (y,z)

is a homomorphism. Similarly to (ii), M j, (i,j) € Xy, is a class of
A#T,MZ which is a semigroup isomorphic to BZ,J)(X)_

(iv) By Theorem 2 the map
Hozrz - FND(X) — X@z,rz : ((1’,:1/7 Z)v A) = ((1’, Y, Z), A)M@z,rz =Yy

is a homomorphism. Then M), i € Xy, is a class of A, which
is a subdimonoid of FND(X). If ((z,y,2), A), ((a,b,c), B) € M(;, then
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y = b =i. Similarly to (i), the operations of M; coincide and so, it is a
semigroup. It is easily seen that for every i € Xy, ., the map

My — BY(X) 1 (2,4, 2), A) = ((z, 2), A)

is an isomorphism.
(v) By Theorem 2 the map

:u'z,z,rb : FND(X) - sz,rb(X) :

((z,9,2), A) = (2,9, 2), Dz, = (2, 9), A)

is a homomorphism. Then M(Ym.), ((4,7),Y) € Bp,rp(X) is a class of AV
which is a subdimonoid of FND(X). If (2, y, 2), A), ((a,b,¢), B) € M, ;.
thenx =a=1i,y=b=j, A= B =Y. Similarly to (i), the operations of
M (1; 7 coincide and so, it is a semigroup. It is immediate to check that for
every ((i,7),Y) € By, yp(X) the map

MY = Yee: ((,5,2),Y) = 2

is an isomorphism.
(vi) By Theorem 2 the map

H:b,rz : FND(X) - BTb,TZ(X) :

((xvya Z),A) = ((%,y, Z)’A):u:b,rz = ((y7 Z),A)

is a homomorphism. Similarly to (v), Mg;j], ((4,7),Y) € Brpro(X) is a
class of Ay« which is a semigroup isomorphic to Y.
(vii) By Theorem 2 the map

:uzz,rz : FND(X) — BKZJ"Z(X) :

(z,y,2),4) = ((z,y, Z)vA):U'Zz,rz = (y,4)

is a homomorphism. Similarly to (iv), M(%]? (1,Y) € By ro(X) is a class
of AM;Z __ which is a semigroup isomorphic to ¥;;. O

If p is a congruence on a dimonoid (D, ,F) such that (D,H,F)/p
is a (fn,n)-diband (respectively, (n,rn)-diband, (¢n,rn)-diband), then
we say that p is a (¢n,n)-congruence (respectively, (n,rn)-congruence,
(¢n,rn)-congruence).

Using the terminology of [9], from Theorem 3 we obtain
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Corollary 1. Let FND(X) be the free normal diband. Then
(1) Apppe s the least rectangular diband congruence on FND(X);
(ii) Ay, ,, is the least (£z,7b)-congruence on FND(X);

(iil) A, is the least (rb,7z)-congruence on FND(X);

(iv) A, . is the least left zero and right zero congruence on F'N D(X);
(v) Ay;_ . is the least (€n,n)-congruence on FND(X);

(vi) A :;M is the least (n,rn)-congruence on FND(X);

(

vii) Ay is the least (In,rn)-congruence on FND(X).

Proof. (i) By Theorem 1 F'Rct(X) is the free rectangular dimonoid. Ac-
cording to Theorem 3 (i) we obtain (i).

(ii) By Lemma 7 from (9] Xy, ,p is the free (¢z, rb)-dimonoid. According
to Theorem 3 (ii) we obtain (ii).

The proof of (iii) is similar.

(iv) By Lemma 5 from [9] X, .. is the free left zero and right zero
dimonoid. According to Theorem 3 (iv) we obtain (iv).

(v) By Lemma 6 By, ,,(X) is the free (n,n)-diband. According to
Theorem 3 (v) we obtain (v).

The proof of (vi) is similar.

(vii) By Lemma 8 By, ,,(X) is the free (¢n,rn)-diband. According to
Theorem 3 (vii) we obtain (vii). O

The following structure theorem gives decompositions of free normal
dibands into bands of subdimonoids.

Theorem 4. Let FND(X) be the free normal diband. Then
(i) FND(X) is a rectangular band Xy, of subdimonoids M ;1, (i,]) €

Xy such that My j) = B (x (X) for every (i,7) € Xyp;

lz,rz

(ii) FND(X) is a left band Xy, of subdimonoids My, i € Xy, such
that M; = ® (X) for every i € Xy,;

rb,rz
(i) FND(X) is a right band X,, of subdimonoids My, i € Xy such
that Mp;) = Z)’Tb(X) for every i € X,.,;
(iv) FND(X) is a normal band B,y (X) of subdimonoids M[”], ((1,9),Y) €

By(X) such that M[”] =Yy, e for every ((4,7),Y) € Bpp(X);

(v) FND(X) is a left normal band By,(X) of subdimonoids Mé./),
(i,Y)€ By, (X) such that M(}Z/) = Yz for every (i,Y) € Bp.(X);

(vi) FND(X) is a right normal band B,,(X) of subdimonoids M[}ﬁ,
(1,Y)e By, (X) such that M[ﬁ = Yy, for every (i,Y) € By.(X);

(vii) FND(X) is a semilattice B(X) of subdimonoids MY, Y € B(X)

such that MY = FRet(Y) for every Y € B(X).
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Proof. (i) By Theorem 2 the map
trp s FND(X) = Xt (2,9, 2), A) = ((z,y, 2), Ay, = (2, 2)

is a homomorphism. It is clear that Mj; ;, (i,7) € X is a class of A,
which is a subdimonoid of FND(X). It can be shown that for every
(1,7) € X,p the map

Miz) = B : (9,9, 4) = (v, 4)

lz,rz

is an isomorphism.
(ii) By Theorem 2 the map

Hez - FND(X) — Xoz ((xvyvz)vA) = ((‘Tayaz)aA)ufz =z

is a homomorphism. It is evident that M, i € Xy, is a class of A,
which is a subdimonoid of FND(X). It is easy to check that for every
1 € Xy, the map

is an isomorphism.
(iii) By Theorem 2 the map

Hrz - FND(X) - XTZ : ((IL‘,y, Z)7A) = ((x7yaz)vA):UJTZ =z
is a homomorphism. Similarly to (ii), Mp;), i € X, is a class of A, which

(4)

is a dimonoid isomorphic to B, ,(X).
(iv) By Theorem 2 the map

iy s FND(X) = Byy(X) : (2,y,2), 4) = (2,9, 2), Ay = ((2,2), A)

is a homomorphism. Similarly to (i), M[Xi/ﬂ, ((1,7),Y) € Byp(X) is a class
of A#*b which is a dimonoid isomorphic to Yy, ...

T

(v) By Theorem 2 the map
piz : FND(X) = Bpo(X) : (w9, 2), A) = (2,9, 2), A) g, = (2, A)

is a homomorphism. It is clear that M();.), (4,Y) € By, (X) is a class of
Az which is a subdimonoid of FN D(X). It can be shown that for every
(i,Y) € By, (X) the map

M(}z/) - Yva,rz : ((i7y72>7y) = (y’ Z)

is an isomorphism.
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(vi) By Theorem 2 the map

M:Z : FND(X) - BT3<X> : ((.’B, Y, Z)a A) = ((xa Y, z)7A)M;z = (Zv A)
is a homomorphism. Similarly to (v), M[g, (4,Y) € By»(X) is a class of
A+ which is a dimonoid isomorphic to Y, .
(vii) By Theorem 2 the map

pw' i FND(X)— B(X): ((x,y,2),A) = ((x,y,2), A)u* = A

is a homomorphism. Clearly, M, Y € B(X) is a class of A+ which is a
subdimonoid of FND(X). One can show that for every Y € B(X) the
map

MY — FRet(Y) : ((z,y,2),Y) — (z,y,2)

is an isomorphism. ]

If p is a congruence on a dimonoid (D, ,F) such that the operations
of (D,,F)/p coincide and it is a (left, right) normal band, then we say
that p is a (left, right) normal band congruence.

Using the terminology of [9], from Theorem 4 we obtain

Corollary 2. Let FND(X) be the free normal diband. Then
(i) Ay, is the least rectangular band congruence on FND(X);

(i) Ay, is the least left zero congruence on FND(X);

(ili) A, is the least right zero congruence on FND(X);

(iv) Ay, is the least normal band congruence on FND(X);

(v) Ay, is the least left normal band congruence on FND(X);
(vi) Ayz. is the least right normal band congruence on FND(X);
(vil) Ayx is the least semilattice congruence on FND(X).

Proof. (1) X, is the free rectangular band (see Sect. 3 of |9]). By Theorem
4 (i) we obtain (i).

(ii) It is well-known that X,, is the free left zero semigroup. By
Theorem 4 (ii) we obtain (ii).

The proof of (iii) is similar.

(iv) Byp(X) is the free normal band (see Sect. 3). By Theorem 4 (iv)
we obtain (iv).

(v) By, (X) is the free left normal band (see Sect. 3). By Theorem 4
(v) we obtain (v).

The proof of (vi) is similar.

(vii) It is well-known that B(X) is the free semilattice. By Theorem 4
(vii) we obtain (vii). O
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Note that the least congruences on dimonoids and the corresponding
decompositions of these dimonoids were also described in [4] and [6-9].
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