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ABSTRACT. The length of the lattice of subsemigroups of the
inverse symmetric semigroup ZS,, is calculated.

1. Introduction

In the theory of inverse semigroups the inverse symmetric semigroup
ZS(M) plays a role similar to the role of the symmetric group in group
theory. Especially interesting is the case |M| = n < oo, since apart from
specific semigroup problems,; a lot of combinatorial problems arise there.
A great number of papers, and even specialized monographs (see [1], [2]
and literature cited there) are dedicated to the study of the semigroup
ZS§,.

An essential question in the study of any semigroup is about the
structure of the lattice of its subsemigroups. Although such lattices were
studied actively (see e.g., [3]), not very much is known about the structure
of lattices of subsemigroups of particular semigroups. The main reason is
that lattices of subsemigroups have quite a complex structure. Even for
monogenic semigroups this question is nontrivial. For groups, it is hard
too: the paper [4] uses the classification of finite simple groups to calculate
the length of the lattice of subgroups of the symmetric group .59,.

In the case of ZS,, a little is known as well. Though the lattice of
two-sided ideals of ZS,, is quite simple (a chain of length n), the structure
of the lattice of left (right) ideals is considerably more complex (see |2,
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Chapter 4.3]). Clearly, additional difficulties arise when considering the
lattice of all subsemigroups.

Recall that the length [(S) of a semigroup S is defined as the length
of its lattice of subsemigroups, i.e., the maximal integer n, for which there
exists a strictly increasing chain of subsemigroups

@#H()CH1CH2C"'CH”=S. (1)

The objective of the present paper is the calculation of the length of
the inverse symmetric semigroup ZS,, (Theorem 8). As an auxiliary result,
a description of maximal subsemigroups of a finite Brandt semigroup is
obtained (Theorem 6).

In this paper only finite semigroups and groups are considered.

2. The main Lemma

Lemma 1. For every ideal I of a finite semigroup S the following equality
holds
1(S) = I(I) +1(S5/1), (2)

where S/I denotes the Rees quotient modulo the ideal I.

Proof. Let S be a finite semigroup and I an ideal of S. Assume that (1)
gives a longest chain of subsemigroups in S. First we prove that for every
extension Hy C Hyy1 the set Hiy1 \ Hj, either is a subset of the ideal [
or is disjoint with it. Indeed, if this is not the case, we would have the
strict inclusions

Hy C Hy U (Hg1NI) C Hgyq (3)

The subsemigroup Hy1 N1 is an ideal of Hyy1; therefore, the set Hj U
(Hi1+1 N I), being a union of an ideal and a subsemigroup, would be a
subsemigroup too. Then (3) would contradict the maximality of chain (1).
Extend chain (1) by the empty subsemigroup H_; = @& and transform

the chain
Hi =9CHycH CHyCc---CH,=S (4)

in the following way: if this chain contains a fragment Hy_1 C Hy C Hy1,
where Hy \ Hy_1 ¢ I and Hyyq ~ Hy, C I, replace it by the fragment

H; 1 C H,_1U (Hk+1 ﬂ]) C Hig1q

(strictness of the inclusions is obvious, and, similarly to the above, one
shows that the set Hy_1 U (Hpyq N I) is a subsemigroup). By a finite
number of such transformations we get the chain

H,=9CH,CH CH,Cc---CH, {CH,=25, (5)
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in which all extensions by the elements of ideal I come first, followed by
extensions by elements of S~ I. From this property and maximality of
chain (5) it follows that for some m equality H], = I must hold. Thus,
from (5) we get the chain

@ CHyCH CH),C---CH),
of subsemigroups of I and the chain
0=I/I=H,/ICcH, /JIC---CH,_/ICH,/I=5/I

of subsemigroups of S/I. From the definition of Rees quotient it follows
that in the last chain all extensions are strict too. This gives us the
inequality 1(S) < I(I) +1(S/I).

The opposite inequality follows from the following fact: if

are chains of subsemigroups for I and S/I correspondingly, and 7 : S —
S/I is the canonical epimorphism, then

G#HyCH C--CH,Crm ' (Ko)cn {(Ky)C---Ccn (K, =S

is a chain of subsemigroups for 5. O

3. The length of the Brandt semigroup

Recall that the Brandt semigroup B(n,G) over a group G is the
semigroup of all matrices of dimension n, all entries of which are zero,
except for at most one entry which is supposed to be an element of
G. The matrix, in which an element ¢ € G is in k-th row and [-th
column, is denoted by (g)x;. The zero matrix is the zero in B(n,G) and
the multiplication of nonzero elements from B(n, G) is the usual matrix
multiplication: (g)g; - (h)pg is equal to (gh)gq if I = p, and to 0 otherwise.

We will use the following notation: e is the unit of the group G; for
an arbitrary subset H C G denote by (H )y the set {(h)x | h € H}; for
an arbitrary subset S C B(n, @) denote Sk = SN (G)g-

For an arbitrary subgroup H < G and elements g1 = e, go, ..., gn of
G define S(H; g2, ...,9n) by

S(H:ga..g0) = (g Haw ) U {0} (6)
k,l

Lemma 2. For an arbitrary subgroup H < G and elements g1 = e, go,
.y gn of G the set S(H;ga,...,gn) i a subsemigroup of the semigroup
B(n,G).
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Proof. That S(H;ga,...,gn) is closed under multiplication is verified by
a direct calculation. O

Lemma 3. Let S be a subsemigroup of B(n,G) such that for every k
andl S N (G)w # @. Then S is equal to S(H; g2, ..., gn) for some

92,---,9n-

Proof. Let S be a subsemigroup of B(n, G) such that S # @ for arbitrary
k and [. In every Sg; choose an element sg; = (ggi)k. Obviously, Sy; is
a subgroup in B(n,G); thus, Si; is equal to (H)11, where H is some
subgroup of G. In particular, we can take g;; = e. From the inequalities

Sik - Skk - Skt € Sy Skk - Sk € Skt Sk Sik C© Sk (7)

it follows that all of the sets Sg; are equinumerous. Hence, inclusions (7)
are equalities.

Since s1;851 € S11, then gi1xgi1 € H. From the equality Si1 = sg1 - S11
it follows that, replacing gr1 by gr1 - (g1xgr1) ', We can assume gy = gl_kl.
Then, from the equality Si; = sg1-511-s1; it follows that Si; = (gfklﬂgu)kz
and the subsemigroup S is equal to S(H;go,...,gn), where g; = g1,
2<i<n. O]

Corollary 4. The semigroup S(H; g, ..., gn) is isomorphic to the semi-
group B(n, H).

Proof. The map (g,;lhgl)kl +— (h)g is an isomorphism between
S(H;g2,...,9n) and B(n, H). O

For arbitrary subsets K, L C {1,2,...,n} denote

S(K,L)=Bn,G)\ J (@) (8)

i€eK jeL

Lemma 5. If sets K and L form a covering of the set {1,2,...,n}, then
S(K, L) is a subsemigroup of the semigroup B(n, Q).

Proof. 1f S(K, L) is not a subsemigroup, then there exist non-zero elements
(9)pg> (R)pe € S(K, L) such that (g)pg - (h)re € S(K, L). But then p € K,
q¢ L, te L, r¢ K and ¢ = r, which is impossible. O

Theorem 6. Letn > 1 and G be a finite group. A subsemigroup S of
a Brandt semigroup B(n,G) is maximal if and only if either it is equal
to the subsemigroup S(H;ga,...,gn), where H is a mazximal subgroup of
the group G, or to the subsemigroup S(K, L), where sets K and L form a
partition of the set {1,2,...,n}.
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Proof. Let S be a subsemigroup of B(n,G). There are two possible cases.

I. For arbitrary k and [ we have Sy; # &. Then, by Lemma 3, S is
equal to some S(H; ga,...,gn). From the statement that all sets Si; are
equinumerous it follows that S(H;gs, ..., gn) is a maximal subsemigroup
of B(n, @) if and only if H is a maximal subgroup of G.

II. There exist k and [ such that S = @. Since from S;; # @ and
Sji # @ it follows that S;; O S;j - Sji # @, we can assume that k # .
Denote

K={p|Sp#2}U{k}, L={q|Sur2}U{l}.

Sets K and L do not intersect. Indeed, if i € K N L, then for arbitrary
(9)ki € Ski and (h); € Sy we have (gh)k € Sk, which contradicts to the
condition Sy = @.

Note, that for arbitrary 7 € K, j € L we have S;; = @. Indeed, for Sj;
and S;; this follows from the definition of the sets K and L. If i € K~ {k},
J € L~ {l}, this follows from the inclusion Sy; - S;; - Sj1 € Sk

Show that if S is a maximal subsemigroup, then K UL = {1,...,n}.
Indeed, let m € {1,...,n} ~ (K U L). Assume that there exists p € K
such that Sp,, # @. Then S is a proper subset of the subsemigroup
S1 = (5, (G)km)- On the other hand, from the inclusion Sy, - Smq € Spq
it follows that S,,; = @ for all ¢ € L. Thus, S; does not contain elements
of (G)g, i.e. it is a proper subsemigroup of B(n,G). If for all p € K we
have S, = @, then by the same argument it can be proved that S is a
proper subsemigroup of (S, (G))-

Therefore, if S is a maximal subsemigroup, then K and L form a
partition of the set {1,2,...,n}. Since S is a subset of S(K, L), it must
be equal to the last one, i.e. S = S(K,L).

It is left to show that, if K and L form a partition, then the subsemi-
group S(K, L) is maximal. Indeed, S(K, L) cannot be a subset of any
other subsemigroup of this kind. Thus, if S* 2 S(K, L), then S}, # @ for
arbitrary £ and [, and by Lemma 3, S* is equal to some subsemigroup
S(H;g2,...,9n). But S7; = (G)11, 0 H = G and S(H;g2,...,9n) =
B(n,G). O

We denote by GO the group G with a zero adjoint.

Theorem 7. For a finite group G

(n—1)

(B(n,G)) =n-1(G°% + Gl +n—1. 9)

Proof. We use induction on the parameter n. Since B(1,G) ~ G°, then
for n = 1 equality (9) is true.
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Now, assume that equality (9) is proved for all semigroups B(m, G),
where m < n. From Theorem 6 it follows that [(B(n,G)) is equal
to 1+ I(S(K, L)) for some partition K UL = {1,2,...,n}, or to 1 +
I(S(H;g2,...,9n)) for some maximal subgroup H < G.

Let us determine [(S(K, L)) for |[K| =p, |L| = ¢, p+ ¢ = n. To this
end, consider three subsets of S(K, L):

Sk ={0}u J @3, Se={0}u |J @y, T={0}u [J (@)

1,jE€EK 1,5€L icL,jekK

It is obvious that each of these subsets is a subsemigroup; in particular,
Sk ~ B(p,G), St ~ B(q,G), and I is a subsemigroup with zero multi-
plication. Moreover, S(K, L) = Sk U Sy U L. It is easy to check that [
is an ideal in S(K, L), and the Rees quotient S(K, L)/I is isomorphic to
Sk USr. In turn, in the semigroup Sx U St both subsemigroup Sk and
S, are ideals with the following property: Rees quotient modulo Sk is
isomorphic to Sy, and, vice versa, Rees quotient modulo S}, is isomorphic
to Sk . Therefore, by Lemma 1

I(S(K, L)) =1(I) + I(Sk U SL) =) + I(Sk) +1(S) . (10)
Since for a semigroup T' with zero multiplication we have I[(T') = |T'| — 1,
by the inductive hypothesis we get:
—1
(K. 1)) = pal6] + (p-10) + "D p 1)+

164 g 1) =m0 + 01

In particular, I[(S(K, L)) does not depend on the choice of K and L.
To complete the proof of the Theorem we need to show that

+(q-l(G°)+ |G| +n—2.

I(B(n,G)) =1(S(K,L))+1. (11)

We will do this by induction on the order of the group G. Equality (11)
is obvious if |G| = 1, because in this case every maximal subsemigroup
of B(n,G) is isomorphic to S(K, L). Assume now that (11) holds for all
groups of order t. Let t < |G| < 2t and H be a maximal subgroup of
G, then |H| < |G|/2 < t. Since S(H;g2,...,9n) ~ B(n, H), then by the
inductive hypothesis

—1
Sz g oga)) =100 + =Dy 1,

what clearly is less than [(S(K,L)). This completes the proof of the
equality (11). O
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4. Length of 7S,

Theorem 8. The length of the inverse symmetric semigroup IS, is equal

to
(ZS,) :ZH:K’;) (F’ﬂ —b(k:)+1> +(2)((Z2)_1)-k!—1 ,

k=1

where we denote by [x] the least integer, which is not less than z, and by
b(k) the number of nonzero digits in the binary expansion of k.

Proof. 1t is known that semigroup ZS,, has n + 1 ideals |2, Chapter 4],
which form the chain

{0}210C11C12C"'C1n218n.

For every k, 1 < k < n, the Rees quotient Ij/I;_1 is isomorphic to the
Brandt semigroup B((Z),Sk), where Sj is the symmetric group of degree
k. Thus, from Lemma 1 and Theorem 7 it follows that the length of
semigroup ZS,, is equal to

l(zsn):f:zuk/fk_l): . Z<B<
(12)
)

) e BG-2r)-

In the paper [4] it is proved that [(Sy) = [%1 — b(k) — 1. Therefore,
1(SY) =1(Sk)+1= [%] —b(k). Moreover, |Si| = k!. Putting these values
into (12), we get the statement of the Theorem. O
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