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ABSTRACT. In this paper, we defined the Z,-linear codes and
discussed its various parameters. We constructed Z,-Simplex code
and Zg-MacDonald code and found its parameters. We have given
a lower and an upper bounds of its covering radius for q is an even
integer.

1. Introduction

A code C is a subset of Zj, where Z, is the set of integer modulo g
and n is any positive integer. Let z,y € Zy, then the distance between x
and y is the number of coordinates in which they differ. It is denoted by
d(x,y). Clearly d(x,y) = wt(x — y), the number of non-zero coordinates
in x —y. wt(x) is called weight of z. The minimum distance d of C is
defined by

d = min{d(z,y) |z,y € C and x # y}.

The minimum weight of C is min{wt(c) | ¢ € C and ¢ # 0}. A code
of length n cardinality M with minimum distance d over Z, is called
(n, M, d)g-ary code. For basic results on coding theory, we refer [16].

*The first author would like to gratefully acknowledge the UGC-RGNF[Rajiv Gandhi
National Fellowship], New Delhi for providing fellowship.
**The second author was supported by a grant(SR/S4/MS:588/09) for the Depart-
ment of Science and Technology, New Delhi.
2010 MSC: 94B05, 11H31.
Key words and phrases: codes over finite rings, Z,-linear code, Z,-simplex code,
Zq¢-MacDonald code, covering radius.



244 Z4q-SIMPLEX CODES FOR AN EVEN INTEGER ¢

We know that Z; is a group under addition modulo q. Then Z; is a
group under coordinatewise addition modulo q. A subset C of Zy is said
to be a g-ary code. If C is a subgroup of Zg, then C is called a Zg-linear
code. Some authors are called this code as modular code because Zj is
a module over the ring Z;. In fact, it is a free Z;,-module. Since Zg is a
free Zs-module, it has a basis. Therefore, every Z,-linear code has a basis.
Since Z, is finite, it is finite dimension.

Every k dimension Z4-linear code with length n and minimum distance
dis called [n, k, d] Z4-linear code. A matrix whose rows are a basis elements
of the Zg-linear code is called a generator matriz of C. There are many
researchers doing research on code over finite rings [4,9-11,13,14,18].
In the last decade, there are many researchers doing research on codes
over Zy [1-3,8,15].

In this correspondence, we concentrate on code over Z, where q is
even. We constructed some new codes and obtained its various parameters
and its covering radius. In particular, we defined Z,-Simplex code, Z,-
MacDonald code and studied its various parameters. Section 2 contains
basic results for the Z,-linear codes and we constructed some Zg-linear
code and given its parameters. Z,-Simplex code is given in section 3 and
finally, section 4 we determined the covering radius of these codes and
Z4-MacDonald code.

2. Zg-linear code

Let C be a Zg-linear code. If z,y € C, then x —y € C. Let us consider
the minimum distance of C is d = min{d(z,y) | z,y € C and = # y}.
Then

d = min{wt(z —y) | z,y € C and z # y}.

Since C is Zg-linear code and z,y € C, x —y € C. Since z # y,
min{wt(x —y) | z,y € C and x # y} = min{wt(c) | c € C' and ¢ # 0}.
Thus, we have

Lemma 1. In a Zg-linear code, the minimum distance is the same as
the minimum weight.

Let q be an even integer and let x,y € Zj such that z;,y; € {0, 4},
then z; £y; € {0,4}.

Lemma 2. Let q be an integer even. If v,y € Zy such that z;,y; € {0, 4},
then the coordinates of x =y are either 0 or 4.



P. CHELLA PANDIAN, C. DURAIRAJAN 245

Now, we construct a new code and discuss its parameters. Let C be
an [n, k, d] Zg-linear code. Define

D ={(c0c---c)+a(0112---q—1) |a € Zg,c€ C and i =di---i € Zj}.

Then, D = {c0c---¢,c0c---c+0112---q —1,c0c---c+2(0112---q — 1)
o0+ (g—1)(0112---q — 1) | c € C and i € Z§}. Since any Z-
linear combination of D is again an element in D, therefore the minimum
distance of D is d(D) = min{wt(cOc- - - ¢), wt(cOc---c+0112---q — 1),
wt(c0c---¢+2(0112---q — 1)), ,wt(c0c---c+(g—1)(0112---q — 1))
|ce CandieZg}.

Clearly min{wt(cOc---¢) | c € C&c # 0} > qd.

Let ¢ € C. Let us take ¢ has r; i's where i = 0,1,2,--- ,q — 1. Then
for1 <i<q—1,

qg—1
wt(c+1) = Z rj — Tq—i-
=0

That is wt(c + i) = n — ry—;. Therefore
wt(cOc---c+0112---q—1)

= wt(c+0) +1+wtlc+1) +wt(c+2)+ - +wtlc+q—1)
=n—ro+tl+n—rg1+n—reo+---+n-—nr
=(q—1)n+1.

Similarly, for every integer i which is relatively prime to q

wt((cOc---¢)+i(0112---q—1)) = (¢g—1)n+1.
For other i’s

min {wt(cOc---c+i(0112---q — 1))}
€Ly

— wi(c+0) +1+wt(c-c+ 212--.q—1))

2
:wt(c+0)+1+wt(c-~c+(%0%0---%0%))
- %wt(c+0)+1+gwt(c+%)
= 2n—ro)+1+S(n—ry)
:%n—i—l—f—%(n—m—r%).

Hence, d(D) = min{qd, (¢ — 1)n+1,4n+ 1+ §(n —ro —rqa)}. Thus, we
have
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Theorem 1. Let C be an [n, k,d] Zy-linear code, then the
D ={cOc---c+a(0112---q—1)[a € Zyc€ C andi=1i---i € Z}
is a [qn+ 1,k +1,d(D)] Zg-linear code.

If there is a codeword ¢ € C' such that it has only 0 and £ as coordinates,
then

qq_.q q
tHcOe- - - 02903 ... 02
wt(cOc---c+ 2505 2)
q
>)

:wt(c+0)+1—|—wt(c—|—2 q

+wt(0+0)—|—---+w(c+§)
:1+7’%+7’0+7‘%+"'+7‘0

:g(ro+r%)+1:%n+1.

Hence, d(D) = min{qd, {n + 1}. Thus, we have
Corollary 1. If there is a codeword c € C' such that ¢; =0 or & and if
n < 2d—1, then d(D) = 4n + 1.

3. Zg-simplex codes

Let G be a matrix over Z, whose columns are one non-zero element
from each 1-dimensional submodule of Zg. Then this matrix is equivalent

to
0[1]1 2 - ¢g—1

00...0‘1 ‘ 11...1‘22...2‘... ‘q—lq—l--~q—1
0
Gr1 = )
Gk . Gk Gk Gk
0
gF 11

for k > 2. Clearly this Gj41 matrix generates [ng11 = T kL d]
code. We call this code as Z,-Simplex code. This type of k-dimensional
code is denoted by Si(q). For simplicity, we denote it by Sk.

|
q—17

Theorem 2. Si(q) is an [nx = k, dng_1 + 1] Zg-linear code.
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Proof. We prove this theorem by induction on k. For k& = 2, from the
generator matrix Gy, it is clear that d = Z+1 and the theorem is true. Since
there is a codeword ¢ = 04202 --- 0204 € Sy andn = ¢+1 < 2(4d+1)-1 =
2d — 1, by Corollary 1 implies d(S3) = 4ns + 1 and hence the S3 is
[ns = q;_—_ll, 3, 4ny+1] code. Since cOc---¢+2(0112---q — 1) € S3 whose
coordinates are either 0 or 4 and satisfies the conditions of the Corollary 1,

therefore d(Sy) = 4n3+ 1 and hence the Sy is [ng = %, 4, 4n3 +1] code.
By induction we can assume that this theorem is true for all less than k.
That is, there is a code ¢ € S,_; whose coordinates are either 0 or % and
nk—1 < 2dp—1 — 1. By Corollary 1, d, = 4ny_y 4 1. Therefore Si(q) is an

=
q—17

k, inp_y + 1] Zg-linear code. Thus we proved. O

Now, we are going to see the minimum distance of the dual code
of this Z,-Simplex code. Since the matrix Gj(¢) has no zero columns,
therefore, the minimum distance of its dual is greater than or equal to 2.
Since in the first block of the matrix G, there are two columns whose
transpose matrices are (0,0,---,0,1,1) and (0,0,---,0,a,1). Since addi-
tion and multiplications are modulo q and q is even, Z(0,0,---,0,1,1) +
2(0,0,---,0,¢ — 1,1) = 0. That is, there are two linearly dependent
columns. Therefore, the minimum distance of the dual code is less than or

equal to 2. Hence the dual of Sy is [ng = %, ng — k, 2] Zg-linear code.

4. Covering radius

The covering radius of a code C' over Z, with respect to the Hamming
distance d is given by

R(C) = max {min {d(u,c)}} .

ueZy | ceC
It is easy to see that R(C) is the least positive integer r such that
Z(T]L = UceCST(C)

where

Sp(u) = {v e Z5} | d(u,v) <}
for any u € Zy.

Proposition 1 ([5]). If appending( puncturing) r number of columns in
a code C, then the covering radius of C is increased( decreased ) by r.
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Proposition 2 ([17]). If Co and C1 are codes over Zy generated by
matrices Go and Gy respectively and if C is the code generated by

[ 0 |Gy
then r(C) < r(Cp) + r(Cy) and the covering radius of C' satisfy the

following
r(C) = r(Co) + r(Ch).

Since the covering radius of C generated by

0 |Gy
is greater than or equal to r(Cp) + r(C") where Cy and C' are codes
generated by 0 = [ Go } and & , respectively, this implies
Go A

r(C) = r(Cy) + r(Cy) because Cy is a subcode of the code C'.

A g-ary repetition code C over a finite field F, with q elements is

an [n, 1,n] linear code. The covering radius of C' is {@J [12]. For

basic results on covering radius, we refer to [5], [6]. Now, we consider the
repetition code over Z,. There are two types of repetition codes.
n

Type I. Unit repetition code generated by G, = [uw...u] where u is an unit
element of Z,. This matrix generates C,, is [n, 1,n] Zg-linear code.
That is, Cy is (n, q, n) g-ary repetition code. We call this as unit

repetition code.
n

Type I1. Zero divisor repetition code is generated by the matrix G, = [@ﬁ]
where v is a zero divisor in Z,. That is, v is not a relatively prime
to q. This is an (n, Z,n) code over Z,. This code is denoted by C,.
This code is called zero divisor repetition code.
With respect to the Hamming distance the covering radius of
Cy is {@J [12] but clearly the covering radius of (), is n because
code symbols appear in this code are zero divisors only. Thus, we have

Theorem 3. R(C,) =n and R(C,) = {@J '

Let ¢(q) = #{i |1 <i < q & (i,q) = 1} be the Euler ¢-function. Let
U={ie€Z|1<i<q& (i,q) =1} be the set of all units in Z, and let
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O = Z4 \ U be the set which contains all zero divisors and 0. Let C be a
Zg-linear code generated by the matrix

n n n
—
11...122...2---g—1g—1...q—1],

then this code is equivalent to a code whose generator matrix is

[ulul. . .u1u2u2. . .u2. . .u¢(q)ud)(q). . .ud)(q)olol. . .010202. . .02. . '07"07'" . .OT:I

where r=g—1—¢(q). Let A be a code equivalent to the unit repetition code

of length ¢(q)n generated by [ujui- - -ujugua: - -uz: - Uy Ue(q)  Ug(g)]>
then by the above theorem, R(A) = {@_D%J . Let B be a code equiva-
lent to the zero divisor repetition code of length (¢—1—¢(q))n generated by

[0101 + -+ 010202+ -+ 02 - - - 0,0y - - - 0], then by the above theorem, R(B) =
(¢ — 1 —¢(q))n. By Proposition 2, R(C) > {%J +(g—1—9¢(q)n.

Without loss of generality we can assume that the generator matrix of
A as[111---1]. Since R(A) = [%J and C is obtained by appending
some (¢ —1—¢(q))n columns to A, by Proposition 1 the covering radius of
C is increased by at most (¢—1—¢(q))n. Therefore, R(C) < {%J +
(¢ — 1 — ¢(q))n. Thus, we have

Theorem 4. Let C be a Zg-linear code generated by the matriz

n n n

—
11...122...2---g—1¢—1...q—1].

Then Cis a [(q — 1)n, 1, dn] Zy-linear code with R(C') = [%J +
(¢—1=¢(q)n.
Now, we see the covering radius of Z,-Simplex code. The covering

radius of Simplex codes and MacDonald codes over finite field and finite
rings were discussed in [12], [14].

Theorem 5. For k > 2,

(k—1)(q—1)¢(q) + (¢* — q— 9(0))(¢"" — ¢*)
q(q — 1)

. k1
Proof. For k > 2, Siy1 is [ngr1 = 2 T !

By Proposition 2 and Theorem 4 give
(¢ — Do(q)nk
q

R(S]H_l) < + R(S2)'

k+1,4ny 4 1] Zg-linear code.

R(Si1) < (1+ | |+t 1= s@ym) + Risy
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(¢ — Do(g)n
q

< (14—q2__qé_q“q)nk> + R(S}).

N

(1+ + (¢ —1—9(q))nk) + R(Sk)

This implies

R(Sy) < (1+ wnk_l) + R(Sk_1).

Combining these two, we get

RSk < (104 T 00 0y E2200 ) 4 g, )

Similarly, if we continue, we get
¢* —q—¢(q)
q
¢ —q—¢(q)
q

R(Sin) < (14 )+ (1 L2y

+(1+ ng) + R(S2).

k_
Since n; = qqfll, for k > 2, therefore

q q—1 q—1 g—1
<(k_1}+f_q;¢@)(ﬁ+ﬂb&+égif_%k_n>ﬁ4ﬂsﬁ
_ (k=10 +(*=a—d(@) (¢ =1)/(g=1)—(¢+1))
N q(q—1)

_ (k=1 (= 1Dé(9) + (¢ —a— d(a) ("' = ¢*)
h q(q—1)?

Hence the proof is complete. [

2_ k_ k—1_ 2_
R(Sk+1)<(k—1)+q d d)(q)(q 1+q 1+~~+q 1>+R(Sz)

+R(S2)

+ R(Ss).

In particular, for ¢ =4, R(Sk+1) < 5'4“11# for k > 2 because of
simple calculation R(S2) = 3.
Now, we can define a new code which is similar to the Z,-MacDonald

code. Let
0
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1
is a matrix obtained from the matrix A by removing the matrix B. The

code generated by Gy, is called Z;-MacDonald code. It is denoted by
Mj, .. The Quaternary MacDonald codes were discussed in [7].

for 2<u<k—1where0isa (k—u) x q;:l zero matrix and (A \ B

Theorem 6. For2 <u <r <k,

—r _ 2, r( k—r+1__
R(Mk+1,u)<(k +1)(q 1)¢(Q)—;_((qq_1;]2 ¢(q))q (q ’ 1)+R(Mr,u)

Proof. By using, Proposition 2, we get

R(Mgy1,0) < (1+ {(q—l)(;zﬁ(q)nk

(g — D)o(g)ny
q

| +ta=1-ot@ym) + RO

<(1+ + (¢ —1—¢(q))nk) + R(Mj. )

2
< <1 n qqq(b(q)nk> + R(My).

This implies R(M},,) < (1 + wnk,l) + R(Mj—1,,). Combining
these two, we get

qz—q—¢>(Q)n ) ¢ —q—¢(q)

R(Myt1u) < (1+ . k) +(1+ 1)+ R(Mp—1,u)-

Similarly, if we continue, we get

2 2 _
R(Miga) < (14 Em 0y 4 £20 20D,
2 _
+o4 (4 20 qq ¢(q)nr)+R(Mr,u)
Since ny = qqk_—_ll, for k > 2, therefore
R(Mk:-l—l,u)
2 k k—1 T
¢“—q—¢(q) (¢"—1 ¢~ -1 q—1
< (k—r+1)+ + +oot +R(M,,
( ) . <q—1 1 ) (My0)
*—q—¢(q) (¢"+¢" '+ +g—(k—r+1)
< (k—r+1)+ -1 +R(M.)

o (b=r+D)é(a)+(¢®—g—d(@)d (¢""+¢" "1+ +1)

X

1) +R(M;.)
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<

or a0 oD ). o

If u = k, then

(¢ — 1)o(q)ny

R(Mp 41 1) < { .

J+(q—1—¢(q))nk+1fork22.

In the above theorem, if we replace r by u + 1, we get

(k—u)(g = 1)p(q) + (¢* — g — $(a))g" " (¢" ™ — 1)

q(q — 1)
+(q_1)f(qmi+(q_1_¢(q))nu+1foru>2.

R(MkJrl,u) <

Thus, we have

Corollary 2. Fork > u > 2,

(1]

2]

3]
4]

[5]

(k—u)(q—1)o(q) + (> — q — d(q))g" ("™ — 1)

R(Mk-l-l,u) <

(g — 1)
+W+(ql¢(q))nu+l.
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